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APPLIED  TECHNOLOGY  LABORATORY  POSITION  STATEMENT 

This  report  documents  an  engineering  analysis  and  resulting  computer  programs  for  the 
evaluation  of  rotary-wing  aircraft  performance,  handling  qualities,  rotor  blade  loads, 
maneuvering  characteristics,  and  rotor  system  aeroelastic  stability  through  application  of 
the  modal  technique  to  the  rotor  blade  equations  of  motion  and  stepwise  integration 
of  the  time  domain  equations  for  the  rotor,  hub,  aircraft  and  control  system.  The  pri¬ 
mary  computer  programs  associated  with  the  current  effort  are  the  Mykestad  Program, 
for  computing  rotor  blade  natural  frequencies  and  mode  shapes;  and  the  Rotorcraft 
Flight  Simulation,  Computer  Program  C81,  for  computing  the  wide  variety  of  flight 
characteristics  listed  above. 

The  version  of  C81  developed  under  this  contract  is  designated  version  AGAJ77.  The 
immediately  preceding  version  in  the  public  domain  is  designated  version  AGAJ76. 
AGAJ77  differs  f.'-om  AGAJ76  in  the  following  respects:  an  improved  autopilot;  more 
comprehensive  elastic  rotor  analysis;  an  improved  engine/governor  model;  an  improved 
wake  analysis;  and  enhanced  output  capabilities.  While  most  of  these  improvements 
were  successfully  installed  in  the  computer  software,  extensive  difficulties  were  experi¬ 
enced  in  the  implementation  of  the  elastic  rotor  refinements.  While  the  other  improve¬ 
ments  may  make  the  AGAJ77  version  preferable  for  many  types  of  studies,  AGAJ76 
is  recommended  for  the  examination  of  rotor  dynamics  and  loads.  In  using  either  pro¬ 
gram,  some  evaluation  of  the  program's  applicability  to  the  problem  under  investigation 
through  correlation  with  existing  data  is  a  )udicious  first  step. 

The  Project  Engineer  for  this  contract  was  Mr.  Edward  E.  Austin,  Aeromechanics 
Technical  Area,  Aeronautical  Technology  Division. 
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The  new  or  revised  mathematical  models  or  documentation  incorporated 
into  this  report  are  listed  below: 

(1)  The  maneuver  autopilot  was  modified  to  accept  four  more 
time  history  commemds  (pitch,  roll,  yaw,  and  climb  rates) 
in  addition  to  the  normal  load  factor.  A  digital  filter 
is  used  to  process  the  airframe  response  signal  in  order 
to  reduce  the  b-per-rev  component  and  to  smooth  the  auto¬ 
pilot-generated  control  commands. 

(2)  The  effects  of  am  offset  pitch  change  axis  have  been 
incorporated  in  DNAM05  and  C81. 

(3)  A  first-order  lag  has  been  introduced  into  the  engine  power 
available  calculations. 

(4)  The  rotor-induced  velocity  distribution  tables  have  been 
modified  to  be  functions  of  advance  ratio  and  wake-plane 
cingle  of  attack.  An  average  induced  velocity  table  has  been 
added  to  the  analysis.  In  addition,  the  digital  filter  is 
used  in  the  calculations  to  reduce  the  oscillation  of  the 
induced  velocity  experienced  in  previous  versions  of  C81. 

(5)  A  rotor  contour  plot  option  has  been  added. 

(6)  Time-history  plots  may  now  be  made  after  time-variant  trim. 

•  (7)  The  rotorcraft  flightpath  stability  analysis  (STAB)  has  been 
modified  to  output  the  numerators  of  more  transfer  functions. 

^The  first  volume,  the  Engineer's  Manual,  presents  an  overview  of 
the  computer  program  capabilities  plus  discussions  for  the  back¬ 
ground  and  development  of  the  principal  mathematical  models 
in  the  program.  The  models  discussed  include  all  those  currently 
in  the  progreun.  ^ _ 

Volume  II,  the  User's  Manual,  contains  the  detailed  information 
necessary  for  setting  up  an  input  data  deck  and  interpreting  the 
computed  data.  Volume  III,  the  Programmer's  Manual,  includes  a 
catalog  of  subroutines  and  a  discussion  of  programming  considera¬ 
tions.  The  source  tapes  and  related  software  for  the  computer 
progretms  documented  in  this  report  are  unpublished  data  on  file  at 
the  Applied  Technology  Laboratory,  U.  S.  Army  Research  and 
Technology  Laboratories  (AVRADCOM) ,  Fort  Eustis,  Virginia. 
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cluding  USAAiMRDL-TR-76-41A,  B,  C. 
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of  ATL.  The  principal  Bell  Helicopter  personnel  associated 
with  the  current  contract  were  Messrs.  J.  R.  Van  Gaasbeek, 

T.  T.  McLarty,  Dr.  S.  G.  Sadler,  and  P.  Y.  Hsieh. 
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of  Helicopter  Rotor  Blades  in  Forward  Flight,"  by  D.  A.  Peters, 
appeared  in  the  JOURNAL  OF  THE  AMERICAN 
Volume  20,  Number  4,  October,  1975. 
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INTRODUCTION 


1.1  BACKGROUND 

Bell  Helicopter  Textron  began  development  of  a  rotorcraft 
flight  simulation  program  for  digital  computers  in  1963 .  The 
original  program  was  identified  as  C81.  This  identification 
has  since  become  the  family  name  for  several  different  versions 
developed  over  the  years.  To  minimize  confusion  as  to  which 
version  of  the  program  is  being  referred  to,  the  more  recent 
versions  of  C81  have  been  identified  by  four  letters  and  the 
year  in  which  they  became  production  programs;  e.g.,  AGAJ74 
was  developed  in  1974.  This  report  documents  the  current  ver¬ 
sion  of  C81,  AGAJ77. 

The  early  history  and  basic  analysis  of  C81  are  given  in  Refer¬ 
ence  1.  The  simulation  for  that  study  included  a  rigid  body 
fuselage  in  three  dimensions,  coupled  with  two  rotors,  for  a 
total  of  eleven  degrees  of  freedom.  The  eleven  degrees  of 
freedom  were: 

Six  rigid  body  for  the  rotorcraft 

Longitudinal  and  lateral  flapping  for  each  rotor 

Rotor-engine  torsional  system 

A  variety  of  maneuvers  were  simulated  by  modeling  control  mo¬ 
tions  and  external  disturbances  such  as  gusts.  The  program 
used  a  quasi-static  rotor  analysis.  Aeroelastic  feedback  was 
represented  by  iteration  through  a  rotor  blade  dynamic  analysis. 

The  stop-fold  rotor  simulation  study  reported  in  Reference  2 
delineates  later  additions  to  the  program.  The  resulting  com¬ 
puter  program  (ASAJOl)  contained  an  uncoupled  stability  ana¬ 
lysis  which  used  the  trim  solutions  and  partial  derivative  com¬ 
putations  available  in  the  earlier  version.  Provisions  were 


^Harvey,  K.  W. ,  Blankenship,  B.  L.,  and  Drees,  J.  M.,  ANALYTI¬ 
CAL  STUDY  OF  HELICOPTER  GUST  RESPONSE  AT  HIGH  FORWARD  SPEED, 

Bell  Helicopter  Company;  USAAVLABS  Technical  Report  69-1,  U.  S. 
Army  Aviation  Materiel  Laboratories,  Fort  Eustis,  Virginia, 
September  1969,  AD862594. 

^Livingston,  C.  L.,  Bird,  B.  J. ,  and  McLarty,  T.  T.,  A  STABILITY 
AND  CONTROL  PREDICTION  METHOD  FOR  HELICOPTER  AND  STOPPABLE 
ROTOR  AIRCRAFT,  Volumes  I  -  IV,  Bell  Helicopter  Company;  Techni¬ 
cal  Report  AFFDL-TR-69-123,  Air  Force  Flight  Dynamics  Laboratory, 
Air  Force  Systems  Command,  Wright-Patterson  AFB,  Ohio,  1970. 
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made  to  compute  stability  roots  during  maneuvers  as  well  as  at 
the  trim  point.  The  rotor  mathematical  model  was  modified  to 
include  the  stop-fold  rotor  capability.  Both  the  tilt- forward- 
trail-aft  and  horizontal-stop-fold  configurations  were  included. 
The  rotor  analysis  in  ASAJOl  v/as  time-variant,  but  did  not  con¬ 
tain  aeroelastic  effects. 

The  next  major  expansion  of  the  mathematical  model  was  performed 
under  Contract  DAAJ02-70-C-0063,  awarded  by  the  Eustis  Direc¬ 
torate  of  the  U.  S.  Army  Air  Mobility  Research  and  Development 
Laboratory  (USAAMRDL).  This,  the  AGAJ71  version  of  the  program, 
included  the  addition  of  a  time-variant  aeroelastic  rotor  ana¬ 
lysis  (TVAR)  and  an  unsteady  rotor  aerodynamic  model.  The 
TVAR  allowed  calculation  of  time  histories  of  the  deflection, 
bending  moment,  and  aerodynamic  loading  along  each  rotor  blade. 

The  unsteady  aerodynamic  analysis  computed  increments  to  the 
lift,  drag,  and  pitching  moment  aerodynamic  coefficients  in 
both  stalled  and  unstalled  flow  as  functions  of  blade  bending 
and  pitching  velocities  and  accelerations.  Subsequently, 
under  USAAMRDL  Contract  DAAJ02-71-X-0045,  a  second  mathematical 
model  for  unsteady  rotor  aerodynamics  was  developed  and  incor¬ 
porated  in  the  trim  portion  of  AGAJ71. 

Two  undocumented  versions  of  the  AGAJ72  program  were  delivered 
to  the  Eustis  Directorate  of  USAAMRDL.  The  first  AGAJ72  ver¬ 
sion  included  many  refinements  to  the  AGAJ71  version:  rotor 
pylon  degrees  of  freedom  and  an  automatic  control-stability 
package  consisting  of  a  Stability  and  Control  Augmentation 
System  (SCAS),  an  Automatic  Pilot  Simulator  (APS),  and  an  ex¬ 
panded  airframe  stability  analysis  subroutine.  The  second  ver¬ 
sion,  developed  under  Contract  DAAJ02-72-C-0086,  included  two 
major  additions;  an  alternate  trim  procedure  and  expanded  data 
printout.  These  two  features  were  primarily  incorporated  to 
increase  the  versatility  of  the  program  in  simulating  wind 
tunnel  tests.  The  alternate  trim  procedure  provided  for  lock¬ 
ing  the  rotor  flapping  angles  at  their  input  values  and  then 
iterating  on  control  positions  to  trim  the  rotor.  The  addi¬ 
tional  printout  (the  optional  trim  page)  provided  data  in  a 
form  that  was  most  useful  when  correlating  with  wind  tunnel 
data  (e.g.,  dimensional  and  nondimens ional  force  and  moment 
data,  a  summary  of  rotor  parameters,  and  test  conditions). 

Under  USAAMRDL  Contract  DAAJ02-72-C-0098,  improvements  to  all 
aerodynamic  representations  in  the  program  were  developed. 
Specifically,  the  following  aerodynamic- re la ted  modifications 
and  additions  were  made  to  the  program: 

(1)  A  more  accurate  and  complete  representation  of  fuse¬ 
lage  aerodynamic  forces  and  moments. 
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(2)  A  single  generalized  representation  for  up  to  five 
aerodynamic  surfaces  with  control  surfaces  (one 
wing  and  four  stabilizing  surfaces ) . 

(3)  The  capability  of  representing  external  stores  and/ 
or  aerodynamic  brakes. 

(4)  The  capability  of  representing  up  to  five  different 
airfoils  along  the  span  of  the  rotor  blades. 

(5)  The  capability  of  representing  the  induced  velocity 
distribution  across  the  rotor  disc  as  a  Fourier 
series  that  is  a  function  of  advance  ratio,  inflow 
ratio,  blade  station,  and  blade  azimuth. 

(6)  The  capability  of  representing  the  rotor  wake  at 
each  aerodynamic  surface  as  a  Fourier  series  that  is 
a  function  of  rotor  advance  ratio,  inflow  ratio,  and 
blade  azimuth. 

In  addition  to  the  above  six  tasks,  the  following  features  were 
also  incorporated: 

(7)  An  alternate  method  for  numerically  integrating  the 
rotorcraft  equations  of  motion  in  maneuvers.  (This 
method  has  since  proved  to  be  impractical  and  has 
been  deleted  from  the  program). 

(8)  The  unsteady  aerodynamic  model  developed  under  Con¬ 
tract  DAAJ02-71-C-0045,  modified  to  work  in  maneuver 
as  well  as  trim. 

In  the  process  of  incorporating  these  eight  features,  the  in¬ 
put  format  to  the  program  was  significantly  revised  to  facili¬ 
tate  use  of  the  increased  verstility  of  the  program.  The 
benefits  of  the  current  aerodynamic  representations  are  dis¬ 
cussed  below. 


DISCUSSION  OF  THE  MOST  RECENT  ADDITIONS  (1975-1976’ 


The  AGAJ76  version  of  C81  was  developed  under  Contract  DAAJ02- 
75-C-0025  for  the  Eustis  Directorate  of  USAAMRDL.  The  follow¬ 
ing  improvements  in  the  analysis,  program  family,  and  documen¬ 
tation  were  made  during  this  contract: 


(1)  A  study  was  made  of  the  rotor  stability  analysis 

techniques  that  might  be  applied  to  C81.  The  Moving 
Block  Fast  Fourier  Transform  and  Prony's  method  were 
selected  and  implemented  in  C81. 
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(2)  The  rotor  blade  natural  frequency  program,  DN9100, 
was  provided  and  documented  as  part  of  the  C81  pro¬ 
gram  family. 

(3)  The  complete  documentation  of  the  rotor  dynamics 
equations  was  provided  for  the  calculation  of  the 
normal  modes  in  DN9100  and  the  application  c-f  the 
modal  analysis  in  C81. 

(4)  Improvements  were  made  to  the  hub  geometry  model, 
which  allow  the  user  to  more  accurately  describe  any 
rotor  system. 

(5)  In  order  to  improve  the  calculation  of  rotor  bending 
moments,  the  option  was  added  for  C81  to  accept  up 

to  11  normal  modes  for  one  rotor  (with  a  limit  of  12) 
Also,  more  data  is  transferred  from  the  rotor  fre¬ 
quency  program  {DN9100)  to  C81  so  that  a  consistent 
set  of  modes  and  coefficients  is  used. 

(6)  The  pylon  equations  were  reformulated  in  a  modal 
form,  with  four  modes,  in  order  to  provide  completely 
general  motion  at  the  top  of  the  rotor  mast. 

(7)  The  control  system  was  expanded  to  include  any  type 
of  swashplate  or  control  phasing.  Also  the  control 
coupling  options  were  increased  to  allow  any  control 
stick  to  operate  any  combination  of  rotor  control 
functions . 

(8)  The  number  and  spacing  of  rotor  blade  segments  were 
made  variable  in  order  to  improve  the  modeling  capa¬ 
bility  and  also  to  reduce  computer  run  time. 

(9)  In  connection  with  the  rotor  stability  study,  an 
option  was  added  to  perturb  the  dependent  variables 
that  are  integrated  during  a  maneuver.  For  example, 
a  small  change  may  be  made  to  one  rotor  collective 
mode  without  making  any  control  inputs  or  disturbing 
any  other  system  degree  of  freedom. 

1.3  DEVELOPMENT  OF  AGAJ77 

The  United  States  Army  Air  Mobility  Research  and  Development 
Laboratory  contracted  with  Bell  Helicopter  Textron  in  the 
summer  of  1976  to  modify  the  Rotorcraft  Flight  Simulation  Pro¬ 
gram  C81  and  its  attendant  programs  (the  Rotor  Frequency  Pro¬ 
gram  DNAM05  and  the  Rotor  Wake  Program  AR9101)  to  provide 
several  new  features  in  the  analysis  and  to  make  the  progreuti 
easier  to  use.  The  improved  version  of  C81,  AGAJ77,  includes: 


(1)  An  improved  autopilot,  with  a  numerical  filter  on  the 
airframe  response  inputs  and  four  new  command  signals 
that  the  autopilot  may  act  upon.  The  five  command 
signals  are: 

(a)  roll  rate  (p- tracker) 

(b)  pitch  rate  (q- tracker) 

(c)  yaw  rate  (r-tracker) 

(d)  normal  load  factor  (g-tracker;  in  AGAJ76) 

(e)  rate  of  cliirb  (RC-tracker) 

The  improved  autopilot  model  is  described  in  Section 

8.2. 

(2)  An  improved  elastic  rotor  analysis,  which  includes 
the  effects  of  inplane  and  out-of-plane  offsets  and 
sweep  and  precone  of  the  feathering  axis  in  DNAM05 
and  in  C81.  See  Section  3.2.7. 

(3)  An  improved  engine-governor  model  which  provides  a 
first-order  differential  equation  for  the  available 
horsepower  during  a  maneuver  simulation.  See  Sec¬ 
tion  9. 

(4)  An  improved  wake  analysis,  in  which  the  filtered 
rotor  thrust  is  used  to  compute  the  average  induced 
velocity  if  a  rotor-induced  velocity  table  is  not 
used.  When  it  is  used,  the  table  is  bivariant  in 
advance  ratio  and  wake-plane  angle  of  attack  (instead 
of  inflow  ratio)  at  any  given  radius.  Again,  the 
filter  is  used  to  smooth  the  inputs  to  the  model. 

See  Section  3.4.2. 

(5)  The  capability  to  plot  time  histories  of  rotor  re¬ 
sponse  after  a  time-variant  trim.  This  feature  uses 
some  of  the  code  in  the  maneuver-perturbation  ana¬ 
lysis  of  AGAJ76. 

(6)  The  ability  to  contour-plot  up  to  30  rotor  variables, 
either  from  trim  or  maneuver. 

C81  has  ceased  to  be  a  single  program.  With  the  completion  of 
Contract  DAAJ02-75-C-0025,  DN9100  became  available  to  provide 
rotor  frequencies  and  mode  shapes  for  input  to  C81  with  a  mini¬ 
mum  of  manipulation.  Under  the  current  contract,  an  additional 


program,  the  Rotor  Wake  Program  AR9102,  became  available  to 
produce  the  rotor-induced  velocity  tables  for  input  to  C81. 

The  analysis  embodied  in  this  program  is  discussed  in  Section 
7.2  of  Volume  II  and  in  Reference  3. 

1.4  DOCUMENTATION  CONSIDERATIONS  AND  ORGANIZATION 

This  report  has  been  prepared  under  Contract  DAAJ02-77-C-0003 
awarded  by  the  Eustis  Directorate  of  USAAMRDL.  It  was  based 
on  USAAMRDL-TR-76-41A  (Reference  4)  with  revisions  made  only 
as  needed  to  reflect  improvements  in  the  analysis  and  input 
format.  This  policy  was  followed  to  make  the  transition  from 
AGAJ76  as  easy  as  possible  for  the  user. 

This  volume  of  the  report,  Volxime  I,  has  been  prepared  to  docu¬ 
ment  those  analyses  which  are  important  to  understanding  the 
program  but  not  necessary  for  its  execution,  to  provide  back¬ 
ground  information  and  the  rationale  for  selecting  certain 
mathematical  models  over  other  models,  and  to  suggest  areas  in 
which  further  development  of  the  program  is  warranted. 

Volume  II,  the  User's  Manual,  provides  the  information  neces¬ 
sary  to  set  up  a  data  deck  to  successfully  execute  the  simula¬ 
tion,  and  to  interpret  the  results.  Volume  III,  the  Programmer' 
Manual,  contains  the  information  required  for  setting  up  the 
program  on  the  user's  computer;  brief  descriptions  of  the  sub¬ 
routines  are  included. 


^Crimi,  P.  THEORETICAL  PREDICTION  OF  THE  FLOW  IN  THE- WAKE  OF 
A  HELICOPTER  ROTOR,  Cornell  Aeronatuical  Laboratory  Report 
BB-1994-S-1,  Buffalo,  New  York,  September  1965,  AD  629782. 

^McLarty,  Tyce  T.,  Van  Gaasbeek,  Jcunes  R. ,  and  Hsieh,  P.  Y. 
ROTORCRAFT  FLIGHT  SIMULATION  WITH  COUPLED  ROTOR  AEROELASTIC 
STABILITY  ANALYSIS,  Volumes  I  -  III,  Bell  Helicopter  Textron; 
USAAMRDL  Technical  Reports,  76-41A,  76-41B  and  76-41C,  Eustis 
Directorate,  U.  S.  Army  Air  Mobility  Research  and  Development 
Laboratory,  Fort  Eustis,  Virginia,  May  1977,  AD  A042462  (TR  76- 
41A  only ) . 


2.  COMPUTER  PROGRAM  ORGANIZATION 


The  logic  of  the  computer  program  is  organized  into  three  major 
operations:  determination  of  an  equilibrium  flight  condition, 
computation  of  the  time  history  of  a  prescribed  maneuver,  and 
stability  analysis.  The  heart  of  each  operation  is  the  mathe¬ 
matical  model  of  the  rotorcraft.  The  following  five  subsections 
present  general  discussions  of  the  rotorcraft  model,  the  rotor 
analyses  available,  and  each  of  the  three  major  operations. 
Although  the  general  organization  of  the  program  is  essentially 
the  same  as  documented  in  Reference  4,  several  models  and 
operations  in  the  program  have  been  expanded  or  revised  since 
the  publication  of  that  report. 

2.1  MATHEMATICAL  MODEL  OF  THE  ROTORCRAFT 

The  mathematical  model  of  the  rotorcraft  provides  for  detailed 
simulation  of  the  following  rotorcraft  configurations:  single 
main  rotor,  tandem  rotors,  and  side-by-side  (or  tilting  prop) 
rotors.  The  model  is  broken  down  into  the  following  major 
components,  each  of  which  is  discussed  in  detail  in  the  indi¬ 
cated  section: 

(1)  Rotors  (maximum  of  two,  each  with  up  to  seven  blades); 
Section  3 

(2)  Fuselage  (valid  in  all  flight  regimes);  Section  4 

(3)  Aerodyncunic  surfaces  (one  wing  and  up  to  four  sta¬ 
bilizing  surfaces);  Section  5 

(4)  External  stores  or  aerodynamic  brakes  (any  combina¬ 
tion  of  up  to  four  stores  and  brakes);  Section  6 

(5)  Auxiliary  propulsion  (up  to  two  jet  thrust  vectors); 
Section  7 

(6)  Control  system  (including  control  of  each  rotor, 
aerodynamic  surface,  and  jet)  plus  a  Stability  and 
Control  Augmentation  System  and  Automatic  Pilot 
Simulator;  Section  8 

(7)  Engine-governor  system,  including  a  table  look-up 
procedure  for  computing  the  available  horsepower; 
Section  9 

Since  each  model  is  general  enough  to  be  adapted  to  any  one  of 
the  three  rotorcraft  configurations,  each  can  provide  very  de¬ 
tailed  simulation  of  any  one  configuration. 


2.2  ROTOR  ANALYSES 


Two  independent  and  mutually  exclusive  rotor  analyses  are  pro¬ 
grammed  into  C81:  quasi-static  and  time-variant.  When  de¬ 
velopment  of  C81  began  in  the  early  sixties,  the  entire  pro¬ 
gram  was  predicated  on  the  quasi-static  rotor  analysis.  As 
part  of  the  contract  documented  in  Reference  2,  the  time- 
variant  rigid  blade  rotor  analysis  was  added  as  an  option. 
Subsequently,  under  Contract  DAAJ02-70-C-0063 ,  an  aeroelastic 
blade  representation  based  on  the  modal  technique  was  added 
for  use  with  both  types  of  rotor  analyses.  Definitions  of 
these  two  rotor  analyses  are  given  below: 

2.2.1  Quasi-Static  Rotor  Analysis 

The  quasi-static  rotor  analysis  is  frequently  called  the 
"Frisbee”  analysis.  This  nickname  evolved  from  the  fact  that 
quasi-static  rotor  is  somewhat  analogous  to  a  rotating  disc 
which  generates  dynaunic  and  aerodynamic  forces  and  moments, 
like  a  Frisbee.  A  more  mathematical  definition  of  the  quasi¬ 
static  analyses  is  that  at  any  instant  in  time  the  frequency 
of  rotor  flapping  is  exactly  one  per  revolution  (1-per-rev). 

This  situation  requires  that  the  path  of  each  blade  tip  during 
one  rotor  revolution  defines  a  single  plane,  or  disc.  Since  the 
locus  of  the  blade  tips  defines  a  plane,  the  orientation  of 
the  rotor  disc  with  respect  to  the  rotor  shaft  can  then  be  de¬ 
fined  by  the  longitudinal  and  lateral  flapping  angles.  These 
flapping  angles  are  the  dependent  variables  in  the  equations 
of  motion  of  the  rotor,  and  coning  is  neglected.  Note  that 
the  quasi-static  analysis  does  not  require  that  the  blades  be 
rigid,  but  does  require  that  the  frequency  of  any  elastic 
displacements  be  at  1-per-rev.  Hence,  the  quasi -static  rotor 
analysis  is  best  suited  to  teetering  or  gimbaled  rotor  systems 
where  the  dominant  blade  motions  are  at  1-per-rev  and  where, 
for  most  performance  and  flying  qualities  investigations,  other 
flapping  frequencies  can  be  neglected.  However,  the  analysis 
is  also  suitable  for  first-order  approximations  of  rigid 
rotors  and  articulated  rotors  using  the  tirst  out-of-plane 
mode. 

The  major  limitation  of  the  quasi-static  analysis  is  that  only 
the  1-per-rev  component  of  the  blade  response  is  calculated. 

The  steady  component  of  the  blade  response  is  also  calculated 
for  elastic  modes  other  than  the  first.  Consequently,  accurate 
computation  of  blade  loads  is  not  possible.  Blade  load  cal¬ 
culations  and  printout  are  bypassed  whenever  the  quasi-static 
rotor  analysis  is  used. 

Computationally,  any  rotor  which  uses  the  quasi-static  analy¬ 
sis  is  in  effect  modeled  as  a  12-bladed  rotor  at  each  time 
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(computation)  point.  The  input  or  computed  pair  of  flapping 
angles  are  used  to  define  the  orientation  of  a  single  repre¬ 
sentative  blade  at  each  of  12  equally  spaced  azimuth  angles 
(30-degree  increments).  The  dynamic  and  aerodynamic  forces 
and  moments  are  then  calculated  at  each  blade  station  for  each 
azimuth,  numerically  integrated,  and  multiplied  by  the  ratio 
of  the  actual  number  of  blades  to  the  12  blades  of  the  com¬ 
putational  rotor. 

In  this  analysis,  individual  blade  azimuth  is  irrelevant  and 
the  rotor  forces  and  moments  transmitted  to  the  airframe  are 
equivalent  to  time-averaged  quantities. 

2.2.2  Time-Variant  Rotor  Analysis 

The  time-variant  rotor  analysis  is  predicated  on  the  modal 
technique  of  representing  rotor  blade  dynamics.  It  is  this 
technique,  described  in  detail  in  Section  3.2,  which  permits 
the  simulation  of  an  aeroelastic  rotor  (i.e.,  a  rotor  where 
the  shape  and  motion  of  each  blade  at  any  instant  in  time  is 
a  function  of  the  aerodynamic  loading  and  the  elastic  proper¬ 
ties  of  the  blade).  In  the  time-variant  rotor  analysis,  each 
blade  is  free  to  respond  to  aerodynamic  and  dynamic  forces  and 
moments  of  all  frequencies,  not  just  1-per-rev,  at  each  in¬ 
stant  in  time.  Since  the  blades  are  feee  to  respond  to  all 
frequencies,  the  concept  of  a  tip-path  plane  and  its  associ¬ 
ated  longitudinal  and  lateral  flapping  angles  used  in  the  quasi¬ 
static  analysis  is  not  meaningful  in  the  time-variant  analysis. 
The  meaningful  parameters  are  the  angle  between  the  hub  and 
mast  plus  the  inplane,  out-of-plane,  and  torsional  displace¬ 
ments,  velocities,  and  accelerations  along  the  span  of  each 
blade. 

The  time-variant  analysis  is  suitable  for  all  types  of  rotors 
and  should  be  used  whenever  possible,  particularly  for  rigid 
or  articulated  rotors.  It  must  be  used  when  blade  load  data 
are  desired. 

Computationally,  the  forces  and  moments  acting  on  each  segment 
of  each  individual  blade  at  its  instantaneous  position  are  cal¬ 
culated  at  each  time  point  in  the  time-variant  analysis.  The 
resulting  accelerations  and  current  velocities  are  then  niuner- 
ically  integrated  to  determine  the  velocities  and  displacements 
of  each  segment  of  each  individual  blade  at  the  next  time  point 
(azimuth  position). 

2.3  DETERMINATION  OF  THE  EQUILIBRIUM  FLIGHT  CONDITION 

The  technique  used  to  determine  the  equilibrium,  or  trimmed, 
flight  condition  in  C8l  is  an  enlargement  of  the  technique 
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described  in  Reference  2.  The  additional  considerations  are 
those  required  to  represent  the  steady  state  solution  of  the 
elastic  rotor  equations  and  the  elastic  pylon  equations.  The 
technique  which  had  previously  been  used  to  trim  the  rigid 
blade  has  been  modified  to  apply  to  any  blade  mode  that  has  a 
natural  frequency  at  or  near  1-per-rev. 

The  standard  trim  procedure  determines  the  following  quanti¬ 
ties  at  each  iteration:  pilot  control  positions,  angular 
orientation  of  the  aircraft  in  space,  and  a  harmonic  analysis 
through  1-per-rev  of  the  following  quantities:  participation 
factor  for  each  mode  (maximum  of  12)  for  each  blade  for  each 
rotor  and  four  modes  of  pylon  motion  for  each  rotor.  The  ef¬ 
fects  of  the  elastic  blade  and  pylon  motions  are  included  in 
the  overall  trim  procedure  to  solve  for  a  coupled  aeroelastic 
trim  solution. 

In  addition,  this  standard  trim  procedure  has  been  modified  so 
that  the  user  can  delete  the  airframe  from  the  procedure  and 
trim  an  isolated  rotor  (a  wind  tunnel  simulation).  This  added 
path  through  the  trim  procedure  allows  the  user  two  alterna¬ 
tives:  to  command  the  rotor  feathering  angles  and  trim  the 
rotor  by  iterating  on  flapping  angles,  or  to  command  the  flap¬ 
ping  angles  and  iterate  on  the  feathering  angles.  The  mathe¬ 
matical  techniques  used  in  the  standard  and  alternate  trim  pro¬ 
cedures  are  discussed  in  Section  10. 

2.4  FLIGHTPATH  STABILITY  ANALYSIS 

The  stability  analysis  in  this  program  is  the  same  as  that 
presented  in  Reference  4.  In  this  stability  analysis,  the 
following  18  equations  of  motion  can  be  considered: 

(1)  Six  rigid  body  (total  rotorcraft) 

(2)  Four  pylon  modes  for  two  rotors 

(3)  Longitudinal  and  lateral  flapping  for  two  rotors 

The  analysis  may  be  performed  for  the  trimmed  flight  condition 
or  at  specified  times  during  a  maneuver.  The  three  stability 
matrices  generated  by  the  analysis  can  then  be  punched  on  ''ards 
for  additional  analysis  external  to  C81. 

The  derivation  of  the  current  stability  analysis  is  predicated 
on  a  quasi-static  rotor  analysis,  and  is  not  compatible  with 
the  time-variant  rotor  analysis.  Hence,  only  the  1-per-rev  re¬ 
sponse  of  elastic  blades  is  included  in  this  analysis  (and  the 
steady  component  of  elastic  modes  other  than  the  first).  The 
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complete  equations  of  motion  and  the  numerical  techniques  as¬ 
sociated  with  the  stability  analysis  are  contained  in  Section 
11. 

The  maneuver  perturbation  option  provides  a  special  method  for 
checking  rotorcraft  stability.  A  prescribed  disturbance  may 
be  introducea  without  the  extraneous  effects  of  control  motions 
or  wind  gusts.  If  a  null  aerodynamic  table  is  used,  dynamic 
behavior  in  a  vacuum  may  also  be  studied  by  this  method. 

2.5  MANEUVERS 

Compared  to  the  version  of  C81  documented  in  Reference  4,  the 
capabilities  of  the  program  for  computing  the  time  history  of 
a  maneuver  have  been  greatly  enhanced.  The  current  fully 
coupled  analysis  includes  the  user  options  of  quasi-static  or 
time-variant  rotor  analyses,  rigid  or  aeroelastic  blades,  and 
more  than  30  variations  of  control  positions,  control  mechan¬ 
isms,  rotorcraft  configurations,  etc.  The  improved  and  ex¬ 
tended  pilot  simulation  makes  it  much  easier  to  obtain  a  de¬ 
sired  maneuver  profile. 

The  program  includes  five  options  for  reducing  the  data  gener¬ 
ated  by  the  maneuver  portion  of  the  program.  These  options 
include  plotting.  Moving  Block  Fast  Fourier  Transform,  Prony's 
method  curve  fit,  harmonic  analysis,  and  vector  analysis.  Each 
set  of  reduced  data  may  be  output  on  the  printer  or  on  a 
CALCOMP  plotter.  The  data  that  may  be  reduced  consist  of  every 
parameter  printed  as  part  of  the  maneuver  time  history  plus 
detailed  rotor  loads  and  elastic  response  data,  for  a  total  of 
more  than  2300  variables.  These  2300  variables  may  also  be 
stored  on  magnetic  tape  and  reloaded  at  a  later  date  for  addi¬ 
tional  analysis. 

In  addition,  up  to  30  variables  may  be  contour  plotted  for 
each  rotor  trim  and  at  predetermined  time  points  during  maneu¬ 
ver. 

Another  feature  of  the  maneuver  portion  of  the  program  is  the 
restart  capability,  which  permits  a  long  continuous  run  to  be 
made  in  several  passes.  This  procedure  causes  each  item  on  the 
output  page  and  many  intermediate  variables  to  be  written  on  a 
magnetic  tape,  which  is  saved.  Then  on  subsequent  runs,  the 
start  time  can  be  any  point  on  the  saved  tape.  In  addition, 
the  maneuver  card  can  be  changed  on  each  run. 


2.6  PROGRAMMING  CONSIDERATIONS 

The  current  progreun  includes  a  program  logic  group  as  the 
first  group  of  input  data.  This  group  allows  the  user  many 
options  as  to  the  data  to  be  read  in  and  the  analyses  to  be 
performed.  In  view  of  the  large  number  of  cards  required  to 
use  every  capability  of  the  mathematical  models,  these  logic 
controls  can  greatly  reduce  the  size  of  a  deck  when  a  parti¬ 
cular  option  is  not  to  be  used. 

The  contractor's  version  of  the  program  includes  a  data  library 
that  permits  the  storage  of  complete  rotorcraft  confi^rations 
or  individual  components  (input  groups)  on  magnetic  disk. 

These  data  may  then  be  called  from  storage  by  the  first  card 
of  each  input  group.  This  feature  greatly  reduces  the  number 
of  cards  that  must  be  included  in  the  input  deck  and  assures 
consistency  in  at  least  the  initial  input  data  when  many  users 
are  making  runs  with  the  same  configuration.  Any  parameter 
in  most  of  the  groups  stored  in  the  library  may  be  changed 
during  read-in  if  the  user  so  desires. 
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3.0  ROTOR  SYSTEM  MATHEMATICAL  MODEL 


3.1  INTRODUCTION 

The  Rotorcraft  Flight  Simulation  Program  uses  the  identical 
mathematical  model  for  both  rotors.  The  only  major  restric¬ 
tions  on  the  currently  programmed  model  are  that  for  a  given 
rotor  the  number  of  blades  must  be  between  two  and  seven  in¬ 
clusive,  the  physical  properties  of  each  blade  must  be  identi¬ 
cal,  and  rigid  body  feathering  axes  of  the  blades  must  be 
equally  spaced  around  the  rotor  azimuth. 

Some  of  the  most  useful  features  of  the  model  are  the  options 
for  inputting  any  of  the  following  blade  properties  as  dis¬ 
tributions  along  the  span  of  the  blade  rather  than  as  single 
values:  twist,  chord,  airfoil  section,  aerodynamic  reference 
center  location,  mass,  mass  moments  of  inertia,  center  of 
gravity  location,  and  elasticity  (aeroelastic  mode  shapes). 
These  distributions  contain  data  either  for  a  maximum  of  20 
blade  segments  or  at  21  radial  stations.  Other  blade  para¬ 
meters  in  the  model  include  tip  sweep,  hub  drag,  precone 
angle,  prelag  angle,  pitch  change  axis  offset,  a  lead-lag 
damper,  flapping  restraint  and  stops,  and  pitch-flap  coupling. 
The  possible  configurations  for  the  rotor  hub  model  include 
teetering  (or  gimbaled),  articulated,  and  rigid.  Also,  under¬ 
sling,  the  vertical  distance  between  the  flapping  and  feather¬ 
ing  axes,  may  be  simulated  for  teetering  or  gimbaled  rotors. 

Each  rotor  shaft  (mast)  may  be  given  any  desired  orientation 
with  respect  to  the  airframe.  In  addition,  a  nonisotropic 
dynamic  pylon  model  is  included  to  simulate  the  mounting  of 
the  transmission/rotor  shaft  or  gearbox/shaft  system  to  the 
airframe.  Up  to  four  modal  equations  may  be  used  to  represent 
the  rotor  support  system  including  the  user's  choice  of  mast 
windup,  pylon  motion,  or  flexible  fuselage  modes. 

The  above  model  features  relate  primarily  to  the  physical 
properties  of  the  rotor  systems  and,  hence,  are  used  in  the 
dynamic  analysis  of  the  rotor.  The  model  also  includes  a 
detailed  aerodynamic  analysis.  This  analysis  is  divided  into 
two  subanalyses:  steady  state  and  unsteady  aerodynamics. 

The  steady  state  aerodynamics  are  determined  from  sets  of 
either  equations  or  data  tables.  The  choice  of  equations  or 
tables  is  a  user  option.  The  option  may  be  exercised  for 
either  an  entire  blade  or  each  of  the  blade  segments. 

The  user  also  has  the  option  of  using  either  an  equation  or  a 
data  table  for  computing  the  induced  velocity  distribution 
over  the  rotor  disc.  The  table  contains  coefficients  of  a 
Fourier-series  curve  fit  of  wake  data  computed  external  to 
C81 
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The  table  is  tri-variant  with  arguments  of  advance  ratio,  rotor 
angle  of  attack,  and  blade  station.  The  aerodynamic  analysis 
also  includes  two  methods  for  computing  increments  to  the 
steady  state  aerodynamic  coeffcients  due  to  time  derivatives 
of  the  blade  angle  of  attack.  These  methods,  referred  to  as 
the  BUNS  and  UNSAN  unsteady  aerodynamic  options,  and  their 
accompanying  models  for  yawed  flow  are  independent  and  mutually 
exclusive.  That  is,  the  user  may  activate  either  the  BUNS  or 
UNSAN  option  with  or  without  its  respective  yawed  flow  models; 
alternatively,  both  unsteady  models  can  be  deactivated,  and 
one  or  none  of  the  yawed  flow  models  can  be  activated. 

This  section  of  the  report  contains  the  dynamic  and  aerodynamic 
analyses  incorporated  into  the  rotor  mathematical  model.  The 
next  subsection  discusses  the  dynamic  analysis  including  the 
calculation  of  the  natural  frequencies  and  mode  shapes  as  well 
as  the  modal  response  analysis.  Following  the  discussion  of 
the  dynamics,  the  aerodynamic  analysis  is  presented,  with 
emphasis  on  the  procedure  for  computing  the  angles  of  attack, 
Mach  number,  and  dimensional  forces  and  moments  at  a  blade 
station  and  on  the  two  models  for  unsteady  aerodynamic  effects. 
The  model  for  calculating  the  steady  state  coefficients  is  dis¬ 
cussed  in  detail  in  Section  3.9  of  Volume  II;  only  selected 
information  is  repeated  or  expanded  on  in  this  volume. 

3.2  DYNAMICS 

3.2.1  General 

The  development  of  a  comprehensive  program  such  as  C81  may  be 
viewed  as  a  three-step  process. 

(1)  Aeroelastic  Rotor  Analysis 

(a)  Derivation  of  differential  equations  of  motion 

(b)  Solution  technique  for  differential  equations 
of  motion 

(2 )  Helicopter  Flight  Simulation 

(a)  Representation  of  gross  helicopter  behavior 

(b)  Determination  of  equilibrium  flight  conditions 

(c)  Ability  to  integrate  nvimerically  equations 
of  motion 

(3 )  Interface  Between  Rotor  Analysis  and  Flight  Simulation 

(a)  Effect  of  rotor  behavior  on  helicopter  behavior 

(b)  Effect  of  helicopter  behavior  on  rotor  behavior 
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The  standard  reference  for  the  differential  equations  of  motion 
of  a  helicopter  rotor  blade  is  NACA  Report  1346  by  Houbolt 
and  Brooks  (Reference  5).  The  C81  rotor  analysis  was  actually 
developed  without  reference  to  the  equations  of  Houbolt  and 
Brooks  (HSeB).  This  report  will  present  a  development  that 
closely  parallels  K&B,  removing  some  of  their  simplifying 
assumptions  and  using  the  coordinate  systems  peculiar  to  C81. 
The  analysis  actually  used  in  the  rotor  frequency  program 
DN9100  and  C81  will  then  be  documented  relative  to  the  complete 
differential  equations.  Following  this,  the  external  effects 
that  are  not  covered  by  the  differential  equations  are  dis¬ 
cussed.  These  include  the  following  items: 

(1)  Alternate  load  path  provided  by  pitch  horn/pitch  link 

(2)  Special  geometric  constraints  that  may  be  introduced 
by  hinges  on  the  blade 

(3)  Moment  caused  by  hub  springs 

(4)  Effects  of  flapping  stops 

(5)  Treatment  of  viscous  dampers 

(6)  Rotor  blade  boundary  conditions  and  selection  of 
blade-mode  types 

(7)  Combination  of  blade  modes  to  form  rotor  modes 
3.2.2  Coordinate  Systems  Used 

The  C81  dynamic  analysis  uses  five  coordinate  systems  to 
describe  the  behavior  of  the  various  rotorcraft  components. 

The  systems  will  be  described  here,  and  the  generalized  trans¬ 
formation  used  to  get  from  one  system  to  another  will  be 
described  in  Appendix  B. 

(1)  Ground  Reference  -  The  ground  reference  system  is 

taken  to  be  the  inertial  reference  system.  Variables 
associated  with  the  ground  reference  system  will  be 
denoted  by  the  subscript  or  superscript  g.  The  x 
cixis  is  pointed  north;  y  axis,  east;  and  z  axisr 
down .  ^  ^ 

(2)  Fuselage  Reference  -  The  fuselage  coordinate  system 
is  centered  at  the  fuselage  center  of  gravity. 
Fuselage  variables  are  denoted  by  the  letter  f. 

The  X-  axis  is  forward;  y-,  to  the  right;  and  z^, 
down.^ 


®Houbolt,  John  C.,  and  Brooks,  George  W.,  DIFFERENTIAL  EQUA¬ 
TIONS  OF  MOTION  FOR  COMBINED  FLATWISE  BENDING,  CHORDWISE 
BENDING  AND  TORSION  OF  TWISTED  NONUNIFORM  ROTOR  BLADES, 

NACA  Report  1346,  1958. 
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(3)  Hast  Reference  -  The  mast  reference  system  is 
centered  at  the  rotor  flapping  hinge  or  at  the 
intersection  of  the  blade  radial  axes  if  there  is 
no  single  flapping  hinge.  This  system  does  not 
rotate  with  the  rotor.  Mast  referenced  quantities 
will  be  identified  by  the  letter  m.  The  orienta¬ 
tion  of  the  mast  reference  system  for  zero  mast 
tilt  angles  and  no  pylon  motion  has  the  x^,  and 

Zji^  axes  parallel  to  the  x^,  y^,  and  axes, 

respectively,  and  in  the  same  directions.  The  mast 
reference  system  moves  with  the  longitudinal  and 
lateral  mast  tilt  angles  and  with  any  angles  intro¬ 
duced  by  pylon  motion. 

(4)  Hub  Reference  -  The  hub  coordinate  system  is  a  ro¬ 
tating  coordinate  system  that  shares  the  same 
origin  as  the  mast  reference  system.  The  letter  h 
is  used  to  indicate  variables  associated  with  the 
hub  reference  system.  The  yj^  axis  extends  radially 

outward  from  the  center  of  rotation  along  the  blade 
of  interest.  The  Zj^  axis  is  generally  parallel  to 

the  z„  axis  but  directed  upward  rather  than  down- 

ward.  The  Zj^  axis  is  tilted  by  any  flapping  motion 

of  the  hub  at  the  center  of  rotation.  The  Xj^  axis 

is  directed  as  required  to  make  a  right-handed 
coordinate  system.  For  the  main  rotor  of  an  Ameri¬ 
can  helicopter,  this  is  generally  toward  the  trail¬ 
ing  edge  of  the  blade.  For  the  tail  rotor  analysis, 
Xjj  is  positive  toward  the  trailing  edge,  forming  a 

left-handed  coordinate  system.  The  hub  coordinate 
system  experiences  motion  due  to  flapping  of  the 
hub  relative  to  the  mast  caused  by  cyclic  rotor 
modes  and  due  to  "mast  wind-up”  which  is  reflected 
in  the  collective  rotor  modes  rather  than  pylon 
modes.  A  description  of  cyclic  and  collective 
modes  is  found  in  Section  3.2.10. 

(5)  Blade  Reference  -  The  origin  of  the  blade  coordi¬ 
nate  system  is  at  the  inboard  end  of  the  feathering 
bearings.  Varied>les  associated  with  the  blade 
reference  are  marked  with  the  subscript  b.  The  Xj^ 

axis  is  aft,  parallel  to  the  major  principal  axis 
of  inertia.  The  yj^  axis  is  aligned  with  the  fea¬ 
thering  bearings.  The  axis  is  upward,  parallel 
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to  the  minor  principal  axis  of  inertia.  The  need 
for  this  coordinate  system  is  to  account  for  the 
flap,  lag,  and  twisting  motion  of  the  pitch  change 
axis.  Therefore  in  the  case  of  rotors  without 
feathering  bearings,  the  origin  of  the  blade  coor¬ 
dinate  system  is  at  the  radius  where  the  pitch  horn 
or  other  pitch  mechanism  applies  the  feathering 
control  to  the  blade. 

3.2.3  Development  of  Rotor  Differential  Equations 

The  rotor  differential  equations  of  motion  are  developed  from 
first  principles  in  a  manner  similar  to  H&B  (Appendix  A). 

The  assvunptions  made  in  this  development  that  are  different 
from  those  of  H&B  include  the  following: 

(1)  Rotor  blade  cross  sections  are  not  symmetric. 

(2)  The  elastic  axis  is  not  a  straight  line. 

(3)  Structural  principal  axes  and  mass  principal  axes 
are  not  parallel. 

(4)  The  effects  of  the  linear  and  angular  velocities 
and  accelerations  of  the  rotor  hub  are  included. 

(5)  The  effects  of  blade  feathering  motion  are  included. 

The  H&B  assumptions  that  remain  in  the  analysis  of  this  report 
are  as  follows: 

(1)  The  elastic  twist  is  assiuned  to  be  a  small  angle. 

(2)  Shear  deformation  is  neglected. 

(3)  No  plastic  deformation  occurs. 

Not  all  of  the  terms  in  the  differential  equations  appear  ex¬ 
plicitly  in  C81  and  DNAM05.  In  general,  the  linear  mass  terms 
and  the  linear  spring  terms  are  included  in  DNAM05;  nonlinear 
terms  and  terms  associated  with  hub  motion  are  in  C81.  The 
linear  mass  terms  are  any  linear  terms  involving  second  time 
derivatives  of  the  independent  variables.  The  linear  spring 
terms  are  linear  terms  involving  only  displacements  of  the 
independent  variables. 

3. 2. 3.1  Calculation  of  Rotor  Blade  Natural  Frequencies 
and  Modes  -  DNAMOS 


For  the  finite  element  model  used  in  DNAMOS,  the  spring  and 
mass  terms  may  be  treated  separately.  In  DNAMOS  the  rotor 
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blade  is  represented  by  a  series  of  lumped,  inflexible  iner¬ 
tias  connected  by  untwisted,  massless,  elastic  beams.  The 
built-in  twist  of  the  blades  is  made  incrementally  at  the 
blade  stations  where  the  inertias  are  located.  The  DNAM05 
program  uses  a  state  vector  and  transfer  function  type  of 
solution  as  developed  by  Dr.  Nils  Myklestad  (Reference  6). 

The  state  vector  consists  of  two  linear  displacements,  the 
three  angular  rotations,  and  the  shears  and  moments  which 
correspond  to  these  displacements.  The  radial  extension  of 
the  blade  is  neglected. 


In  the  description  of  the  analysis,  it  is  convenient  to  treat 
the  transfer  functions  in  matrix  form  even  though  it  is  in¬ 
efficient  to  use  this  form  in  the  computer  program.  A  typical 
blade  segment,  i,  is  shown  in  Figure  1  in  its  undeformed 
position.  Both  the  elastic  element  and  the  three-dimensional 
inertia  dumbbell  are  shown.  The  transfer  matrix  equation  for 
this  segment  may  be  written  as 


(Si)  = 


(1) 


where 


{Sj^}  is  the  state  vector  at  station  i. 

[m^]  is  the  transfer  matrix  across  the  inertia  dumbbell. 

[f^]  is  the  transfer  matrix  across  the  elastic  element 

of  length  L^. 

The  state  vector  {s^}  consists  of  the  following  variables: 

Uj^  =  inplane  displacement 

w^  =  out-of-plane  displacement 

uj^  =  inplane  slope 

w|  =  out-of-plane  slope 

V  =  inplane  shear 
*i 

=  out-of-plane  shear 

M  =  out-of -plane  moment 
*i 

M  =  inplane  moment  (right-hand  moment  about  negative 
^i  axis) 


®Myklestad,  N.  0.,  FUNDAMENTALS  OF  VIBRATION  ANALYSIS,  New 
York,  N.Y.,  McGraw-Hill,  1956,  pp.  237-247. 
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igure  1,  Typical  Blade  Element  as  Modeled  in  DNAM05 


=  torsional  deflection  about  y  axis 

M  =  torsional  moment  about  y  axis 
^i 

Equation  (1)  is  written  so  that  the  state  is  found  at  the  in¬ 
board  end  of  the  segment  in  terms  of  the  outboard  end.  This 
is  done  because  it  is  more  convenient  to  start  at  the  tip  of 
the  blade,  where  the  boundary  conditions  are  always  the  same, 
and  progress  toward  the  ceir  -^r  of  rotation,  where  various  sets 
of  boundary  conditions  may  be  applied  according  to  the  type  of 
rotor  being  modeled.  It  should  also  be  noted  that  [m^^]  is 

comprised  of  the  inertia  of  the  half  segments  on  either  side  of 
station  i. 

The  inertia  transfer  function  is  generated  by  application  of 
Equations  (A-58),  (A-59),  (A-60),  (A-64).  (A-65),  and  (A-66), 

as  well  as  the  continuity  of  displacements  and  slopes.  When 
the  simplifications  stated  in  the  first  paragraph  of  this  sec¬ 
tion  and  the  last  paragraph  of  the  previous  section  are  made, 
these  equations  take  the  following  form: 

Fx  =  ^  «bz)  ^bz  “  ^>^®mc  ®s 

-  ®mB  ‘  “bz  <®mB  ®s  ®mC  ^s^^  <2) 

Fy  =  m[(u'  -  u'  sin  0^  +  e^^,  cos  0^) 

+  (w'  -  w'  cos  0„  -  e„^  sin  0„) 


s  mC 


+  y 


=  -m[w  -  $(e^^  cos  6^  +  e^^  sin  0^)] 

Qx  =  (ii*  -  u'  flg^^tsin  0g  cos  0g 

-  I^^(cos2  -  sin2  0g)] 

+  (W  -  w'  sin^  0„  -  Iff.  cos^  0 

bz'^  nn  s  CC  s 

+  2  sin  0g  cos  0g]  +  m  y  n§2l1>(e^C  cos  0^ 
®mB  ®s>  ^  <®mc  ®s  -  ®mB  ®s>l 
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-  sin2  0g) 

+  4  sin  Bg  cos  0g] 

+  2  4.  w‘  [{i^^  -  I^^)  sin  6^  cos  0^ 

-  (cos^  0g  -  sin2  0g)] 

m  ®s  ®niB  ®s> 

+  in(ii  -  u  ®s  -  ®mB  ®s> 

-  sin2  eg)(l^^  -  I^^)  +  2  cos  0g  sin  0^] 

~  ^bzl^^nn  "  ®S  ®s 

+  I^^(sin2  0g  -  cos2  0g)J 

-  «  u  fig^m  (e^c  ®s  ^  ®inB  ®s) 

m  y  ^s  ’  ®mB  ®s> 

+  cos  0g  +  e^  sin  8^)]  +  ii’fl^^  cos^  0 

+  sin2  9g  +  2  cos  0g  sin  0^] 

+  »'(cos  0g  sin  0^(1^^  .  I^^) 

+  I^^<cos2  6g  -  sin2  0g)] 

+  2  4.  u'  Q2^  -  I^^)  sin  0g  cos  0g 

-  (cos2  0^  -  sin2  0g)] 

+  4>  w  ng^  [(i^^  -  I^^)(cos2  0g  .  sin2  0g) 


since  F  ,  F  ,  and  F  are  the  forces  per  unit  length  along  the 
X  j  z 

radius  and  Q  ,  Q  ,  and  Q  are  the  moments  per  unit  length, 

X  ^  z 

Equations  (2)  through  (7)  give  directly  the  changes  in  shear  and 
moment  across  a  lumped  inertia  if  changes  are  in  terms  of  seg¬ 
ment  mass  and  segment  inertias. 

In  order  to  model  rotor  built-in  precone,  prelag,  and  offsets 
of  the  pitch  change  axis  from  a  radial  axis,  u,  w,  u',  and  w' 
are  considered  to  have  steady  values  as  well  as  vibratory. 

The  steady  components  are  marked  with  a  bar  (as  in  u)  in  the 
equations  which  follow. 

In  order  to  simplify  the  notation,  it  is  understood  that  the 
transfer  functions  are  developed  for  the  ith  segment.  All  of 
the  properties  and  characteristics  of  the  segment  could  be 
written  with  an  i  subscript;  the  subscript  is  omitted.  Also, 
the  state  at  the  inboard  side  of  the  lumped  inertia  will  be 
denoted  by  the  svibscript  i;  the  outboard  side  of  the  lumped 
inertia  or  the  inboard  side  of  the  elastic  element,  by  j ;  and 
the  outboard  side  of  the  elastic  element  by  i+1.  At  this 
point  harmonic  motion  at  the  frequency  lu  is  assumed,  so  that 
the  substitution. 

U  =  -lu^  u  (8) 

for  each  independent  variable  can  be  made.  By  applying  the 
continuity  of  slopes  and  displacements  from  j  to  i,  the  transfer 
function  from  j  to  i  may  then  be  written  by  inspection. 

{s^}  =  [m^]{Sj}  (9) 

The  inertia  transfer  functions  are  given  in  Figure  2.  Note 
that  the  s  subscript  used  to  distinguish  between  the  structural 
and  inertial  axes  has  been  deleted.  The  steady  shears  and 
moments  shown  in  Figure  2  are  used  in  the  development  of  the 
elastic  element  transfer  functions  below. 


Additional  Symbols 


cos  0  +  e^_  sin  0 
X  me  mB 


=  -e^r.  sin  0  +  cos  0 
z  me  mB 


=  cos  0 
=  cos*  0 
=  sin  0 
S2  =  sin*  0 
Continuity  Equations 

Ui  =  Uj 

w.  =  w. 

U!  =  U? 

1  J 

W!  =  W? 

♦  i 

Shear  Equations 

V  =  V  +  m(w*  +  Q* )  u.  +  m(u)*  +  fl* )  e 

X^  Xj  J  Z  J 

V  =  V  +  mui*w.  -  mu)*e^4i . 

Z^  Zj  J  X  J 

Moment  Equations 

\  =  "n.  -  -  “=2  -  =2iinC>  “i 

*  ♦  ““>(^2^0  *  =2Ht  *  “j 

+  myfl*ej^  (Ji^ 

Figure  2.  Inertia  Transfer  Functions  for  DNAM05. 
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9 


9 


My  =  My  +  m(u)2  +  ft2)  +  mu)2ej^Wj  +  [-u)2(i^^  + 

^  a*  ({Cj  -  -  ijjj  ^ 

-  Sj  a^m  e^l  ♦ . 

"z.  =  "z.  -  <“"  *  «“>  ‘^nn  ‘'2  ^  •cc®2  *  u! 

*  (“"  -  Ijj)  -  I^5{VS2))w! 


+  my  Q^e„  (t>  • 
z  3 


Steady  Shears  and  Moments  ( Indicated  by  bar  “ . ) 
=  mfl^e  +  V 

*i  *  *j 

V ,  =  myfl2  +  V„ 


=  0 
1 


M  =  -myn2e  +  M 
*i  ^  *j 


fiy,  =  n^(SiCi{i,^  -  i{5l  -  1,5  fCj  -  Sj))  *  My, 


Mz,  =  -mjau,  .  a  -  a^u-  t  2i^^SiCi) 


-  a^w'  1(1^^  -  ijj)SjCj  -  i^j(C2  -  Sj)j 


Figure  2.  Concluded. 


37 


Next  is  shown  the  development  of  a  transfer  function  for  a 
uniform,  massless  elastic  field  with  large  steady  stress 
resultants  and  corresponding  twist  and  bending  slopes  in 
smnmary  form.  The  governing  differential  equations  are  given 
in  terms  of  both  local  deformed  blade  element  stress  result¬ 
ants,  and  in  terms  of  stress  resultants  in  a  local  blade  ele¬ 
ment  reference  coordinate  system.  A  linearized  form  of  the 
differential  e<^ations  is  given,  with  the  differential  equa¬ 
tions  written  in  matrix  form  as  a  set  of  first-order  constant 
coefficient  equations,  in  the  local  blade  element  reference 
coordinate  system.  Methods  of  solution  are  discussed  briefly, 
and  an  approach  is  taken  which  solves  for  the  usual  beam  and 
centrifugal  stiffening  in  an  exact  manner,  presents  a  closed 
form  but  infinite  series  solution  for  the  smaller  (with 
respect  to  the  centrifugal  load  stress  resultant)  steady 
stress  resultant  and  steady  twist  and  bending  slope  effects 
and  uses  a  first  term  approximation  to  the  infinite  series. 
(Higher  degree  approximation  could  be  developed  but  the  imple¬ 
mentation  would  most  likely  be  done  by  matrix  operations, 
within  the  computer  program. )  The  resulting  solution  is  trans¬ 
formed  to  the  blade  reference  system,  for  a  transfer  process 
from  the  tip  toward  the  hub. 

It  is  most  convenient  to  write  the  relationship  between  stress 
resultants  and  slopes,  all  measured  in  a  reference  system  with 
deflections  in  a  local  undeformed  blade  element  coordinate 
system  and  stress  resultants  in  a  local  deformed  blade  element 
coordinate  system.  These  are  obtained  by  setting  to  zero 
in  equations  A-17,  A-32,  and  A-34.  * 


T  = 

EA  (V'  -  e^^  u"  -  e^  w") 

(10) 

”b  = 

-  ®AB 

(11) 

3 

o 

II 

-  «AC 

(12) 

Q  = 

(GJ  +  Tk2)  (|i' 

(13) 

where  the  shear  center  is  taken  to  be  the  local  reference  coor¬ 
dinate  axis,  and  the  tensile  axis  (centroid  of  EA)  as  located 
by  e^  and  e^^,  are  shown  in  Figure  3.  Shear  center  offsets 

from  the  rotor  blade  reference  system,  the  pitch  change  axis 
(PCA)  will  be  accounted  for  later,  as  will  misalignments 
between  the  local  element's  principal  elastic  axis  and  the 
pitch  change  axis. 
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The  geometrical  relationships  between  bending  slopes  and  de¬ 
flections  are  given  by  definition  as 


3w 

ay 


and 


au 

ay 


w' 


u* 


(14) 


(15) 


Equations  A-67  and  A-68  for  equilibrium  of  forces  and  moments 
may  be  written  in  derivative  form  as 


!!x 

ay 


+ 


ay 


0 


0 


0 


ay 


ay 


■V  (1  +  — \  +  V  —  -  0 

^2  ay'  ^y  ay 


-V  +  V  -  Q 
X  ay  z  ay  *y 


-V  (1  +  1^)  +  V  +  Q„ 
X  '  ay'  y  ay 


(16) 


(17) 


Equations  (10)  through  (17)  contain  terms  for  stress  result¬ 
ants  in  two  different  coordinate  systems;  equations  (10) 
through  (13)  contain  stress  resultants  in  the  local  deformed 
blade  element  system,  and  equations  (16)  and  (17)  contain 
stress  resultants  in  a  local  blade  element  coordinate  system. 
This  local  blade  element  coordinate  system  differs  from  the 
blade  coordinate  system  defined  in  Section  3.2.3  by  the  rota¬ 
tion  eibout  the  y-axis,  of  magnitude  Os.  The  equations  in  this 
section  were  developed  by  transforming  equations  (10)  through 
(13)  to  the  local  blade  element  system,  and  solving  the 
differential  equations  in  that  system.  Equations  for  the 
blade  reference  system  were  defined  by  appropriate  finite  mag¬ 
nitude  angular  rotation  about  the  y-axis.  The  local  deformed 
blade  element  stress  resultants  are  as  shown  in  Figure  3,  and 
the  local  blade  element  stress  resultants  are  shown  in  Figure 
4. 
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Elimination  of  u”  and  W*  from  Equation  (10)  by  using  Equations 
(11)  and  (12),  and  transformation  of  the  stress  resultants  to 
the  local  blade  element  coordinate  system  by  the  transforma¬ 
tions 


(18) 


(19) 


leads  to  the  following  nonlinear  first-order  equations 


3u'  _  JL. 
ay  "  El, 


(  +  W'My  ^  (U'V^  H.  Vy  *  W'V^)) 


(20) 


—  =  /  — i  \  fu*v  +  v  +  w'v^ 

ay  \EA  ^  El„  Elg/  +  Vy  +  w  v^j 


'AB 


El 


B 


Sf)! 

f 

i  * 

-U*My 

+  (jiM, 

•'’Wy  +  ”z) 


*  (-  ♦"x* 


av' 

ay 


a^ 

ay  - 


El 


B 


(21) 

+  Vy  +  W'V^)) 

(22) 

+  My  -  W'M  \ 

(23) 
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E^ations  (14)  through  (16)  are  linear,  and  the  remaining  equa 
tions  may  be  linearized  by  assuming  that  the  unsteady  portion 
of  the  stress  resultants,  slopes,  and  displacements  are  small 
with  respect  to  the  steady  portion,  and  that  product  terms 
involving  unsteady  portions  are  negligible.  The  steady  terms 
are  denoted  by  a  bar  over  the  variable.  (It  is  assumed  that  a 
solution  of  the  nonlinear  steady  equations  is  known;  in  prac¬ 
tice  the  solution  for  steady  terms  may  also  depend  upon  line¬ 
arizations  or  other  approximations).  If  only  first  degree 
terms  in  the  steady  stress  resultants  and  slopes  are  retained, 
the  following  equations  result 
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Equations  (14)  through  (16)  and  (24)  through  (30)  form  an 
(approximate)  set  of  linear  first  order  equations  with  con¬ 
stant  coefficients  which  may  be  used  to  develop  a  transfer 
function  for  an  elastic  field  with  noncoincident  elastic  and 
neutral  axes  and  with  large  steady  stress  resultants  and 
elastic  deflections. 

Some  comments  concerning  the  approximation  to  Equation  (23)  by 
Equation  (27)  are  appropriate,  with  respect  to  the  denominator 
term  in  Equation  (23).  This  factor  may  be  approximated  as 


_ 1 _ 

GJ  +  (u'V^  ^y 


(gj  *  V  k|  ) 


(- 


lU'V^  ^  Vy  - 

GJ  +  Vyk2 


) 


where  Vy  is  the  unsteady  part  of  Vy.  This  is  a  first-term 

approximation  to  an  infinite  series  expansion.  Th  term  Vyk^ 

was  retained  in  the  denominator  since  it  is  always  combined 
with  GJ,  and  so  an  effective  GJ,  including  this  term,  may  be 
defined  for  any  rotor,  by  the  user-defined  input  value  of  GJ,j, 

The  factor  GJ.j,  is  used  to  remind  users  that,  when  not  negligi- 

gible  with  respect  to  GJ,  the  V  k^  term  must  be  included. 

y  A 

Then,  in  the  evaluation  of  the  product  of  these  terms  with  the 
numerator  of  Equation  (23),  the  only  term  retained  is 

(Vyk2/GJ^)  My. 
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Solution  of  this  set  of  equations  by  the  Cayley-Hamilton 
Theorem  is  impractical  due  to  the  high  degree  polynomial  which 
would  have  to  be  solved  for  the  characteristics,  and  other 
methods  for  obtaining  an  exact  closed  form  solution  are  also 
impacted  by  the  high  amount  of  coupling  between  equations.  An 
approximate  solution  may  be  obtained  by  using  the  infinite 
series  expansion  for  the  transfer  matrix  [U] ,  in  terms  of 
the  matrix  [A] ,  of  the  form 

[U]  =  e^^^  =  [I]  +  [A]  +  [A]2/2!  +  [A]3/31  +  ...  (31) 

where  [A]  is  defined  from  the  first  order  differential 
equations  when  written  in  matrix  form  as 

L  Z  =  [D]  Z  (32) 


according  to 

[A]  =  L  [D]  (33) 

where  L  is  the  section  length  over  which  the  transfer  is 
performed.  It  is  convenient  to  define  the  complete  state 
vector,  Z,  as 

z  =  |v  Vy  <||  My  u  u'  M^  w  w'  Mj^  v^jI  (34) 

Note  that  Z  includes  the  radial  displacement  and  shear  which 
the  s^  state  vector  does  not.  It  is  also  convenient  to  write 

[A]  as  the  siun  of  two  matrices, 

[A]  =  [«]  +  [6]  (35) 


where  [«]  contains  no  steady  stress  resultants  and  slopes 

except  Vy,  and  [6]  contains  only  terms  involving  the  other 

steady  stress  resultants  and  steady  slopes.  Thus,  [«]  and  [6] 
may  be  written  in  the  forms 


OOOOOOO  004->  o 


■POOOOOO  O+JO  o 


OOOOOOO  iJOI>  o 


OOOOOOO  ooo  o 


oooooo-P  ooo  o 


v£>  00 

+JOOOO+JO  ooo 


OOOOJOI>  ooo 


OOOOOOO  ooo  o 


oo+Joooo  oo  o  o 


OOOOOOO  ooo  o 


fN  vo  in 

'POOOO'PO  O-PO  o 


OOOOOOO  OOO  o 


where 


t 


'8 


t5”x  ^  Vx 


=  L 


{i 


.  ZM  + 

EA  Elg  EI^ 


t^/L 


L(1  +  t3Vy) 


Le 


AB 


El 


B 


Le 


AC 


L/EI 


B 


=  L/EI, 


=  L/GJ, 


tio  =  tg  (My  kl  /GJ^) 
GJ„  =  GJ  +  V  .  k? 


(38) 


Substitution  of  Equation  (30)  into  Equation  (26)  yeilds 

[U]  =  [I]  +  [«x]  +  [6]  +{[cc]2  +  2[«](6]  +  [612|/2:  +... 
which  may  also  be  written  as 

JUJ  =  ^[A]  ^  ^[«]  +  [61  ^  ^[cc]  ^[6] 

=  {[I]  +  [«]  +  [“]V2!  +  ...] 

{[I]  +  [6]  +  [61V2:  +  ...}  (39) 

Now  for  a  transfer  function  which  performs  a  transfer  in  the 
opposite  direction  as  the  (+)  y-axis,  the  basic  transfer  func¬ 
tion,  (u]  is  given  by 


[u]  =  =  e“f^^  =  [I]  -  [A]  +  [A]V2I 

-  [A] 3/3!  +  ... 


(40) 
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which,  in  terms  of  [«]  and  [6],  may  be  written  as 


[u]  =  [I]  -  [oc]  -  [6]  +  {[«]2  +  [«][6]  +  [6][«] 

+  [6]2}  /2!  -  ...  (41) 

The  portion  of  [u]  which  is  independent  of  [6]  then  may  be 
written  as  [U] . 

The  first  few  terms  dependent  upon  [6]  plus  [U] ,  yield  [u], 
where 

[u]  =  [U]  -  (6]  +  {[otl[6]  +  [6][oc]}  72!  (42) 


Then  for  a  system  which  has  an  offset  with  magnitudes  s^  and 

Sg  in  the  x-direction  and  z-direction,  respectively,  with  no 

flexibility  in  the  offset  and  with  a  cancelling  offset  at  the 
other  end,  the  transfer  including  the  offsets  may  be  written 
in  the  form 

[V]  =  [R]'^  [u]  [R]  (43) 

where  [R]  is  a  rigid  offset  transfer  matrix,  given  by 


[R]  = 


10  0  0 
0  10  0 

0  0  10 

0  0  0  1 

0  0  Sg  0 

0  0  0  0 

0  S^  0  0 

0  0  0  0 

0  0  -s^  0 

0  0  0  0 

0  Sg  0  0 

0  0  0  0 


0  -s^  0 
0  0  0 
0  0  0 
0  0  0 
10  0 
0  10 
0  0  1 
0  0  0 
0  0  0 
0  0  0 
0  0  0 
0  0  0 


0 

0 

0 


-s 
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0 

0 

0 

1 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 


-s 


B 


0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 


0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

1 


(44) 
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If  this  transfer  function,  [V],  is  subpartitioned  as  4x4  sub¬ 
matrices  and  written  as 


[V]  = 


(45) 


then  the  final  transformation,  which  accounts  for  the  angle 
between  the  local  blade  element  principal  elastic  axes  and 
the  reference  pitch  change  axis,  to  give  the  total  elastic 
field  transfer  matrix,  [U] ,  is  given  by 


[U]  =  [e]"^[v][0] 

with  [6]  in  svibpartitioned  form  given  by 


[0]  = 


I 

O 

Lo 


0 

c 

s 


0 

-s 

c 


(46) 


(47) 


where  C  =  cos0  [ I ] 
S  =  sin0  [I] 


Then 


[U]  = 


0  is  +  for  positive  rotation  about  the  axis 

from  PCA  to  local  blade  element  system,  and  [I] 
is  a  unit  matrix. 


ICiV^tSjvl 


C^V3  -  SjVj 


Civf+SivJ 


*  ^24 


c^vl  *  c^s^Cvl-vl) 

■^24 


‘=A-h4 


-S2vf 


C2v|-CiSi(v^+v2 


(48) 
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The  transformations  which  account  for  the  shear  center  offset 
and  the  cuigle  between  the  local  blade  element  system  and  the 
pitch  change  eucis  system  have  the  Scune  form  for  transfer  from 
outboard- to-inboard  as  for  transfers  from  inboard- to-outboard. 
Since  the  transformation  from  the  local  blade  element  system, 
Ibe,  to  the  pitch  change  axis  system  are  given  by 


^PCA 


'Ibe 

(or  =  [e](R]  2p^^)  (49) 

and  all  barred  quantities  above  are  in  the  Ibe  system,  the 


be  made,  as 

given  by 

^  I 

^’ibe 

^l“  PCA 

^I'^'PCA 

''’ibe 

=  ^I^'PCA 

+ 

®1^'PCA 

S-,V_ 

=  c,v 

*lbe 

^  *PCA 

^  ^PCA 

v„ 

=  CiV^ 

+ 

SiV„ 

*lbe 

^  *PCA 

^  *PCA 

(50) 


Ibe 


-  S„  V  +  S„  V 

^PCA  ®  *PCA  ^  ^PCA 


'Ibe 


M. 


PCA  “  ^PCA  ^  ^PCA  ^PCA 


M. 


'Ibe 


^  ^PCA  ^  ^PCA  ^  *PCA  ® 


fpCA 


After  completing  the  transformation  to  the  pitch  change  axis 
system,  and  with  some  rearranging  of  terms,  the  elastic  field 
trcUis format! on  for  outboard- to-inboard  transfer  (and  for  shear 
center  offset  and  pitch  angle  misalignment)  is  given  by  the 
equations  of  Figure  5.  This  figure  then  de^'ines  the  final 
transfer  function  for  an  elastic  element,  . 
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“B  GA^  "  *'4  n  ^2B 

""  GA^  “  ^  ^4  ^8  ®2C 

where 

GA^  =  effective  shear  stiffness  in  the  beamwise  direction 

GA^^  =  effective  shear  stiffness  in  the  chordwise  direction 

^1  ~  ^^2  ^8  ®2  ^7 

^2  ^  ^2  ^1  ^  ®2  ^8 


Transfer  Functions 

=  ♦i+l  -(g^)  “y.^1 

-G^  [^y^B  (V'  -^z)]  “'i+1 

*  g3J  {  J  [*1  <«x  ^  \  =B>  -  S  («x  "  \  =c)]}”x. 

^  ^  [S  -  ^  ='] 


*  ^  [ Vc  *  «x  "  5  <V'  ■  ’x>]  ”'i+l  *  53;  {  -=’ 
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The  and  operations  are  in  fact  separated  within  the  com¬ 
puter  program,  so  this  development  is  essentially  complete. 

It  should  be  noted  that  for  the  natural  frequency  calculation 
all  of  the  purely  steady  effects  are  deleted. 

In  the  application  of  the  state-vector/transfer  function  tech¬ 
nique,  five  separate  state  vectors  are  assumed  at  the  blade  tip.  * 
Then  the  m^  and  fj^  functions  are  applied  sequentially  into  the 

center  of  rotation  for  an  assumed  vibration  frequency,  uj.  At 
the  center  of  rotation,  five  boundary  conditions  are  always 
known.  Either  slopes,  moments,  or  displacements  are  zero  for  * 

various  hub  types.  Using  the  equations  for  the  known  boundary 
conditions  and  the  five  functions  for  blade  tip  conditions,  a 
set  of  five  equations  in  five  unknowns  may  be  written.  When 
u»  is  a  natural  frequency  of  the  system,  all  of  the  boundary 
conditions  are  satisfied,  and  the  determinant  of  the  five  equa¬ 
tions  goes  to  zero.  Locating  the  correct  values  of  w  is  a 
numerical  analysis  problem  which  will  not  be  dealt  with  here. 

When  a  zero  determinant  is  found,  DNAM05  assumes  there  is  a 
unit  out-of-plane  deflection  at  the  blade  tip  and  uses  this 
fact  to  solve  for  the  weighting  factors  on  the  other  tip  con¬ 
ditions  for  calculation  of  the  blade  mode  shapes.  The  term 
"mode  shapes"  is  here  defined  to  include  the  distributions  of 
shears  and  moments  as  well  as  the  blade  deflections.  The  prob¬ 
lem  of  creating  rotor  modes  from  the  calculated  blade  modes 
will  be  discussed  in  Section  3.2.11. 

In  addition  to  the  beam  elements  modeled  in  DNAM05,  there  are 
three  other  types  of  transfer  functions  which  need  to  be  under¬ 
stood.  These  are  the  hub  impedance  model,  the  pitch  horn  model, 
and  the  blade  hinge  model. 

The  hub  impedance  model  is  used  to  include  the  effects  of  an 
isotropic  support  system  in  the  blade  modes.  For  collective 
modes,  out-of-plane  motion  is  restrained  by  one  input  spring 
constant  and  one  input  mass,  and  inplane  slope  changes  are 
opposed  by  a  torsion  spring.  For  cyclic  modes,  the  inplane 
motion  is  restrained  by  one  input  spring  and  one  input  mass. 

The  boundary  conditions  for  these  cases  are  then  modified  so 

that  a  known  boundary  condition  for  the  impedance  is  satisfied  ' 

rather  than  the  boundary  conditions  at  the  center  of  rotation. 

The  boundary  conditions  for  all  modes  are  shown  in  Table  1. 

The  torsional  boundary  condition  for  all  modes  is  . 

(|»  =  0  at  the  center  of  rotation. 
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TABLE  1.  BLADE  BOUNDARY  CONDITIONS  IN  DNAMOS 
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In  the  boundary  conditions  in  Table  1, 

VSOFT  is  the  out-of-plane  restraint  elasticity 

VMASS  is  the  effective  hub  mass  in  the  out-of-plane 
direction,  per  blade 

HSOFT  is  the  inplane  restraint  elasticity 

HMASS  is  the  effective  hub  mass  in  the  inplane  direction, 
per  blade 

TORSO  is  the  effective  spring  rate  of  the  mast/engine 
system  in  inch-pounds  per  radian 

NB  is  the  number  of  blades 

R  is  the  blade  radius  in  inches 


cuid  k.  is  the  blade  flapping  spring  constant  per  blade, 
p 

Also  let 


k  =  the  apparent  spring  rate  of  the  out- of -plane 
”  support  system  in  pounds  per  inch 


M  =  the  a^arent  mass  of  the  out-of-plane  support 
"  system  in  pounds  mass 

k-  =  the  apparent  spring  rate  of  the  inplane  support 
^  system  as  seen  in  the  rotating  coordinate  system 
in  pounds  ^  er  inch 


M-  =  the  apparent  mass  of  the  inplane  support  system 
as  seen  in  the  rotating  coordinate  system  in 
pounds  mass 


then  the  inputs  to  DNAM05  for  the  hub  impedance  are 
20  *  10® 


VSOFT  = 

VMASS  = 

HSOFT  = 

HMASS 


R  *  k 


op 


M 


(51) 
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The  pitch  horn  model  used  in  DNAM05  is  shovm  schematically  in 
Figure  6.  The  pitch  horn  is  attached  at  the  blade  station  J. 
The  pitch  horn  runs  from  point  J  to  c  to  b  and  the  control 
system  is  represented  by  the  spring,  K,  from  b  to  a.  The 
pitch  horn  is  assumed  to  be  rigid.  The  net  transfer  func¬ 
tions  from  J  to  a  or  b  are 


^a  =  <I>J  ^c  “  ''j 


”yb  =  V  -  ^zJ  ^c 


(52) 


”xb  ”xJ  ^zJ  ^b 

The  boundary  condition  at  points  a  and  b  are  known  because  a 
is  a  fixed  point  and  b  is  a  pin  joint. 


^a  =  ° 
”yb  =  ° 
”xb  =  ° 


(53) 


When  these  boundary  conditions  are  applied  to  Equation  (52), 
the  transfer  functions  may  be  solved  for  the  shear  and  moments 
which  are  applied  to  the  blade  by  the  pitch  horn  in  terms  of 
the  angles  and  displacements. 
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M 


zJ 

yj 

xJ 


^ZJ  ^c 


-^ZJ  ^b 


(54) 


These  are  not  the  total  shear  and  moment  values.  They  are 
simply  increments  which  must  be  added  to  the  shear  and  moments 
already  carried  by  the  blade.  Note  that  K  is  a  linear  spring 
rate  in  pounds  per  inch.  The  equivalent  torsional  spring, 
which  is  input  to  DNAM05,  is 

CK  =  K  d2  (55) 


If  very  large  values  of  CK  or  K  are  used,  the  equations  above 
may  lead  to  numerical  instabilities.  However,  no  problems  have 
been  experienced  using  realistic  values  or  even  10  times  a 
realistic  value. 


69 


Three  separate  hinge  angles  are  allowed  in  DNAM05  to  provide 
for  pitch-flap  coupling,  pitch-lag  coupling,  and  flap-lag  coup' 
ling.  A  hinge  is  modeled  in  the  program  if  the  user  inputs  a 
zero  stiffness  either  beamwise  or  chordwise.  The  hinge  model 
has  very  low  resistance  for  angular  motion  due  to  applied  mo¬ 
ments  and  very  high  resistance  to  other  types  of  motion.  This 
provides  a  very  good  model  of  a  hinge  located  at  the  outboard 
end  of  the  selected  segment.  When  a  hinge  is  skewed  with  re¬ 
spect  to  its  usual  orientation,  two  additional  steps  are  added 
to  the  transfer  process  from  tip  to  root.  At  the  outboard  end 
of  the  segment  a  coordinate  transformation  through  the  skew 
angle  is  made  for  the  variables  affected.  The  usual  transfer 
equations  are  applied  to  find  the  state  at  the  inboard  end  of 
the  segment,  and  then  the  reverse  coordinate  transformation  is 
used  to  get  all  variables  aligned  with  the  blade  coordinate 
system. 

A  schematic  of  a  skewed  flapping  hinge  is  shown  in  Figure  7. 
The  angle,  y,  shown  will  give  leading-edge-down  pitch  with  up 
flapping.  Looking  at  the  top  sketch  in  Figure  8,  it  is  easy 
to  write  the  transformation  from  the  blade  axis  to  the  hinge 
axis.  The  out-of-plane  slope  and  moment  as  well  as  the  twist 
and  twisting  moment  are  modified. 
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Note  that  pitch-flap  coupling  and  pitch-cone  coupling  may  also 
arise  from  the  pitch  horn  geometry  and  blade  bending.  For  the 
lag  hinge  the  and  rotations  are  performed  in  that  sequence. 

The  sequence  may  only  be  of  interest  for  large  values  of  or 

a^.  The  rotation  couples  out-of-plane  slopes  to  inplane 

slopes. 
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Pitch-Flap  Coupling  Hinge 
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Kinematic  Coupling  Through  Skewed  Hinges 
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The  Og  rotation  couples  twisting  motion  to  the  inplane  slope. 

^h  ~  “3  ^ 

(b.  =  A  cos  a_  +  u*  sin  a-  I 

3  \  (5QJ 

”zh  =  ”z  “3  ”y  “3  I 

”yh  =  ■  “z  “3  “y  “3  / 


All  of  the  elastic  terms  and  the  linear  inertial  terms  in  the 
differential  equations  are  then  used  in  the  calculation  of  the 
rotor  blade  natural  frequencies  and  mode  shapes.  The  additional 
inertia  terms  included  in  C81  and  those  neglected  will  be  dis¬ 
cussed  in  Section  3.2.6. 

3.2.5  Application  of  Modal  Technique 

The  Rotorcraft  Flight  Simulation  Program  C81  includes  a  time- 
variant  aeroelastic  rotor  representation  based  on  the  modal 
technique  with  the  provision  that  the  blade  natural  frequencies, 
mode  shapes,  and  associated  coefficients  will  be  supplied  as 
input  data.  It  is  important  to  note  that  any  assumptions  made 
in  the  derivation  and  the  calculation  of  the  mode  shapes  will 
be  applicable  to  the  entire  analysis.  For  this  reason  it  is 


advisable 
since  the 

to  use  modes  in  C81  which  were  obtained  from  DNAM05, 
two  programs  have  been  developed  to  be  compatible. 

To  implement  the  modal  technique  in  the  computer  program,  the 
following  assumptions  have  been  made: 

(1) 

The  blade  is  divided  into  the  same  radial  segments 
for  both  aerodynamic  and  dynamic  calculations. 

(2) 

Each  of  the  segment  faces  has  three  degrees  of 
freedom:  out-of-plane  (w),  inplane  (u),  and  angular 
orientation  of  the  chordline  about  the  y  axis  ((!»). 

(3) 

The  user  will  supply  the  normal  modes  that  describe 
u,  w,  and  ^  for  each  of  the  segment  faces  for  each 
mode  (obtainable  from  DNAM05). 

(4) 

Linear  interpolation  can  be  used  to  define  the  mode 
shapes  between  the  two  adjacent  faces. 

(5) 

The  maximum  number  of  segments  per  blade  is  20. 

(6) 

The  maximum  number  of  blades  per  rotor  is  seven. 
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(7)  The  maximum  nvimber  of  input  modes  per  rotor  is  11 
with  a  total  limit  of  12  modes  between  the  two 
rotors . 

(8)  The  maximum  number  of  rotors  is  two. 

As  indicated,  the  program  is  structured  to  handle  fully  coupled 
mode  shapes,  which  means  that  all  of  the  linear  terms  which 
couple  out-of-plane,  inplane,  and  torsional  motion  must  be 
included  in  the  calculation  of  the  modes  as  they  are  in  DNAM05. 

The  mode  shapes  have  several  important  attributes: 

(1)  Each  one  is  a  solution  to  the  coupled  differential 
equations  of  free  vibration  of  the  total  system, 
obtained  by  deleting  all  velocity-dependent  and  all 
nonlinear  terms. 

(2)  Associated  with  each  mode  there  is  a  natural  fre¬ 
quency  ,  . 

(3)  Each  mode  shape  must  satisfy  a  set  of  physical 
boundary  conditions  that  could  exist  on  the  blade. 

(4)  The  collection  of  mode  shapes  forms  an  orthogonal 
set  of  functions. 

This  set  of  attributes  makes  possible  the  modal  method  of 
structural  analysis.  The  boundary  conditions  are  a  function  of 
the  hub  type  and  must  describe  the  physical  constraints  for  the 
inplane,  out-of-plane,  and  torsional  behavior  at  the  hub.  To 
simplify  the  discussion,  all  modes  will  be  arbitrarily  labeled 
either  cyclic,  collective,  or  scissor.  These  definitions  and 
the  selection  of  blade  mode  type  are  discussed  in  more  detail 
in  Section  3.2.10. 


Oette  (Reference  7)  shows  how  the  separation-o£-variahles 
technique  can  be  applied  to  the  H&B  equations;  the  same 
applies  to  the  equations  developed  in  Appendix  A.  If  the 
independent  variables  are  time,  t,  and  radial  location  along 
the  blade,  y,  then  it  is  possible  to  write 


(u(y,t)^ 
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|w(y,t)  * 
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where  u,  w,  and  ^  are  the  total  elastic  deformation  of  the 
blade  which  vary  with  both  y  and  t;  u^,  w^,  and  are  the 

components  of  the  nth  mode  shape  which  are  only  functions  of 
y;  and  6^^  is  the  participation  factor  or  generalized  coordinate 

for  the  nth  mode  which  is  only  a  function  of  time.  If  we  also 
let 

=  the  externally  applied  inplane  force 
=  the  externally  applied  out-of-plane  force 
s  the  externally  applied  twisting  moment 
Oette  demonstrates  that 
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where 

Ijj  is  the  generalized  inertia  of  the  nth  mode. 

For  small  amounts  of  viscous  damping,  Equation  (60)  can  be 
written 
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^Oette,  H.,  BERECHNUNG  DER  SCHLAGBIEGE-,  SCHWENKBIEGE-UND 
TORSIONSSCHWINGUNGEN  VON  ROTORBLATTERN  MIT  GEKOPPELTEN 
EIGENFORMEM  UNO  -  FREQUENZEN,  Deutsche  Luft-und  Raumfahrt, 
DLR  -  Forschungsbericht  71-108,  1971. 


where  is  shown  in  Equation  (60).  There  will  be  an  equa¬ 
tion  of  the  above  type  for  each  mode  included  in  the  response 
analysis.  The  set  of  modal  equations  is  sufficient  to  describe 
the  time-variant  aeroelastic  response  of  a  rotor  blade  because: 
(a)  the  linear  effects  of  the  blade's  mass,  elastic,  and  geo¬ 
metric  properties  are  included  in  the  natural  frequencies  and 
mode  shapes,  and  (b)  the  aerodyncunic  and  aeroelastic  effects 
are  included  in  As  indicated  by  Oette,  dynamics  terms  which 

were  deleted  from  the  calculation  of  the  blade  natural  frequen¬ 
cies  and  mode  shapes  should  be  included  in  F^^.  This  refers 

to  terms  arising  from  the  angular  rates  and  accelerations  of 
the  rotor  reference  system,  the  linear  accelerations  of  the 
rotor  hub,  and  such  nonlinear  terms  as  the  Coriolis  accelera¬ 
tions  . 

The  generalized  inertia,  1^^,  is  one  of  the  primary  characteris¬ 
tics  of  a  blade  mode,  so  it  has  been  made  an  input  to  C81  along 
with  the  mode  shape  and  frequency.  The  generalized  inertia 
definition  found  in  Oette  includes  the  effect  of  a  chordwise 
offset  of  the  center  of  gravity,  When  the  effect  of  a 

beamwise  offset  of  the  center  of  gravity,  e^,  is  also  included, 
the  following  expression  is  found 

R 

=  /  {in[u2  +  w2  -  2  u„  sin 

n  •'g'^n  n  n  n  mC  p 

*  ®idB  2  “n  ♦n'®mc  ®p 

-  «mB  ®P>1  *  ['nn  *  '££  'n'  <“> 

where 

0  is  the  local  blade  geometric  pitch  and  the  other 
^  variables  are  as  defined  in  Appendix  A. 

The  term  F  is  described  as  the  virtual  work  done  by  all  of  the 
n 

externally  applied  aerodynamic  forces  and  inertia  forces,  if 
these  forces  were  to  act  through  a  virtual  displacement  equal 
to  the  input  mode  shapes.  It  is  convenient  to  write  F  as 
separate  sums  of  aerodynamic  terms  and  inertial  terms. 
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where 


^u'  \i'  results  of  the  aerodynamic  load 

ing  which  is  defined  in  Section  3.4. 

I^,  I^,  and  are  the  result  of  the  inertial  loading, 

and  externally  applied  mechanical  forces  produced 
by  the  precone  effect,  the  flapping  spring,  the 
flapping  stop,  and  the  lead-lag  deimper. 


The  total  velocity  or  acceleration  of  some  station  along  the 
blade  (within  the  blade  coordinate  system)  is  frequently  re¬ 
quired  in  the  analysis.  These  are  simply  obtained  by  differ¬ 
entiating  Equation  (59)  with  respect  to  time. 
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3.2.6  Rotor  Inertia  Loads  Included  in  C81 

For  a  completely  exhaustive  analysis,  all  of  the  terms  shown  in 
Equations  (A-58)  through  (A-66)  should  be  included.  However, 
many  of  these  terms  are  not  necessary  to  obtain  a  reasonably 
accurate  simulation.  The  terms  are  grouped  in  the  following 
categories : 

(1)  Included  in  the  calculation  of  the  blade  natural 
frequencies  and  modes; 

(2)  Included  in  the  externally  applied  forcing 
function;  or 

(3)  Assumed  to  be  small  in  comparison  with  other  terms 
present  and  thus  neglected. 

In  connection  with  the  third  category,  two  points  should  be 
kept  in  mind.  First,  there  is  no  point  including  a  term  which 
has  a  2 -percent  effect  when  the  input  data  are  not  known  to 
within  r  percent.  Second,  the  terms  which  may  be  negligible 
on  the  rotor  designs  of  today  may  be  important  for  future  de¬ 
signs. 

A  large  number  of  the  terms  in  all  of  the  inertia  force  equa¬ 
tions  are  a  function  of  the  eg  offsets.  Historically,  these 
have  been  rather  small  effects  and  have  been  neglected  in  C81. 

In  recent  years,  it  was  found  that  the  eg  offsets  on  newer  rotor 
designs  had  a  significant  effect  on  frequency  placement  and  mode 
shape  coupling.  In  view  of  this,  the  steady  and  nonlinear 
effects  of  the  eg  offsets  have  been  included  in  C81.  The  eg 
offsets  are  included  with  the  mass  and  mode  shape  data  punched 
out  by  DNAM05  for  input  to  C81  to  ensure  that  a  consistent  set 
of  data  is  used. 

One  type  of  inertia  loading  that  has  been  neglected  in  C8l  is 
the  discrete  out-of-plane  and  inplane  moments,  Q  and  Q  .  Those 

terms  not  included  in  the  natural  frequency  analysis  are  assumed 
to  be  small  in  comparison  to  the  moments  arising  from  the 
applied  forces.  It  is  also  assiuned  that  the  product  of  any 
blade  displacement  and  a  fuselage  rate  is  small  compared  to  the 
other  terms.  Equations  (A-p58),  (A-59),  (A-60),  and  (A-65)  are 
then  reduced  to  the  following  form; 
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It  should  be  noted  that  the  displacements  and  slopes  at  the 
feathering  bearings  are  included  in  the  mode  shape  inputs  so 
that  the  values  of  u,  u',  w,  w',  etc.,  may  be  calculated  rela¬ 
tive  to  the  blade  reference  system  as  called  for  by  the  devel¬ 
opment  in  Appendix  A. 
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Calculation  of  Coriolis  Acceleration. 


t 


Note  also  that  some  of  the  terms  shown  in  Equations  (66)  were 
previously  included  in  the  equations  for  the  frequency  analy¬ 
sis.  For  these  terms  a  difference  is  calculated  in  C81  between 
the  current  instantaneous  value  and  the  reference  value  used 
for  the  calculation  of  the  modes. 

Without  explanation  it  will  be  stated  that  one  nonlinear  term 
in  the  strain  equation  arising  in  the  torsional  moment  due  to 
the  change  in  direction  of  the  beamwise  and  chordwise  moments 
has  been  retained.  In  Reference  8,  Mil  gives  some  insight  in¬ 
to  the  occurrence  of  this  term.  He  also  concluded  that  this 
term  is  quite  small  in  all  cases,  which  agrees  with  the  experi¬ 
ence  in  C81.  Nevertheless,  the  term  has  been  included  and  is 
of  the  form 

Q  =  Ip  =  -Mg  u"  +  Me  W  (67) 

The  bending  moments  are  calculated  using  the  input  bending 
moment  coefficients  and  the  second  derivatives  are  approxi¬ 
mated  by  numerically  differentiating  the  displacement  func¬ 
tions  . 

The  treatment  of  the  Coriolis  force  appearing  in  the  F  equa- 

<rv 

tion  of  Equations  (66)  should  be  dealt  with  in  some  detail. 

It  is  assumed  that  the  blade  is  inextensible,  but  term  in¬ 
volving  V  has  been  included.  This  is  because  geometric 
considerations  can  cause  significant  variations  in  v  even 
though  V  itself  is  small.  Large  forces  can  then  be  generated 
when  V  is  multiplied  by  2  understand  the  geometry 

involved,  refer  to  Figure  9  where 

r2  =  x2  +  y2  +  z2  (68) 

for  the  blade  station  shown.  It  is  assumed  that  the  primary 
source  of  the  Coriolis  force  is  from  the  first  out-of-plane 
and  first  inplane  modes  so  that  r  may  be  treated  as  a  constant. 
Substituting  the  geometric  and  elastic  displacements  of  the 
point.  Equation  68  becomes 

r2  =  (u)2  +  (y  +  v)2  +  (w)2  (69) 

Equation  (69)  can  be  differentiated  with  respect  to  time  and 
then  solved  for  v  to  give  the  net  acceleration  term. 


"Mil,  M.  L.,  et  al.,  HELICOPTERS:  CALCULATION  AND  DESIGN, 
NASA  TTF-494,  1967. 
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This  term  is  usually  referred  to  as  the  Coriolis  acceleration. 
The  location  of  the  axis  of  constant  rotational  speed  has  a 
significant  effect  on  the  Coriolis  acceleration  term.  If  the 
inertia  of  the  rotor  is  large  in  comparison  to  the  mast  stiff¬ 
ness,  and  the  rotor  is  free  to  flap,  then  the  axis  of  constant 
rpm  will  be  perpendicular  to  the  tip  path  plane.  Also,  if  any 
mast  bending  takes  place  it  tends  to  move  the  axis  of  constant 
rpm  so  as  to  relieve  the  Coriolis  loads.  These  conditions  are 
approximated, by  removing  the  rigid  blade  component,  if  any, 
from  w  and  w  prior  to  calculating  the  Coriolis  term.  It  has 
been  found  that  improved  correlation  is  obtained  when  a  hinge¬ 
less  rotor  is  treated  as  a  gimbaled  rotor  with  the  mast  bend¬ 
ing  stiffness  acting  as  a  flapping  spring.  This  was  true  even 
for  a  very  stiff  mast. 

It  should  be  pointed  out  that  the  terms  in  are  not  duplica¬ 
tions  of  terms  in  the  frequency  analysis  because  the  cyclic 
feathering  is  not  present  in  the  frequency  analysis,  and  the 
propeller  moment  due  to  geomtric  pitch  setting  is  a  "steady" 
term,  not  an  elastic  one.  The  Fy  equation  was  included  in 

Equation  (66)  because,  even  though  the  blade  is  inextensible, 
these  changes  in  centrifugal  force  are  felt  at  the  center  of 
rotation  as  net  shears  which  force  the  pylon  equations.  See 
Section  3.3  for  the  complete  discussion. 

3.2,7  Preload  Due  to  Precone,  Prelag  and  Pitch  Change 
Axis  Offsets 


The  vibratory  portion  of  the  effects  of  precone,  prelag,  and 
pitch  change  axis  offset  are  included  in  the  DNAM05  analysis. 

The  effects  of  the  steady  centrifugal  force  acting  through 
these  angles  and  offsets  must  be  considered  as  a  steady  exter¬ 
nal  force  to  the  modal  equations.  These  effects  are  calculated 
as  a  part  of  the  inertia  loads  represented  by  Equations  (66). 

3.2.8  Flapping  Springs,  Flapping  Stops,  and  Lead-Lag  Dampers 

Some  rotor  configurations  can  be  equipped  with  hardware  that 
generates  mechanical  forces  which  must  be  considered  in  an 
elastic  rotor  analysis.  Among  these  items  are  flapping  springs, 
flapping  stops,  and  lead-lag  dampers.  To  consider  the  first 
two  items,  refer  to  Figures  10  and  11.  The  following  variables 
are  defined: 
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Figure  10.  Schematic  Diagram  of  Flapping  Springs  and  Stops, 


Nonlinear  spring  inactive 


Figure  11.  Flapping  Moment  Functions  for  Springs  and  Stops. 
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M  CQ 


p  =  blade  root  flapping  angle  -  defined  by  a  straight 

line  through  the  displaced  positions  of  the  inboard 

two  blade  stations  and  the  z.  axis. 

h 

pj^  =  slope  w'  at  the  hub  for  the  nth  mode 

Mg  =  moment  transmitted  to  the  top  of  the  mast  by  flap¬ 
ping  springs  and  flapping  stops 

=  linear  flapping  spring  rate  ( for  teetering  or  gim- 
baled  rotor) 

m^  =  nonlinear  flapping  spring  coefficient 
r  =  order  of  spring  nonlinearity  -  need  not  be  an  integer 
Pg  =  flapping  angle  where  nonlinearity  begins 
Mo  =  -m^  p^ 

Kg  =  linear  spring  rate  of  the  flapping  stop 

Pg  =  value  of  p  where  blade  contacts  the  flapping  stops 

Figure  10  shows  one  possible  arrangement  which  would  have  all 
three  types  of  flapping  springs.  The  linear  spring  represents 
a  hub  restraint  used  to  provide  control  power  at  all  flight 
conditions.  The  nonlinear  spring  with  some  clearance  may  rep¬ 
resent  a  soft  flapping  stop.  Then  the  flapping  stop  spring 
would  be  the  hard  flapping  limit.  The  curves  in  Figure  11 

show  how  each  of  these  flapping  restraints  contribute  to  M  . 

s 

The  moment  from  the  linear  flapping  spring  is 


Mg  =  KrP 

The  moment  contribution  from  the  nonlinear  flapping  spring  is 
zero  as  long  as  the  magnitude  of  p  is  less  than  p„.  For 
larger  values  ® 

Mr  =  ”o  l^l  >  (72) 

The  moment,  from  the  flapping  stops  is  also  zero  as  long  as  the 
flapping  is  less  than  the  limiting  value,  Pg. 

"stop  =  IPl  =■  Ps  <”) 
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The  net  hub  restraint  moment,  M^,  is  then  the  sim  of 

and  Mg^Qp.  Note  that  all  spring  rates  are  input  on  a  per  blade 

basis.  Also  consider  that  the  nonlinear  spring  and  the  flap¬ 
ping  stops  are  symmetrical  models  with  the  up-stop  and  down- 
stop  clearances  being  equal. 

Figure  11(d)  is  a  plot  of  M  based  on  Equations  (71),  (72), 

S 

and  (73).  The  same  moment  is  used  to  calculate  the  effect  of 
the  spring  or  stops  on  the  rotor  modes.  An  increment  AF  is 
added  to  the  forcing  function  F^^, 

AF„  =  -M^  (74) 

Note  that  because  the  equations  for  flapping  springs  and 
stops  are  a  function  of  the  flapping  angle  at  the  center  of 
rotation,  these  representations  only  apply  to  gimbaled  or 
teetering  rotors. 

Lead-lag  springs,  and  dampers,  are  treated  as  angular 

restraints  operating  on  a  total  lag  angle  and  velocity,  u^  and 

Uj^,  determined  from  the  modal  participation  factors  and  an 

input  lag  angle  for  each  mode  at  the  hinge  location,  u^. 

A  schematic  of  this  arrangement  is  shown  in  Figure  12.  The 
net  angular  displacement  and  velocity  are  given  by 


NM 

A  =  2 

^  n=l 


«„(t)  u' 


The  angle  times  the  spring  rate  and  the  velocity  times  the 
damping  rate  produce  additional  moments  at  the  hinge  point. 
These  moments  are  multiplied  by  the  lag  angle  component  of 
each  mode  to  give  an  increment  to  the  forcing  function  AF^, 

“h  *  'h.  “hi  ' 
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3.2.9  Rotor  Bending  Moments 


Each  normal  mode  of  the  rotor  has  associated  with  it  charac¬ 
teristic  distributions  of  shear  and  bending  moment.  These 
characteristics  are  just  as  much  a  part  of  the  mode  shape  as 
the  displacement  functions  that  are  normally  called  the  mode 
shape.  These  shear  and  moment  coefficients  may  be  combined 
in  the  same  way  that  the  displacement  functions  are.  Let 

VBM(y,t)  =  total  out-of-plane  bending  moment  at 
station  y  at  time  t 

CVBM  (y)  =  coefficient  for  out-of-plane  bending  moment 
at  station  y  for  mode  n 

Then  the  total  out-of-plane  bending  moment  may  be  written 
NM 

VBM(y,t)  =  Z  CVBM„(y)  6  it)  (78) 

i=l  ^  ^ 

Similar  expressions  may  be  written  for  inplane  bending  moment, 
torsional  moment,  out-of-plane  shear,  inplane  shear,  and  pitch 
link  load.  All  of  these  eg[uations  are  simply  obtained  by  the 
application  of  the  principal  of  superposition.  The  fact  that 
the  shear  and  moment  coefficients  are  now  input  to  C81  ensures 
that  the  moment  calculations  are  significantly  better  than  early 
versions  of  the  aeroelastic  rotor  analysis. 

3.2.10  Blade  Mode  Type  Selection 

The  rotor  hub  has  the  ability  to  act  as  an  attenuator,  filter, 
or  amplifier  with  reference  to  the  transmissibility  of  the  ex¬ 
ternally  applied  loads.  Gessow  and  Myers  (Reference  9)  show 
the  response  of  various  hub  configurations  to  forces  with  var¬ 
ious  harmonic  excitation  frequencies.  This  unique  behavior  of 
the  rotor  hub  can  be  related  to  the  behavior  of  the  mode  shapes 
used  to  describe  the  total  rotor  system.  The  boundary  condi¬ 
tions  used  to  calculate  and  describe  the  blade  modes  are  given 
in  Table  2.  These  boundary  conditions  may  be  modified  slightly 
as  discussed  in  Section  3.2.4. 


^Gessow,  Alfred  and  Myers,  Garry  C.,  Jr.,  AERODYNAMICS  OF  THE 
HELICOPTER,  New  York,  N.Y.,  The  Macmillan  Company,  pp.  309- 
317. 


TABLE  2.  BLADE  BOUNDARY  CONDITIONS  AT  ROOT 


Mode  Type 


Out-of-Plane 


Collective 

Cyclic 

Scissor 


Cantilever 

Pinned 

Cantilever 


Inplane 


Torsion 


Pinned 

Cantilever 

Cantilever 


Cantilever 

Cantilever 

Cantilever 


The  proper  selection  of  which  blade  mode  types  (cyclic,  collec¬ 
tive,  or  scissor)  should  be  used  is  essential  to  an  accurate 
rotor  simulation.  The  purpose  of  this  section  is  to  describe 
the  technique  used  to  ascertain  which  mode  types  should  be  used 
to  represent  various  hub  types.  The  next  section  describes  how 
the  input  blade  modes  are  combined  into  rotor  modes  which  are 
used  in  the  computer  program. 

The  first  step  in  selecting  which  type  of  blade  modes — 
collective,  cyclic,  or  scissor — should  be  used  in  the  rotor 
simulation  is  to  define  the  hub  boundary  conditions  that  can 
exist  for  each  blade.  The  hub  boundary  conditions  are  a 
function  of  the  type  of  hub — gimbaled,  teetering,  hingeless, 
or  articulated.  For  the  latter  two— hingeless  or  articulated — 
each  blade's  behavior  is  independent  of  any  other  blade's 
behavior.  However,  for  the  gimbaled  or  teetering  hub  there 
is  moment  carry  over  across  the  hub,  so  it  is  possible  for 
any  one  blade  to  affect  the  behavior  of  the  other  blades. 

The  hub  boundary  conditions  for  a  rotor  blade  must  include  the 
out-of-plane,  inplane,  and  torsional  end  restraint.  The  out- 
of-plane  boundary  condition  for  all  blades  on  a  hingeless  or 
rigid  hub  is  cantilever;  i.e.,  out-of-plane  slope  is  zero. 

See  Table  3  for  these  boundary  conditions  and  their  corre¬ 
sponding  mode  types. 


TABLE  3.  BLADE  BOUNDARY  CONDITIONS  AND  MODE  TYPES 
FOR  HINGELESS  OR  ARTICULATED  HUBS 


Mast  Boundary  Condition 

Torsional 

Stiffness  Inplane  Out-of-Plane  Torsional 


Blade 

Mode 

Type 


Zero 

Nonzero 


Pinned 

Cantilever 


Cantilever 

Cantilever 


Cantilever 

Cantilever 


Collective 

Scissor 


The  selection  of  mode  types  for  hubs  with  moment  carry  over, 
i.e.,  teetering  or  gimbaled,  is  somewhat  more  difficult  than 
for  the  hingeless  or  articulated  hubs.  The  first  step  is  to 
determine  the  actual  boundary  conditions  that  are  compatible 
with  the  blade ' s  response  to  integer-per-rev  harmonic  forcing 
functions.  The  four-bladed  gimbaled  rotor  displays  all  the 
possible  characteristics  of  the  hubs  with  moment  carry  over, 
and  will  therefore  be  used  as  an  example.  Let  it  be  assumed 
that  positive  out-of-plane  bending  (compression  in  top  of  blade) 
is  accompanied  by  positive  inplane  bending  (tension  in  leading 
edge).  Figure  13  shows  that  for  the  0  or  4-per-rev  response, 
each  blade  tip  moves  up  and  aft.  Thus,  the  out-of-plane  boun¬ 
dary  condition  is  cantilever.  The  inplane  boundary  condition 
depends  on  the  mast  torsional  stiffness.  For  zero  mast  tor¬ 
sional  stiffness,  the  inplane  boundary  conditions  would  be 
pinned,  which  would  require  the  use  of  collective  blade  modes. 
For  the  nonzero  mast  torsional  stiffness,  the  scissor  blade 
modes  would  be  used  to  describe  the  response  at  0  or  4-per-rev. 
The  1-per-rev  and  3-per-rev  are  very  similar.  In  both  cases, 
the  out-of-plane  boiindary  condition  is  pinned  and  the  inplane 
is  cantilever,  regardless  of  the  mast  torsional  stiffness.  For 
the  2-per-rev  blade  response,  blades  1  and  3  move  up  and  aft; 
blades  2  and  4  move  down  and  forward.  The  out-of-plane  boundary 
condition  is  cantilever  (the  out-of-plane  slope  is  zero).  The 
hub  inplane  2-per-rev  moment  produced  by  blade  1  is  equal  and 
opposite  to  that  produced  by  blade  2;  likewise  for  blades  3  and 
4.  (Thus,  the  total  hub  moment  from  the  four  blades  is  zero  so 
that  there  is  no  hub  moment  tending  to  windup  the  mast  regard¬ 
less  of  the  mast  torsional  stiffness.)  This  condition  is  com¬ 
patible  with  the  cantilever  inplane  boundary  condition. 

The  procedure  described  for  the  four-bladed  gimbaled  rotor  can 
be  applied  to  any  rotor  system  with  moment  carry  over.  The 
resulting  blade  boundary  conditions  associated  with  any  integer- 
per-rev  response  n,  for  any  number  of  blades  b,  and  the  corre¬ 
sponding  mode  types  are  summarized  in  Table  4. 

The  order  in  which  the  mode  shapes  are  arranged  in  the  input 
data  in  terms  of  natural  frequencies  (ascending  or  descending) 
is  unimportant  except  for  one  condition:  the  mode  shape  that 
has  a  natural  frequency  closest  to  1-per-rev  must  be  the 
first  input  mode  shape.  It  is  not  required  that  the  mode 
shapes  have  adjoining  frequencies;  i.e.,  certain  mode  shapes 
can  be  replaced  with  mode  shapes  with  higher  natural  frequen¬ 
cies.  Once  the  natural  frequencies  and  their  corresponding 
mode  shapes  are  knovm,  the  only  other  modal  input  required  is 
the  structural  deunping  coefficient,  which  is  normally  taken  to 
be  approximately  2  percent  critical  for  all  modes  except  the 
rigid  body  mode  for  which  it  is  zero.  A  flow  chart  for  select¬ 
ing  the  proper  blade  modes  to  simulate  any  conventional  hub  is 
shown  in  Figure  14. 
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Based  on  these  input  blade  modes,  the  computer  program  must 
have  a  logic  network  to  combine  the  blade  modes  in  the  proper 
manner.  The  logic  network  will  be  described  in  the  next  section. 

3.2.11  Hub  Transfer  Coefficient  Matrix 

The  approach  of  the  modal  technique  is  sufficiently  general 
to  handle  any  particular  combination  of  hub  type  and/or  number 
c>f  blades.  The  principal  problems  arise  from  the  fact  that  the 
normal  modes  of  vibration  and  the  natural  frequencies  are  cal¬ 
culated  for  the  individual  blades,  while  the  modal  equations  are 
written  for  rotor  modes.  Some  blade  modes  can  be  combined  to 
form  a  rotor  mode  that  can  be  described  by  one  equation.  Con¬ 
sider  a  collective  blade  mode  for  a  gimbaled  rotor  where  all 
blades  go  up  and  down  together.  Other  blade  modes  are  combined 
to  form  a  rotor  mode  that  requires  two  independent  modal  equa¬ 
tions  to  define  its  position.  Consider  a  cyclic  blade  mode 
for  a  gimbaled  rotor  which  could  move  about  two  perpendicular 
axes  (fore-and-aft  flapping  and  lateral  flapping). 

The  number  of  independent  rotor  modal  equations  required  to 
describe  a  given  blade  mode  is  as  follows:  for  all  rotors  where 
there  is  moment  carry  over  at  the  hub,  two  equations  are  re¬ 
quired  to  describe  each  cyclic  mode  and  one  equation  to  describe 
each  collective  or  scissor  mode;  for  all  rotors  where  there 
is  no  moment  carry  over  at  the  hub,  one  independent  equation 
must  be  written  for  each  mode  for  each  blade.  Thus,  the  total 
nixmber  of  independent  equations  required  to  describe  any  combina¬ 
tion  of  hub  type  and  number  of  blades  is  difficult  to  express 
in  general  terms.  It  can  be  shown,  however,  that  the  number  of 
dependent  equations  is  b  times  NM  where  there  are  b  blades  and 
NM  IS  the  niunber  of  input  mode  shapes.  These  dependent  equa¬ 
tions  can  be  used  to  describe  all  conventional  hub  types  (hinge¬ 
less,  articulated,  gimbaled,  or  teetering)  for  any  number  of 
blades.  It  is  required  that  each  input  blade  mode  shape  be 
designated  as  to  whether  it  is  to  be  formed  into  independent, 
cyclic,  collective,  or  scissor  rotor  mode  shapes.  The  indepen¬ 
dent  rotor  modes  are  associated  with  those  rotor  hubs  without 
carry  over,  and  are  thus  capable  of  responding  at  all  integer 
multiples  of  the  rotor  speed.  The  cyclic,  collective,  and 
scissor  rotor  modes  are  associated  with  hubs  with  moment  carry¬ 
over.  Collective  rotor  modes  respond  at  nb/rev;  scissor  rotor 
modes  respond  at  b(n-l/2 )/rev;  and  cyclic  rotor  modes  respond 
at  all  other  harmonics  where  b  is  the  number  of  blades,  and  n 
can  be  any  nonnegative  integer.  Scissor  rotor  modes  are  asso¬ 
ciated  with  gimbaled  hubs  only  with  four  or  six  blades. 

The  Hub  Transfer  Coefficient  (HTC)  matrix  is  used  to  represent 
the  interdependency  of  hub  type  and  mode  type.  The  HTC  matrix 
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will  be  derived  for  several  different  combinations.  For  each 
case,  the  input  mode  shape  will  be  MS(y),  the  generalized 
inertia  of  one  blade  will  be  and  the  externally  applied 

loads  on  blade  j  will  be  A. (y),  with  components  F  ,  F  ,  and 

3  Uj  w. 

M.  as  given  by  Equation  (31). 

<Pj 

The  first  case  will  be  the  cyclic  mode  for  a  four-bladed  gim- 
baled  rotor.  From  the  input  blade  mode  shape  MS(y),  two  in¬ 
dependent  rotor  modes  can  be  written: 

MODE  SHAPE 

Mode  No.  Blade  1  Blade  2  Blade  3  Blade  4 

1  MS(y)  0  -MS(y)  0 

2  0  MS(y)  0  -MSCy) 


The  inertia  of  each  mode  would  be  2  1^^.  The  virtual  work  done 

by  the  externally  applied  air  loads  acting  through  the  nth  mode 
shape  would  be  for  the  first  independent  rotor  mode: 

R 

Wf  =  S  {[Fy  (y)  •  +  F^  •  w^(y) 

o  1  1 

+  (y)  •  <t'n(y)l  -  l^u  ■  ^n 

1  3 

+  F^^  (y)  •  w^(y)  +  M^^  (y)  •  (|)jj(y)]}  dy  (79) 

or 

R 

=  ;  [MS^(y)  •  Aj^(y)  -  MS^(y)  •  A3(y)l  dy  (80) 

and  for  the  second  rotor  mode 
R 

W2  =  J  iMSj^(y)  •  A2(y)  -  MS^(y)  •  A^(y)]  dy  (81) 

o 

and  the  two  independent  modal  equations  (one  for  each  mode) 
would  be 
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(82) 


+  2  C  +  <  c,  = 


w. 


n  *'1  2  1 


n 


_  qS  {MS(y)  •  Aj^(y)  -  MS(y)  •  A3(y)}dy 

FT 


n 


and 


e,  +  2  C  ^2 


W, 


n  *'2  2  1 


n 


qS  {MS(y)  •  A2(y)  -  MS(y)  •  A^(y)}dy 

___ 


(83) 


If  and  independent  generalized  coordinates,  the 

6^,  6^,  6^,  6^  are  localized  dependent  blade  coordinates 
such  that 


6i  = 

®1  ■  ®1 


«3  =  -®1 
®3  “  "®1 


®2  ^  ^2 
62  =  e2 


=  '^2 

^4  =  -2 


(84) 


6i  = 


«3  =  -®1 


®2  “  ^2 


®4  "^2 


It  then  becomes  possible  to  write  four  dependent  equations 
of  motion. 


6-  +  2tu)^6. 

T  Tl  T  T  n 


n  3 


n  3 


for  j  =  1  to  4 


(85) 


where  Fj  is  written  as 


("l 

“1 

0 

-1 

0“ 

( '^l] 

W2 

-  1 

0 

1 

0 

-1 

1^3 

-1 

0 

1 

0 

I  '"4 

{  F. 

\  4 

_0 

-1 

0 

1_ 

1  wj 

(86) 


where  VT^  is  the  work  done  by  the  air  loads  on  blade  i,  acting 
through  the  input  blade  mode  shape. 
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where 


Thus,  for  a  collective  mode  for  a  gimbaled  rotor, 

HTC(i,j)  =  cos  [NB((|<(i)  -  »l»(j))]  (94) 

where  NB  is  the  number  of  blades. 

The  third  case  is  that  of  a  scissor  mode  for  a  four-bladed 
gimbaled  rotor.  The  rotor  mode  for  a  scissor  mode  would  be 

Mode  No.  Blade  1  Blade  2  Blade  3  Blade  4 

1  MS(y)  -MS(y)  MS(y)  -MS(y) 

and  the  forcing  function  for  the  independent  rotor  modal  equa¬ 
tion  would  be 


F,  =  ;  (MS(y)  ♦  A,(y)  -  MS(y)  •  A„(y) 

X  o  -c 

+  MS(y)  •  A3(y)  -  MS(y)  •  A^(y)]  dy 
The  localized  blade  coordinates  would  be 


®1  "  ~  ® 


62  =  ^4= 


-e 


The  four  dependent  equations  could  be  written 

F. 


6  ■  +  2  £  u)  6  •  +  6  •  —  7 

j  ^  '"n  3  4  1 


n 


(95) 

(96) 

(97) 


ft 
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where 


1 

1 

"l 

-1 

1 

-l" 

, 

r  WiX 

/2 

1 

-1 

1 

-1 

1 

r"( 

'^3 

^  ^  'n 

1 

-1 

1 

-1 

<; 

''3I 

-1 

1 

-1 

1 

U4; 

(98) 


which  leads  to  the  conclusion 

HTC(i,j)  =  cos  [NB/2(4>{i)  -  >li(j))] 


(99) 


The  only  hub  type  remaining  is  that  where  there  is  no  moment 
carry  over  at  the  hxib,  i.e.,  rigid  or  articulated.  For  this 
type  of  rotor,  the  response  of  blade  i  is  not  related 
dynamically  to  the  loads  on  blade  j.  Therefore,  the  hub 
transfer  coefficient  matrix  would  have  the  following  form; 


HTC(k,j)  = 


1 

0 


for  i  =  j 
for  i.  f  t 


(100) 


Equations  (90),  (95),  (100)  and  (101)  can  be  brought  together 
in  the  following  form: 


HTC(i,j)  = 


cos  [«|»(i)  -  il»(j)]  cyclic 
cos  [NB/2(<)»(i)  -  «j»(j))]  scissor 
cos  [NB(t|i(i)  -  »l>(j))]  collective 
i  or  0  articulated  or  hingless 


teetering 

or 

gimbaled 


(101) 


which  defines  the  dynamic  effects  of  blade  i  on  blade  j  for 
each  mode  type.  The  computer  program  has  been  written  to  con¬ 
sider  up  to  six  mode  shapes  and  up  to  seven  blades.  The  HTC 
matrix  is  therefore  7x7x6. 


3.2.12  Cyclic  Detuning 


The  rotor  blade  natural  frequencies  and  mode  shapes  are  a 
function  of  the  rotor  speed  and  hub  geometric  pitch.  Previous 
versions  of  the  digital  program  have  been  structured  to  accept 
as  input  the  mode  shapes  and  natural  fequencies  at  one  com¬ 
bination  of  rotor  speed  and  hub  geometric  pitch.  This  limiting 
assumption  is  modified  by  including  the  effects  of  cyclic 
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in 


detuning  in  the  following  meumer:  The  blade  natural  frequencies 
and  mode  shapes  are  calculated  at  three  values  of  collective 
pitch  (low,  mid,  high)  and  three  values  of  rotor  speed  (low, 
mid,  high).  The  mode  shapes  at  the  mid  collective  pitch  and  mid 
rotor  speed  are  assumed  to  represent  the  mode  shape  at  all 
combinations  of  pitch  and  rotor  speed. 

Four  values  of  the  natural  frequencies  for  mode  shape  are  input 

data.  The  four  values  of  lu  are  obtained  from  the  extreme 

n 

combinations  of  rotor  speed  and  collective  pitch  (low  rotor 
speed  in  combination  with  low  collective  pitch  and  high  collec¬ 
tive  pitch,  etc.).  The  increments  on  rotor  speed  and  collec¬ 
tive  pitch  used  in  calculating  the  mode  shapes  and  natural 
frequencies  are  also  required  input  data. 

The  previous  section  (Hvib  Transfer  Coefficient  Matrix)  has  shown 
that  for  each  blade,  for  each  input  mode  shape  there  is  an 
equation  of  the  form 

6j  +  2  C  %  “n  <^°2) 

For  each  blade  an  instantaneous  value  of  rotor  speed  and  hub 
geometric  pitch  (collective  plus  cyclic  pitch)  is  known,  which 
permits  bivariant  interpolation  to  calculate  an  instantaneous 
value  of  the  natural  frequency  from  the  input  data. 

3.3  MODAL  PYLON  MODEL 

The  behavior  of  an  elastic  rotor  may  be  highly  dependent  on  the 
dynamic  characteristics  of  the  rotor-fuselage  interface.  Be¬ 
cause  of  this,  a  good  deal  of  effort  has  been  expended  to  de¬ 
velop  in  C81  a  general  dynamic  model  of  this  rotor-fuselage 
interface,  which  we  have  termed  the  pylon  equations.  There  are 
four  pylon  equations  in  modal  form  for  each  of  the  two  rotors 
in  C81.  Each  of  these  modes  has  three  linear  displacements, 
three  angular  rotations  (longitudinal  cyclic,  lateral  cyclic, 
and  collective  blade  feathering)  as  part  of  the  mode  shape,  as 
well  as  a  natural  frequency,  generalized  inertia,  and  damping 
ratio. 

The  modal  foim  for  the  pylon  equations  was  selected  in  order  to 
provide  general  motion  at  the  rotor  hub  with  a  minimum  number  of 
additional  equations.  More  importantly,  the  modal  form  allows 
the  use  of  modes  based  on  very  complex  and  detailed  structural 
models  of  the  fuselage  or  support  system  which  may  be  obtained 
from  structural  analysis  programs  such  as  NASTRAN.  The  modal 
form  may  also  be  used  easily  for  parametric  studies  during 
the  design  process.  As  a  special  convenience,  the  option  has 
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been  provided  to  use  modes  which  were  calculated  either  with 
no  rotor  mass  included  or  with  the  full  rotor  mass  included  as 
a  point  mass.  The  initial  analysis  will  be  shown  for  modes 
without  rotor  mass.  The  corrections  necessary  to  use  modes 
with  rotor  mass  will  be  shown  later. 

The  equation  of  motion  for  the  jth  pylon  mode  is 

Pj  +  2  Cj  ««j  Pj  +  Pj  =  Fj/GIj  (103) 

where 

Pj  is  the  generalized  coordinate  for  the  jth  mode, 

u)j  is  the  input  natural  frequency  of  the  jth  mode, 

4j  is  the  input  damping  ratio  for  the  jth  mode, 

Glj  is  the  input  generalized  inertia  for  the  jth  mode,  and 

F.  is  the  modal  forcing  function  for  the  jth  mode,  which 
^  will  be  defined  later. 

The  jth  pylon  mode  will  be  in  terms  of  the  following  displace¬ 
ments  at  the  top  of  the  rotor  mast  but  in  fuselage  reference: 

Xj  in  the  direction 

yj  in  the  y^  direction 

Zj  in  the  z^  direction 

0  .  cd)Out  the  X-  axis 
Xj  z 

0^j  elbout  the  y^  axis 

0„.  about  the  z-  axis 
Z2  f 


An  equivalent  mode  shape  may  also  be  defined  in  the  mast 
coordinate  system  by  use  of  the  transformation  matrix 

(104) 


<*mj'  '  j  > 


(e 


xm] 


ym] 


®zmj>  = 


yi 


(105) 
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Then  the  modal  forcing  function  may  be  defined 


F.  =  x.v  +y.v  +Z.V  +6  .M 
D  m]  mx  -^m]  my  m]  mz  mxj  mx 


+  e. 


my] 


M _ +  x_ 


*Vy  ®mz]  "mz  "mj  ‘mx 


+  y  .  F  +  z  •  F 
-^mi  my  m]  mz 


(106) 


where 


V  V  V 
mx'  my'  mz 

”mx'  %'  “mz 

F  F  F 
mx'  my'  mz 


are  the  three  components  of  shear  at  the 
top  of  the  mast, 

are  the  three  components  of  moment  at  the 
top  of  the  mast,  and 

are  the  three  components  of  force  which 
arise  from  the  translation  of  the  rotor 
mass  and  were  not  included  in  either  the 
rotor  or  pylon  natural  frequency  calcula¬ 
tions  . 


A  similar  expression  for  Fj  may  be  written  with  all  of  the 
variables  in  fuselage  reference. 


Next,  an  expression  for  the  inertia  loads  F„„,  F„„,  and  F 

mx  my  mz 

will  be  developed.  In  treating  the  inertia  loads  on  the  rotor 
caused  by  pylon  motion  and  how  they  feed  back  into  the  pylon, 
it  is  necessary  to  look  closely  at  the  difference  between 
radial  and  transverse  motion.  A  top  view  of  the  pylon  is  shown 
in  Figure  15.  The  linear  acceleration  components  for  the 
rotor  hub  are 


(a 


xm'  ym' 


®zm^ 


NP  .. 


'm] 


^mj  ^ 


+ 


<*m'  V 


z  ) 
n 


(107) 


where 


NP  is  the  niunber  of  pylon  modes  used,  and 

(Xm'  yjjj,  z^)  are  the  mast  reference  components  of  accelera¬ 
tion  caused  by  motion  of  the  rigid  fuselage. 
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The  inplane  hub  accelerations,  a„„  and  a,^,  will  produce  the 

xm  ym 

inertial  forces  on  the  blade  mass  particle,  m,  as  shown  by  the 
dotted  arrows  in  Figure  15, 

The  inplane  inertial  force  perpendicular  to  the  blade  is 

Fj  =  ni(a^  sin  »1<  +  cos  ijj)  (108) 

where 

iji  is  the  azimuth  location  of  the  blade  in  question. 

For  an  elastic  rotor  simulation,  Fj  is  included  in  the  external 

forces  applied  to  the  elastic  modes.  For  a  nonelastic  rotor 
(one  mode),  Fj  is  transmitted  directly  to  the  rotor  hub. 

The  radial  inertia  force  is  not  felt  by  the  rotor  modes  and 
thus  must  be  transmitted  to  the  rotor  hub  regardless  of  which 
rotor  model  is  used. 

Fj  and  Fj^  are  integrated  along  a  blade  and  summed  over  all  the 
blades  to  give 


F 

xm 

NB 
=  Z 
i=l 

R 

/ 

0 

- 

sin 

n  - 

^R 

COS 

(110) 

F 

ym 

NB 
=  Z 
i=l 

R 

/ 

0 

- 

cos 

«l»i  ^ 

^R 

sin 

(111) 

For  an  elastic  rotor,  the  Fj  terms  must  be  omitted,  so  two 

different  expressions  are  obtained,  depending  on  the  rotor 
model . 

Elastic  Rotor  Inertia  Forces 
NM  NP  .. 

^xm  =  -”b  Pj(*mj  '^'i 

NB 

-y^j  cos  sin  ^»^)  -  Mg  (Xjij  cos2 

-  cos  sin  »|>^)  (112) 
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NB  NP  .. 


■ym 


^  i=l  j=l  ^  ^  ^ 


NB 


-  Yjjjj  sin2  »l<^)  +  Mg  (Xjj^  cos  ij)^  sin  il<^ 

-  'y^  sin2  4,.)  (113) 


where 


Mg  =  /  dm  =  total  mass  of  one  blade. 

For  more  than  two  matching  blades  (NB>2)  these  expressions 
simplify  to 


NB 

^  M„(X„  +  I  p.  X^. ) 
xm  2  B  m  j_^  *^3  m3 


NB 


NP 


■ym 


2  ”B<ym  ^  Pj  ymj> 


(114) 


(115) 


For  a  two-bladed  rotor  the  summations  may  be  written  in  terms 
of  l|»  = 


Fxm  =  “2  ^  "  ^m 

NP 

+  Z  P4(x„4  cos2  i\f  -  y  .  cos  i\>  sin  t|))] 

j— J  “U  “U 


(116) 


Fym  =  2  MgKXj^  cos  vlJ  sin  ^  sin^  <jj ) 


NP 

+  Z  ^  "  ^mj  (117) 
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Nonelastic  Rotor  Inertia  Loads 


For  a  nonelastic  rotor  all  of  the  inertia  loads  are  transmitted 
to  the  hub. 


"  -"b  f  '■"ni  '"i  *1 

+  sin^  ij( .  +  cos  iji.  sin  4*  ■  ) 
m  1  m  ^1 

NP  .. 

^  *^1  ^  ^mj  •"i  “’i 

+  cos2  4(^  -  cos  4)^  sin4(^)} 


(118) 


'■ym  =  ”b  ?  ,  f<-*m  I"!  ♦i  "  ^1,  “=‘  *i 


+  cos  4(^  sin  4'^  -  sin^  4,^) 


*  ^,1  *i  *i  -  y>nj  *i 

+  *mj  =°=  fi  '"i  -  '•'i’l 

For  any  number  of  blades  these  expressions  reduce  to 

NP  .. 


(119) 


^xm  =  “”b  ^  Pj  *mj > 


NP 


-Mb  NB(y„  ^  I  ^  Pj  y„j ) 


(120) 


(121) 


The  out-of-plane  inertial  loading  arising  from  a^^^  must  also 

be  considered.  For  an  elastic  rotor,  a  distributed  inertia 
load  IS  obtained  as  part  of  the  rotor  forcing  function.  The 
inertia  load  then  reaches  the  rotor  hub  as  a  part  of  the 
rotor  shear  force. 


106 


For  a  nonelastic  rotor,  the  out-of-plane  inertia  load  is  trans¬ 
mitted  to  the  hub  so  that 


NP 

=  -NB  M^(z„  +  I  p.  z.) 
zm  B'm  j_j^  l  m] 


(122) 


This  means  that  the  entire  rotor  mass  is  being  accelerated. 

The  inertia  forces  on  the  rotor  caused  by  angular  velocities 
and  angular  accelerations  of  the  fuselage  and  pylon  are  included 
in  the  rotor  forcing  function  for  either  an  elastic  or  a  non¬ 
elastic  rotor.  These  effects  are  transmitted  to  the  pylon  by 
means  of  the  net  beamwise  bending  moment  or  the  flapping  spring 
moment  of  the  rotor  hub. 

Let 


F  =x  V  +y.v  +z  V 
o]  mj  mx  -’^m]  my  m]  mz 


+  0  .M  +0  .M  +0  -M 
mx3  mx  myj  my  mzj  m 


(123) 


The  calculation  of  the  shear  forces  and  moments  is  described 
in  Section  3.2.9.  Now  the  equations  of  motion  for  pylon 
modes  calculated  without  rotor  mass  cam  be  written. 

For  a  nonelastic  rotor 


/  NB  NP  ..  \ 

/NB  M  NP  \ 

\gt--  Pi  ymi/ym 


x_ 


mj 


GI  . 

^  ] 

1 

i=l 

!oi 

NB 

GI. 

GI  . 

D 

] 

B 


z  .+2t’U).p-+u)^P' 
raj  J 


(x  x  +y  y.+z  z  ) 
'  m  mj  -^m  -^mj  m  mj ' 


(124) 
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or  with  a  more  simplified  form  on  the  left-hand  side 


NB  IL 

*  “51—  *  S-mj 


NB 


GI 


^  p4[X-.  x.+y.y.+z.z.l 

^  Ml  »D  ■''m]  mi 


j  i/j 


+  2  t  .  uj  .  p  .  +u»^  p  . 

'*3  3  *^j  3  *^3 


^03  NB  Mg 


GI. 


GI. 


m  m3  -*  m  m3  m  mj  ■' 


(125) 


For  an  elastic  rotor  the  difference  between  two-bladed  and 
multibladed  rotors  must  be  distinguished.  The  multibladed 
rotor  has  a  fairly  simple  form  for  the  equation  because  of 
symmetry.  The  pylon  equation  for  a  multibladed  elastic  rotor 
is 


NB 


”b 


NP 


Pj  TgT:  Pit^mi  *mj  ^  ymi  ymjl 


+  2  Cj  u).  pj  +  pj 

_  Foj  NB  Mg  .. 


GI.;  2  GIj  ^^m  ^mj  ^  ym  ymj^ 


(126) 


1  1 

For  a  two-bladed  elastic  rotor  the  pylon  equation  of  motion  is 


2  Mg  NP  .. 


+  777 —  1  p.[x  .  X  ■  cos^  <1>  +  y  •  y  ■ 
D  Glj  mi  mj  ^  -^mi  ■^m3 


sin^  41 


-  cos  ♦  sin  ♦(y^.  x^.  *  x^^  y^.))  *  2  £.  u,.  p. 
*  o? 


^oi  2  «B 


GI.  -  GI,  ’'mj  1’  *  ym  ymj  ♦ 


-  cos  ♦  sin  4.(y„  x^.  +  x^  y^.)) 


(127) 
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Modifications  for  Modes  with  Rotor  Mass 


Because  of  orthogonality  conditions,  the  pylon  equation  for  the 

nonelastic  rotor  must  reduce  to  the  simplest  modal  equation 

(with  F  =  F  =  F  =0)  for  pylon  modes  calculated  with  the 
'  xm  ym  zm  ' 

rotor  mass  on.  For  this  case  the  equation  of  motion  is 


p  •  +  2  t  ■  u)  • 
^2  ^3  1 


+  U)^ 


(128) 


By  a  comparison  of  Equations  (125)  and  (128)  the  effects  of 
modes  with  rotor  mass  may  be  determined.  The  values  u> j 

etc.,  will  be  different  for  the  two  cases. 


In  order  to  distinguish  the  variables  associated  with  pylon 
modes  calculated  with  rotor  mass,  all  of  these  variables  will 
be  written  with  a  bar  above  them. 


Assume  that  you  can  start  with  Equation  (128)  for  modes  with 
rotor  mass  and  reduce  it  to  the  same  equation  as  Equation  (125) 
by  treating  the  rotor  mass  as  a  negative  mass  affected  by  all 
translational  accelerations.  These  inertia  forces,  in  mast 
reference  will  be 


^^xm'  ^ym'  ^zm^ 

By  observing  the  results  for  the  nonelastic  rotor  we  obtain 


NP  .. 

F  =  NB  (I  p.  x„.  +  x^) 
xm  B  mj  m' 


(129) 


NP 

F  =NBM.,(Z  p  y  +y) 
ym  B  '  ^3  ■^m3  ^m' 


(130) 


NP  .. 


(131) 


These  forces  due  to  the  negative  mass  modify  the  three  forms  of 
the  equations.  An  additional  generalized  force  is  added  to 
each  equation  as  follows: 


NB  M 


GI, 


B 


NP 

(Z  p.(x.x-+y'y'+z-z-) 
mi  m3  ^mi  ■^m3  mi  m3' 


+(x  X-+V  y-+z  z  • )) 
'  m  m3  -^m  ■*^m3  m  m3" 


(132) 
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where  the  first  term  will  be  transferred  to  the  left  side  of 
the  equation  and  the  second  will  remain  on  the  right  side. 

For  pylon  modes  with  rotor  mass  the  resulting  three  equations 
are  given  below. 

Pylon  Modes  with  Rotor  Mass  -  Nonelastic  Rotor 


Pj  *  2  Cj  Pj  *  P3  = 


o: 

GI. 


(133) 


Pylon  Modes  with  Rotor  Mass  -  Multibladed  Elastic  Rotor 


NB  M^ 

NP 

Pj  -  2  GIj 

I 

i=l 

2  C  .  ..j  Pj 

+  U)^ 

y«-i  y«-i  2  z„.  z_.]) 
*^1*^  mi  mj  ■‘mi  ^mj  mi  m]‘ 


F  .  NB  Mg 

7^  o  ct'  y^  y«-;  ■*'  2  Z„  z^.] 

Gij  2  Gij  m  m3  m  ■‘m3  m  m3 


(134) 


Pylon  Modes  with  Rotor  Mass  -  Two-Bladed  Elastic  Rotor 
NB  M^  NP  .. 

P-  -  I  P'[X  •  X  ■  (COS^  t|>  -1) 

*^3  Glj  *^1*^  mi  m3'  ^  ' 

*  ym-i  ymn(sin2  »|(  -1  )  -  Z„.  Z^. 

■* mi  ■‘m3  ^  mi  m3 

-  cos  d»  sin  «|i(y  ■  x  •  +  x  ■  y  .)] 

^  ^'■'mi  m3  mi  ■’'m3'^ 

+  2  t  .  u)  ■  X)  •  -^uJ^p. 

^3  3  *^3  3  *^3 


^01 


GI. 


NB  M, 


B 


GI. 


♦  -  1> 


+  y-  y»H(sin^  41  -  I)  -  2„  z. 


‘m  ■‘m3 


m  m3 


-  cos  »|(  sin  i|>(y_  x  .  ■^  x  y  . ) 

^m  m3  m  m3 


(135) 


The  sequence  of  calculations  is  important  in  order  to  achieve 
a  consistent  set  of  equations.  The  values  needed  to  solve 
the  pylon  equations  are 


■» 


i 
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(1)  Aerodynamic  loading 

(2)  Rotor  blade  coordinate  displacements  for  shear  and 
moment  evaluation 

(3)  Fuselage  accelerations 

The  values  needed  to  solve  the  rotor  equations  are 

( 1 )  Aerodynamic  loading 

(2)  Pylon  accelerations 

(3)  Fuselage  accelerations 

The  values  needed  to  find  the  fuselage  accelerations  are 

( 1 )  Aerodynamic  loading 

(2)  Blade  coordinate  displacements  for  shears  and  moments 

By  inspection  of  these  requirements,  the  following  sequence  of 
calculations  was  developed  to  provide  a  consistent  set  of  equa¬ 
tions  without  a  simultaneous  solution  of  the  full  set  of  equa¬ 
tions  . 

(1)  Find  aerodynamic  loading  for  rotors,  empennage,  and 
fuselage.  These  loads  depend  only  on  displacements 
and  velocities  except  for  unsteady  aerodynamic  terms. 
We  have  already  dealt  with  that  problem  by  use  of 
extrapolation . 

(2)  Compute  that  portion  of  rotor  forcing  fxmctions 
not  dependent  on  fuselage  or  pylon  accelerations. 

(3)  Solve  for  the  rigid  body  fuselage  accelerations. 

(4)  Solve  for  the  accelerations  of  the  pylon  generalized 
coordinates.  In  general  this  requires  a  simultaneous 
solution  for  all  pylon  generalized  accelerations. 

(5)  Add  the  inertia  loads  caused  by  fuselage  and  pylon 
motion  to  the  rotor  forcing  functions. 

(6)  Solve  for  accelerations  of  rotor  participation 
factors . 


Ill 


A  flow  chart  showing  how  this  sequence  is  applied  in  C81  is 
shown  in  Figure  16. 

Use  of  Control  Coupling  Inputs 

If  no  control  coupling  inputs  are  made  with  a  pylon  mode,  the 
swashplate  is  assumed  to  move  with  the  pylon.  That  is,  the 
control  plane  angle  of  attack  will  change  by  the  same  amount  as 
the  total  pylon  angle.  In  order  to  modify  this  behavior, 
coupling  inputs  are  provided  for  rotor  collective  pitch,  longi¬ 
tudinal  cyclic  pitch,  and  lateral  cyclic  pitch.  There  is  a  set 
of  control  inputs  for  each  mode  as  they  are  considered  to  be 
part  of  the  mode  shape.  Three  control  increments  are  calculated 
for  each  rotor  and  added  to  the  control  system  as  shown  in 
Figure  40.  The  control  increments  are 

NP 

Pj  ^«oj 
NP 

=  Z  ^  Pj  ^®lj 

NP 

AA^  =  Z_^  Pj  AA^j  (138) 


3.4  AERODYNAMICS 
3.4.1  General 

The  detailed  representation  of  rotor  dynamics  can  be  most 
effective  when  used  with  a  similarly  refined  analysis  of  aero¬ 
dynamic  effects.  Early  versions  of  C81  dealt  mainly  with 
steady  state  aerodynamics.  Tip  vortex  effects,  lift  variation 
time  lag,  and  radial  flow  were  also  included.  C81  now  includes 
the  aerodynamic  features  described  in  Reference  2,  and  in 
addition,  two  procedures  for  evaluating  the  first-order  effects 
of  unsteady  aerodynamics.  These  features  allow  the  interaction 
of  the  blade  rigid  body  and  elastic  motions  and  the  aerodynamic 
forces  acting  thereon,  which  is  essential  for  the  study  of  aero- 
elastic  response  phenomena. 

The  steady,  as  well  as  unsteady,  aerodynamic  model  is  also  .« 

improved  by  accounting  for  the  effect  of  the  angle  between  the 
resultant  wind  velocity  and  the  blade  leading  edge.  This  angle 
can  be  modified  by  a  sweep  angle  built  into  the  blade  tip. 
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Figure  16,  Flow  Chart  for  Sequence  of  Calculations  with 
Modal  Pylon  Equations. 
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Figure  17  shows  the  orgemization  of  the  rotor  aerodynamic 
analysis  and  the  possible  computational  paths.  The  rotor  aero¬ 
dynamic  analysis  is  the  same  as  that  discussed  in  Reference  4. 

3.4.2  Induced  Velocity  Analysis 


The  analysis,  which  determines  the  magnitude  and  direction  of 
the  rotor  induced  velocity,  v^,  assumes  that  the  vector  is  al¬ 
ways  parallel  to  the  rotor  resultant  force  vector.  Therefore, 
in  the  following  discussion,  the  vector  notation  is  dropped 
and  the  quantity  v.  is  the  magnitude  of  the  local  induced 
velocity.  ^ 


This  quantity  is  defined  as 


^i  =  '^i 


(139) 


where 


=  the  nominal  value  of  across  the  rotor  disc 
( the  average  v.  is  8/9  of  V . ) 

Fjj  =  a  function  for  the  value  of  v^  normalized  by 

Both  and  Fjj  are  either  determined  internally  by  C81  or  are 

input  in  tabular  form  as  functions  of  p  and  (the  wake- 

plane  angle  of  attack,  where  the  wake  plane  is  that  plane 
perpendicular  to  the  resultant  force  vector). 

If  the  rotor  induced  velocity  table  is  not  being  used,  then 

Fr  “  t  *  fl(M)  cos  l|>] 


+  f2(x,  «!>)  f^  (M)  K27  /-0.5  V2  +70.25  Vj  +  (V.  )§ 


(140) 


where 


v^  is  the  local  induced  velocity 

is  the  nominal  induced  velocity  across  the  rotor  disc 

X  is  nondimens ional  blade  station  (0  =  root,  1  =  tip) 

i|<  is  the  blade  azimuth  angle  relative  to  the  freestrecun 
velocity  vector 
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CALCUIATE  VEIOCITY  COMPONENTS  AND  PITCH 
DISPLACEMENT  INCLUDING  ELASTIC  EFFECTS 


Figure  17.  Flow  Chart  for  Rotor  Aerodynamic  Logic, 


K,-  is  the  coefficient  for  tip  vortex  effect  (See  Voliune  II 
Section  3.9.2) 

V„  is  the  flightpath  airspeed  in  ft/sec  divided  by  1.0 
”  ft/sec 

(Vi)N  is  in  ft/sec  divided  by  1.0  ft/sec 


The  two  functions,  f^^  and  defined  as  follows: 

0.5  if  fi<l  rad/sec 
11.25  n,  if  fi>l  and  m< 0.1067 
1.36  -  1.5  M,  if  fl>l  and  0.1067<m< 0.5733 
0.5  ,  if  fi>l  and  |j>  0.573 


fl(M)  = 


(141) 


0.0 


f2(x,  i|»)  = 


sin[6(<|j  -  45“)] 


if  (x<.7) 
or  (105“<»1»<255“) 
or  (315“<tl)<360“) 
or  (0“  <»|»<45“) 
if  (x>0.7)  and 
if  [  (45“<»j;<105“) 
or  (255“<»|><315“)] 


(142) 


The  f.2  function  is  intended  to  account  for  the  effect  of  tip 

vortex-blade  interaction  during  transition.  The  effect  may  be 
deleted  by  setting  K27  equal  to  zero. 

The  method  of  computing  the  average  induced  velocity  is  de¬ 
rived  from  momentiun  theory,  and  is  described  in  Reference 
10  and  11.  After  converting  to  the  nomenclature  and  sign 


^®Livingston,  C.  L.,  ROTOR  INDUCED  VELOCITY,  Bell  Helicopter 
Company  Inter-Office  Memo  81:CLL:am-838,  October  7,  1966. 


conventions  of  this  report,  the_following  definitions  are  made 
for  the_nominal  advance  ratio,  jl,  nominal  induced  inflow 
ratio,  and  nominal  inflow  ratio, 


il  =  Vj^/fiR 

(143) 

=  V^/OR 

(144) 

^  =  (^2  -  V. )/nR 

=  -  ^i 

(145) 

where 

V,  is  the  magnitude  of  the  component  of  the 

free-stream 

velocity  at  the  h\ib  in  the  plane  perpendicular  to 
the  rotor  shaft  (always  positive) 

V  is  the  component  of  the  free-stream  velocity  along  the 
centerline  of  the  rotor  shaft  (positive  up) 

The  expression  for  is  then 

V.  =  X^(flR) 


C3(ftR) 


0.6 


0.866  + 


'B 


1.5, 


(|Cg  +  SUU  /3) 


(Cg  +  8  X2)(Cg  +  8  iJZ) 


(146) 


The  factor  Cg  is  the  thrust  coefficient  corrected  for  tip  loss 
and  hub  extent: 

Cg  =  C^/2(B2  -  xp 


=  T/[2p  TT  R2(nR)2(B2  -  X^)] 


(147) 


“Drees,  J.  M.  ,  A  THEORY  OF  AIRFLOW  THROUGH  ROTORS  AND  ITS 
APPLICATIONS  TO  SOME  HELICOPTER  PROBLEMS,  The  Journal  of 
The  Helicopter  Society  of  Great  Britain,  Vol.  3,  No.  2, 
1949,  pp.  79-104. 


where 


T  is  thrust 
p  is  air  density 
R  is  rotor  radius 

is  the  hub  extent  divided  by  the  rotor  radius 
B  is  the  tip-loss  factor 

T  is  the  average  thrust  for  an  inelastic  rotor  and  the  fil¬ 
tered  thrust  for  an  elastic  rotor.  The  numerical  filter  used 
in  C81  is  described  in  Section  8.3.1. 

The  user  may  input  a  tip-loss  factor,  B,  or  by  inputting  zero, 
use  the  default  expression 


where  b  is  the  number  of  blades. 

Equation  (146)  cannot  be  solved  in  closed  fonn  since  \  is  a 
function  of  V^,  so  the  equation  is  solved  by  iteration  in  sub¬ 
routine  VIND.  The  flow  chart  of  the  subroutine  is  shown  in 
Figure  18.  The  equation  for  VIR  corresponds  to  Equation  (146) 
except  that  the  numerator  and  denominator  have  both  been 
multiplied  by  QR  so  that  the  units  of  all  the  terms  in  the 
equation  are  in  powers  of  feet  per  second  rather  than  being 
nondimensional . 

When  the  center  of  gravity  of  the  rotorcraft  is  between  one- 
fourth  and  one  rotor  diameter  above  the  ground  and  the  airspeed 
is  less  than  30  feet  per  second,  is  corrected  in  svibrou- 

tine  VIND  for  ground  effect.  The  correction  is 

(V^)  =  (Vi)oGE  [1  +  (G  -  1){(V  -  30)/30}2]  (149) 

IGE 

where 

(Vi)oG£  is  the  value  of  from  iterative  solution  of 
Equation  (146),  i.e.,  out-of-ground  effect 

G  is  0.25  plus  the  altitude  of  the  eg  divided  by  the 
rotor  diameter,  and 
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Figure  18.  Flow  Chart  of  Induced  Velocity  Calculations, 
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Figure  18.  Concluded 


V  is  the  flight  path  velocity  in  feet  per  second 


If  the  value  of  G  drops  below  0.25  the  rotorcraft  is  assumed 
to  have  contacted  the  ground,  and  the  computer  run  terminates. 

The  user  may  input  rotor  induced  velocity  distribution  and 
average  induced  velocity  tables  instead  of  using  the  C81- 
calculated  values  for  and  V^,  respectively.  These  two 

tables  are  bivariant  in  m  and  and  are  assumed  to  have 

been  calculated  at  a  reference  value  of  the  resultant  force, 

Fj^.  The  advance  ratio,  p,  is  based  upon  the  total  free- 

stream  velocity,  and  is  the  angle-of-attack  of  the  wake 

plane,  which  is  that  plane  perpendicular  to  the  resultant  force 
The  assumption  is  made  that  the  total  momentum  induced  velo¬ 
city  will  be  parallel  to  the  resultant  force,  i.e.,  perpendi¬ 
cular  to  the  wake  plane.  This  assumes  that  the  radial  and 
swirl  components  are  negligible.  Defining  the  set  of  unit 
vectors  i,  j,  and  it,  which  are  in  a  new  shaft  axis  coordinate 
system,  then  the  resultant  force  and  velocity  vectors  are 

F  =  Hi+y5  +  tIc  (150a) 

U  =  Ui  +  v5  +  wJc  (150b) 

for  rotor  1.  Since  rotor  2  is  left-handed,  the  j  component 
of  both  vectors  should  have  a  minus  sign  for  this  rotor. 

The  shaft  axis  force  components  of  the  resultant  force  vec¬ 
tor  are  average  values  for  a  quasi-static  rotor  and  filtered 
values  for  a  time-variant  rotor. 

The  dot  product  of  these  two  vectors  yields 

F  •  U  =  ffl  |U|  cos  a’  =  HU  +  YV  +  TW  (151) 

where  o'  is  the  smallest  angle  between  the  two  vectors. 

The  wake-plane  angle  of  attack,  equals  90  -  o'.  Since 

cos  o'  =  sin  (90  -  o')  =  sin  (152) 


Then 


In  like  manner,  the  wake-plane  flapping  angles,  with  respect 
to  the  mast,  can  also  be  defined  by  using  the  dot  product, 
yielding 


a,  =  sin“^  - -  (154a) 

WP  h2  + 


b,  =  sin"^  - - -  (154b) 

WP  +  t2 

Figure  19  defines  these  three  angles,  while  Figure  20  shows 
the  wake-plane  phase  angle,  and  the  two  auxiliary 

vectors  used  to  calculate  it. 

The  phase  angle  is  a  sideslip  angle  in  the  wake  plane,  and  is 
used  to  orient  the  zero  wake  azimuth  position  relative  to  the 
zero  azimuth  position  of  the  rotor.  The  zero  azimuth  wake 
position  is  the  position  defined  by  the  projection  of  the 
velocity  vector  in  the  wake  phase.  Since  F  is  perpendicular  to 
the  wake_plane,  and  the  projection  of  U  is  in  the  wake  plane^ 

B  =  F  X  U,  must  lie  in  the  wake  plane  at  an  angle  of  90“  to  U. 
The  cross  product  is 

B=FxU=  (YW-  TV)I  -  (HW  -  TU)  5  +  (HV  -  YU)  K 

(155) 

The  unit  vector  defining  the  intersection  of  the  wake  plane 
and  the  plane  of  zero  rotor  azimuth  is  A. 

A  =  cos  (a,  )  I  -  sin  (a,  )  Ic  (156) 

■^WP  -^WP 

and 

A  •  B  =  A  B  cos  =  (YW  -  TV)  cos  (a,  ) 

■‘■WP 

+  (YU  -  HV)  sin  (a,  )  (157) 

WP 

Since  A  =  1  by  definition,  and  =  90  -  (j) ' 


♦wp  = 


(YW  -  TV)  cos  (a,  )  +  (YU  -  HV)  sin  (a 

■‘■WP 


J(YVi  -  TV)2  +  (HW  -  TU)2  +  (HV  -  YU)^ 


(158) 
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(a)  Wake-Plane  Complex  Angle  of  Attack, 


F 


(b)  Wake-Plane  Longitudinal  (c)  Wake-Plane  Lateral 

Flapping  Angle,  a.  Flapping  Angle, 

w 


Figure  19.  Wake- Plane  Angle  of  Attack  and  Flapping  Angles 


Wake  Plane 


Wake-Plane  Phase  Angle 


Once  F  and  have  been  computed  at  a  given  instant  in  the 

calculations,  either  trim  or  maneuver,  the  values  of  n  and 
are  used  to  interpolate  the  harmonic  coefficients  of  the 

rotor  induced  velocity  and  the  average  induced  velocity  from 
the  input  tables.  Defining  the  harmonic  coefficients  to  be 

Hsin  “  sine  component  of  n  harmonic  at  radius  r 

n_-<,  (r,  n)  =  cosine  component  of  n^  harmonic  at 
radius  r 

then  the  value  of  the  distribution  function  at  a  particular 
azimuth  and  radius  is 


N=NHARM 
F  (r,tl()  =  1 

“  n=0 


(159) 


where  NHARM  is  the  number  of  harmonics  used  in  the  model. 

The  average  induced  velocity  interpolated  from  the  table  is 
modified  to  account  for  any  difference  between  the  average 
or  filtered  resultant  force  computed  by  C81  at  this  instant 
and  the  reference  value  used  to  generate  the  table.  The  in¬ 
stantaneous  average  induced  velocity  is 


inst 


^i  <^C81>  F  ) 

,  ■^avC81  .  ,,  C8lJ  r,  , 

{— -  +  0.0763  (1  - )}  V.  (MfOrjp) 

^avC81  ^  ^  (160) 


in  which 


Vf  ^^C81^  average  induced  velocity  computed 

^avC81  by  subroutine  VIND  for  the  instantaneous 

average  or  filtered  value  of  resultant 
force  computed  by  C81 

V-  (F„)  is  the  average  induced  velocity  computed 

^avC81  by  subroutine  VIND  for  the  reference 

resultant  force  for  which  the  tables  were 
computed 

Fpg,  is  the  instantaneous  average  or  filtered 

resultant  force  computed  by  C81 
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Fj.  is  the  reference  resultant  force  at  which 

the  t<U3les  were  computed 

Vi(p,o^)  is  the  average  induced  velocity  interpo¬ 

lated  from  the  input  table 

This  expression  has  been  derived  empirically  from  AR9102  rims. 
It  should  be  noted  that  the  tables  input  to  C81  should  be  based 
on  a  resultcmt  force  roughly  equivalent  to  the  resultant  force 
computed  in  Cdl. 

The  instantaneous  induced  velocity  at  a  given  radius  and  azi¬ 
muth  is 

Vi(r,4»)  =  (V^.  )  Fjj(r,4«)  (161) 

inst 

3.4.3  Blade  Reference  Velocities 

The  reference  axis  system  used  for  blade  aerodyncunics  is  the 
blade  reference  system  described  in  Appendix  A.  We  will 
express  the  relative  wind  approaching  point  p  on  the  blade  as 

'  “i  *  “r  5b  -  “p 

The  axis  systems  and  wind  velocity  components  are  shown  in 
Figure  21.  In  the  determination  of  angle  of  attack  and 

dynamic  pressure  Z  cos  p  and  Z  cos  p  are  assumed  equal  to 

Z  and  Z.  The  angle  from  the  blade  xy-plane  to  the  section 
reference  line  is  6^,  and  the  angle  from  the  blade  xy-plane  to 

<“t  5b  -  “p  Is’  «  ♦a- 

Let 


U2  =  U2  +  U2  (163) 

Then  the  dynamic  pressure  is 

q  =  I  P 


The  inflow  angle  is 


<l> 


A 


tan 


-1 


(164) 


and  the  angle  of  attack  is 

a  =  0£  +  ^  (166) 


The  calculation  of  6^  is  described  in  Section  8.  The  elastic 

twist,  0,  is  obtained  from  the  blade  modal  equations.  The  net 
geometric  angular  velocities  and  accelerations  are  given  by 


0  =  6^  +  ^ 

(167) 

0  =  0^  +  (|> 

(168) 

Also 

a  =  0  + 

(169) 

3.4.4  Steady  State  Aerodynamic  Coefficients 
3. 4. 4.1  Lift  and  Drag  Coefficients 

The  methods  for  calculating  C^,  and  for  steady  state 

assumptions  are  discussed  in  Reference  4.  Formulas  or  tables 
can  be  used  for  these  evaluations.  Aerodynamic  data  tables  for 
Cf,  C^,  and  Cjjj  may  be  supplied  by  the  user,  or  a  set  of  NACA 

0012  airfoil  data  tables  is  available  as  compiled  data. 

Usually  the  blade  aerodynamics  are  defined  in  a  plane  perpen¬ 
dicular  to  the  leading  edge.  However,  investigators  have  found 
that  the  angle  in  the  xy-plane  between  the  wind  vector  and  the 
leading  edge  of  the  blade,  the  yawed  flow  angle.  A,  influences 
the  aerodynamics  forces  generated.  From  Figure  21, 

-1 

A  =  tan  (170) 


^^Harris,  F.  D. ,  Tarzanin,  F.  J.,  Jr.,  and  Fisher,  R.  D.  Jr., 
ROTOR  HIGH  SPEED  PERFORMANCE,  THEORY  VS.  TEST,  Journal  of 
the  American  Helicopter  Society,  Volume  15,  No .  3 ,  July 
1970,  pp.  35-44. 

^^Hoerner,  Signard  F.,  FLUID-DYNAMIC  DRAG,  New  York,  N.Y., 
Published  by  the  author,  1958,  pp.  15-20  to  15-24. 
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Harris's  development  (Reference  12)  suggests  that  the  influence 
of  yawed  flow  be  included  in  all  aspects  of  the  steady  state 
lift  determination.  Hoerner,  in  Reference  13,  emphasizes  the 
need  for  varying  the  effective  Mach  number  with  A  to  improve 
correlation  with  test  data.  A  modified  angle  of  attack  and  a 
three-dimensional  effective  Mach  number  are  calculated  as 
follows  for  a  <30®: 


A 


sign(A)  •  min 


Of  j  =  Of  cos  A 
moa 


(171) 

(172) 


M 


eff 


“I  ^  ^  ”1 

^sound 


(cos  A) ^2 


(173) 


Hoerner 's  results  can  be  closely  approximated  by  taking 

=  0.2,  q2  =  1  or  q^^  =  1,  q2  =  0.5;  both  q^  and  q2  are  inputs 

to  the  program.  The  steady  state  lift  coefficient  is 


'ig  ""  ‘^l^^'mod' 


M 


eff^/ 


(174) 


whether  formulas  or  tables  are  used.  For  a  below  stall,  A  is 
effective  only  to  the  extent  of  lowering  the  Mach  number.  When 
a  is  above  stall,  the  yawed  flow  consideration  can  delay  loss 
of  lift  as  illustrated  in  Figure  22. 

The  steady  state  drag  calculation  has  been  modified  only  by  the 
inclusion  of  radial  flow  and  the  use  of  M  According  to 

Harris  (Reference  12), 

"skin  friction  drag  force  should  be  calculated 
in  the  direction  of  the  resultant  velocity." 


This  is  accomplished  by  computing,  in  addition  to  the  conven¬ 
tional  drag  normal  to  the  blade  axis,  a  frictional  drag  along 
the  blade  based  on  Uj^.  The  drag  coefficient  appropriate  for 

this  effect  is  the  steady  state  value 


0,  M  =  .3) 


(175) 


Harris's  requirement  that  "Pressure  drag  force  is  then  cal¬ 
culated  only  in  the  blade  element  plane  normal  to  the  blade 
span  axis"  is  also  satisfied  by  using 
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(176) 


^djj  "  ^d^“'  ”eff^ 

3. 4. 4. 2  Pitching  Moment  Coefficient 

The  method  of  calculating  pitching  moment  coefficient  is  indi¬ 
cated  in  Figure  23.  The  coefficient  depends  on  the  angle 

of  attack,  a,  the  effective  Mach  number,  and  input  con¬ 
stants.  The  inputs  and  are  coefficients  for  a 

quadratic  function  of  |a|  determining  the  corresponding  value  of 
Mach  number  at  which  the  curve  breaks  sharply  away  from  an 

input  constant  value,  A^.  For  |a|<90®,  the  first  series  of 

calculations  and  tests  is  to  determine  the  relative  size  of  ot; 
the  angle  of  attack,  a^,  corresponding  to  on  the  "break" 

curve;  and  A^,  a  critical  value  of  angle  of  attack  which  is 

independent  of  Mach  niunber  (Figure  24,  (a)  and  (b)).  The 
evaluation  of  is  different  for  |a|  <a^,  |a|  <Ag  and  |a|  . 

For  |a|  less  than  a^, 

(177) 

For  |a|  between  £md  A^,  a  slope,  3,  is  computed  for  the 
line  between  and  A^.  This  slope  depends  on  and  an  in¬ 

put  critical  value,  A^,  as  shown  in  Figure  24(c).  The  pitch¬ 
ing  moment  coefficient  is  calculated  from 

Cm  =  3(  a  -  ag)(sign  a)  +  A^  (178) 

If  a  is  greater  than  A^,  a  second  slope,  included  in  the  pro¬ 
gram,  is  used.  In  this  case, 

Cjjj  =  [3(Ag  -  Og)  -  .00646(  a  -  Ag)j  (sign  a)  +  A^  (179) 

For  a  >90°,  the  aerodynamic  center  is  assxuned  to  be  located  at 
the  0.75  chord  rather  than  at  the  0.25  chord.  The  pitching 
moment  about  the  blade  reference  axis  (assumed  to  be  at  the 
0.25  chord)  is  in  this  case  mainly  due  to  lift  and  drag  forces. 

Hence, 

Cjij  =  -.5(Cj^  cos  a  +  sin  o)  +  A^ 


(180) 


Figure  23.  Flow  Chart  for  Steady  State  Pitching  Moment 
Calculation, 


The  relationships  of  the  blade  profile  and  the  aerodynamic 
vectors  are  shown  in  Figure  24(d).  As  shown  in  the  flow 
diagram  (Figure  23),  the  magnitude  of  C  is  limited  to  0.5 
in  any  case. 


3. 4. 4. 3  Tip  Sweep  Effect 


Tip  sweep  affects  the  aerodynamic  forces  on  the  tip  segment 
of  the  blade.  For  a  sweep  angle  v  (Figure  25),  velocities 
and  angle-of- attack  components  are  modified  as  follows: 


= 

cos  Y 

sin  Y 

(181) 

=  ^T 

cos  Y 

- 

sin  Y 

(182) 

=  u2. 

T 

(183) 

02 

(184) 

Then  the  revised  inflow  angle  and  angle  of  attack  are 


-1 

=  tan  — 

Um 

T 

(185) 

6=0  cos  Y 

(186) 

< 

i-e- 

+ 

ICD 

II 

IS 

(187) 

A  =  tan"^  — 

(188) 

3. 4. 4. 4  Aerodynamic  Forces  and  Moments 

Aerodyncunic  forces  and  moments  at  a  representative  blade  segment 
are  then 

Lift: 

AL  =  J  p  c  u2  Ar(-C^  sin  cos  0^) 
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Radial  Component  of  Drag: 

ADr  =  I  p  c  u2  Ar 

Normal  Component  of  Drag: 

AD  =  j  p  c  U2  Ar(C^  cos  ()>^ 

Pitching  Moment: 

AM  =  {  I  p  c  U2  (c  C^)  Ar}  + 


-  C^  sin  0^) 

(Aa.c. )AL 


(190) 


(191) 

(192) 


where 


Aa.c.  is  positive  if  the  aerodynamic  center  is  ahead 
of  the  reference  axis. 

At  the  blade  tip,  U  and  $  replace  U  and  $  in  the  calculations. 
Also,  the  normal  component  of  drag  AD„  has  components  in  the 
blade  eixis  system  defined  by 

AD„  =  i  p  c  U2  c^  Ar(-sin  y  cos 
Ntip  z  a  A 

+  cos  y  cos  +  sin  $^) 

The  Aa.c.  shown  for  the  tip  (see  Figure  25)  may  be  input  for 
any  or  all  blade  stations. 

The  radial  component  of  drag  at  the  tip  is  taken  in  the  same 
direction  as  for  the  rest  of  the  blade. 

3.4.5  Unsteady  Aerodynamics 

The  following  two  sections  are  discussions  of  the  BUNS  and  UNSAN 
unsteady  aerodynamic  options.  The  two  mathematical  models  were 
developed  under  separate  contracts  with  the  Eustis  Directorate 
of  USAAMRDL. 

3. 4. 5.1  BUNS  Unsteady  Aerodynamic  Model 

As  previously  mentioned,  the  additional  velocities  due  to 
flexible  blade  dynamics  can  be  included  in  computing  the  angle 
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of  attack,  Mach  number,  and  dynamic  pressure  at  a  point  on  the 
blade.  The  major  modification  to  the  aerodynamic  simulation  of 
Reference  2,  done  as  a  part  of  Contract  DAAJ02-70-C-0063,  was 
the  consideration  of  unsteady  effects. 

Several  investigators  have  discussed  the  importance  of  unsteady 
aerodynamics  on  rotary-wing  aircraft.  Loewy  and  also  Timman  and 
Van  de  Vooren  (References  14  and  15)  have  shown  that  special 
circulatory  terms  are  significant  in  hover  flight,  but  conser¬ 
vative  results  are  obtained  by  neglecting  them  (Drees,  Reference 
16).  On  the  other  hand,  according  to  Carta  (Reference  17)  and 
Harris  (Reference  12),  the  nonsteady  air  loads  can  assume  a 
major  role  in  blade  aeroelastic  response  and  can  produce  stall 
flutter. 

One  of  the  major  difficulties  in  implementing  these  aerodynamic 
refinements  is  the  lack  of  meaningful  measured  values  over  the 
full  range  of  angles  of  attack  and  yaw  angles  that  are  appli¬ 
cable  for  the  rotating  blade.  In  particular,  the  wind  tunnel 
data  are  presented  in  terms  of  angle-of-attack  rates  and  ac¬ 
celeration  due  to  rotation  about  the  pitch-change  axis  (0,  0). 

Rotation  about  the, shaft  also  results  in  inflow  angle  rates 
and  acceleration,  0,  however,  the  damping  and  inertial  effects 
from  these  rates  are  not  the  same  as  from  pitch-change  rates. 
Simplification  of  the  problem  is  unavoidable  due  to  the  lack 
of  data.  It  is  therefore  appropriate  in  the  calculation  of 

unsteady  aerodynamics  to  use  0  and  0  in  terms  related  to 
blade  motion  only  and  a  in  terms  pertaining  to  stall  hys¬ 
teresis.  The  variables  0  and  0  include  changing  geometric 
pitch  due  to  cyclic  variations,  control  motions,  and  elastic 
blade  torsion. 

‘“Loewy,  R.  G. ,  A  TWO-DIMENSIONAL  APPROXIMATION  TO  THE 

UNSTEADY  AERODYNAMICS  OF  ROTARY  WINGS,  Journal  of  the  Aero- 
nautical  Sciences,  24(2)  January  1957,  pp.  81-92. 

‘®Timman,  R.,  and  Van  De  Vooren,  A.  I.,  FLUTTER  OF  A  HELI¬ 
COPTER  ROTOR  ROTATING  IN  ITS  OWN  WAKE,  Journal  of  the  Aero¬ 
nautical  Sciences,  24(9)  September  1957,  pp.  694-702. 

‘®Drees,  J.  M.,  AEROELASTIC  ROTOR  PHENOMENA  AND  NONSTEADY 
ROTOR  AERODYNAMICS,  Annals  of  the  New  York  Academy  of 
Sciences,  Volume  154,  Article  2., 1968,  pp.  481-504. 

‘’Carta,  F.  O.,  Casellini,  L.  M.,  Arcidiacono,  P.  J.,  and 
Elman,  H.  L. ,  ANALYTICAL  STUDY  OF  HELICOPTER  ROTOR  STALL 
FLUTTER,  paper  presented  at  the  26th  Annual  National 
Forum  of  the  American  Helicopter  Society,  Washington,  D.C., 
1970. 


The  remaining  consideration  is  the  blade  section  linear  accel¬ 
eration.  The  principal  effect  is  due  to  the  component  normal 
to  the  blade  xy-plane  (the  heaving  acceleration)  and  is  repre¬ 
sented  as  the  sum  of  the  rigid  body  and  elastic  accelerations 

(Z).  The  linear  accelerations  in  the  xy-plane  are  not  con¬ 
sidered  in  the  aerodynamics. 

The  computer  program  allows  the  user  the  option  of  including 
or  omitting  the  unsteady  aerodynamic  effects.  The  flow  diagram 
in  Figure  15  indicates  optional  paths  of  calculation.  The 
application  of  the  unsteady  effects  to  the  calculation  of  incre¬ 
mental  aerodynamic  coefficients  in  stalled  or  unstalled  flow  is 
discussed  in  the  following  sections. 

3. 4. 5. 1.1  Pitching  Moment 

The  aerodynamic  pitching  moment  for  steady-state  assumptions  has 
first  been  obtained  from  data  tables  or  from  formulas.  Unsteady 
effects  that  include  pitching  velocity  and  acceleration  of  the 
section,  both  elastic  and  rigid  body,  can  now  be  determined. 

The  technique  developed  by  Carta,  et  al.  (References  17  and  18) 
is  based  on  data  for  a  two-dimensional  airfoil  executing  forced, 
sinusoidal  motion. 

The  analytical  background  for  the  theory  of  unsteady  aerodynamics 
used  by  Carta  is  found  in  Bisplinghoff  (Reference  19),  and  a 
similar  discussion  is  given  by  Scanlan  and  Rosenbaum  (Reference 
20).  The  basic  development  is  referred  to  a  point  aft  of  the 
quarter  chord,  so  that  equations  for  both  the  normal  force  and 
the  pitching  moment  are  usually  presented  and,  subsequently, 
the  reference  is  shifted  to  the  quarter  chord.  Carta's  work 
is  unique  in  the  development  of  tables  based  on  measured  data 
and  theoretical  considerations. 

It  was  assumed  in  Carta's  method  that  "the  sinusoidal  data  could 
be  generalized,  through  crossplots,  to  functions  of  instantaneous 
angle  of  attack,  angular  velocity  parameter  A,  and  angular 


^ *Arcidiacono,  P.  J.,  Carta,  F.  0.,  Casellini,  L.  M.,  and 
Elman,  H.  L.,  INVESTIGATION  OF  HELICOPTER  CONTROL  LOADS 
INDUCED  BY  STALL  FLUTTER,  Sikorski  Aircraft,  USAAVLABS 
Technical  Report  70-2,  U.S.  Army  Aviation  Material  Labora¬ 
tories,  Fort  Eustis,  Virginia,  March  1970,  AD869823. 

^^Bisplinghoff,  R.  L.,  Ashley,  H.,  and  Halfman,  R.  L.,  AERO- 
ELASTICITY,  Cambridge,  Massachusetts,  Addison-Wesley 
Publishing  Company,  1955,  pp.  380-420. 

2 “Scanlan,  R.  H. ,  and  Rosenbaum,  R. ,  AIRCRAFT  VIBRATION  AND 
FLUTTER,  New  York,  N.Y. ,  The  Macmillan  Company,  1951, 
pp.  382-408. 
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acceleration  parameter  B  for  a  given  Mach  number."  In  the  con¬ 
siderations  which  follow,  the  parameters  A  and  B  are  defined  as 


(194) 

(195) 


where  c  is  the  chord  length  and  U  is  the  net  wind  velocity 
perpendicular  to  the  airfoil  leading  edge.  The  actual  A-B 
tables  are  listed  in  Reference  18,  and  are  based  on  data  from 
a  differential  pressure  transducer  mounted  on  a  2-foot-chord 
NACA  0012  airfoil.  The  steady-state  content  in  the  tables  is 
removed  by  requiring  =  0  when  A  =  B  =  0.  Thus,  at  each  a 

the  original  tabular  value  at  A  =  B  =  0  was  subtracted  from  all 
entries  for  that  a.  The  resulting  adjusted  Carta  tables  are 
included  in  the  Cdl  program.  The  effect  of  Mach  number  on  the 
stall  point  is  discussed  by  Carta  (Reference  18)  and  the 
variation  represented  for  the  NACA  0012  airfoil.  This  stall 
point  variation  is  included  by  computing  a  shift  in  the  angle- 
of-attack  argvunent  before  entering  the  adjusted  A-B  tables, 
as  follows; 


“carta 

Of  s 

Carta 


iai 

M 


Carta 


for  Mg^j<.2  (196) 

13.5  -  lellsm.f-  -  .2)  •  ^-”ef f^  ‘ ^ 

eir 

1.93  for  Meff--® 


A  value  ^Cjjj(®carta^  computed  by  interpolation  from  the 

adjusted  A-B  tables.  The  effect  of  Mach  number  is  again 
applied  by  dividing  this  value  by  N  where 


N  =  .8  for 


(200) 


Thus 


=  (sign  a)  4C„(acarta>^ 


(201) 


(202) 


and 


steady  state)  + 

3. 4. 5. 1.2  Lift  Coefficient 

The  aerodynamic  lift  coefficient  computed  for  steady  state  can 
be  augmented  to  represent  unsteady  effects.  The  effect  of  the 
unsteady  terms  on  lift  is  defined  separately  for  stalled  and 
unstalled  regions.  In  the  derivation  of  the  following  equations, 
the  slope  of  the  lift  curve  is  assumed  to  be  2  .  The  basic 
elation  for  unstalled,  unsteady  lift  effects  is,  in  the  nota¬ 
tion  of  Scanlan  and  Rosenbaum  (Reference  20), 

L'  =  pirb3  (-  g  -  ^  C(k)  g  +  a  a 

+  [2(a  -  |)C(k)  -  1]  5  a  -  ^  C(k)  a  \  (203) 

b^  ' 

where 

L'  is  the  lift  per  span,  positive  down 

a  is  the  angle  of  attack,  excluding  the  effect  of 
vertical  velocity 

b  is  the  semichord 

a  is  the  distance  from  the  midchord  to  the  elastic 
axis,  divided  by  the  semichord 

C(k)  =  F(k)  +  i  G(k)  is  the  circulation  function 

k  =  bu)/v,  where  w  is  the  frequency  of  oscillation 

h  and  h  are  respectively  the  vertical  velocity  and 
acceleration,  positive  down 

V  is  the  resultant  wind  velocity 

In  this  analysis,  circulation  effects  are  simplified  by  assum¬ 
ing  that  k  is  small;  that  is,  u)<<v/b.  The  following  approxi¬ 
mations  are  then  made: 
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F(k)  =  1,  G(k)  =  0 


(204) 


Equation  (203)  may  be  rewritten  with  the  sign  convention  for 

lift  changed  to  positive  up,  h  and  h  replaced  by  -Z  and  -Z, 

V  replaced  by  U,  and  both  sides  divided  by  the  product  of  the 
chord  length  and  the  dynamic  pressure,  thus: 


_ AL _ 

(2  b)  I  p  U2  Ar 


b  Z  _  2  _  a  b^ 
2  ^  2  U2 


b 

U 


a 


1 

2 


+  a 


(205) 


The  first  term  on  the  right  side  of  Equation  (205)  accounts 
for  the  inertia  force  generated  by  the  vertical  acceleration 
imparted  to  a  cylindrical  volume  of  air  with  the  blade  chord 
as  a  diameter.  The  sum  of  the  second  and  last  terms  in  the 
brackets 


corresponds  to  the  angle  of  attack  used  in  the  steady  state 
aerodynamic  evaluation.  For  the  rigid  body  mode,  -Z/(U)  is  the 
contribution  to  angle  of  attack  from  the  flapping  velocity. 

The  third  term  accounts  for  the  effect  of  the  inertia  of  the 
cylinder  of  air  that  moves  when  the  blade  pitches.  This 

effect  should  include  only  the  pitching  acceleration  0 .  The 
fourth  term  is  the  effect  of  blade  pitching  velocity  on, the 
angle  of  attack  and  should  include  only  the  pitch  rate  0 .  The 
fifth  term  is  interpreted  as  a  damping  term  based  on  the  total 
angle-of-attack  change  rate,  a. 

Thus,  the  lift  coefficient  increment  due  to  unsteady  aerodyna¬ 
mics  can  be  expressed  in  conventional  helicopter  notation: 


ACj^  =  2 


_  ^ 

Z  a  b*  0 

la  - 

b  0  .  b  a 

2 

U2  2  U2 

2) 

U  2  U 

(206) 


If  the  pitch  axis  (or  elastic  axis)  is  assumed  to  be  at  the 
quarter  chord,  the  value  of  a  in  Equation  (194)  is  -1/2. 
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stall  hysteresis  due  to  variation  in  lift  with  blade  pitch  rate 
is  discussed  by  Harris  (Reference  12).  This  dynamic  stall 
effect  is  included  in  the  following  manner. 

For  Equation  (5)  of  Reference  12  to  obtain 

IHcUC 

Aa  =  61.5  ln(.6/MM)  y/ \a  b/ul  (207) 


where 


a  is  the  lift  curve  slope,  and 


fO.3  for  M^fflO-3 
MM  for  0.3<M^^^<0.6 

lo.6  for  M^££>0.6 


Then 


“rl  =  “mod  ■ 


“mod-^^1  “rl'  “mod* 

max 


A  a  I 
^  “modi! 


(208) 


% 


Then  obtain  a  lift  coefficient  from  the  tables  or  formulas  for 
steady  state  using  and  M^^^  as  argiments.  Recalling  that 

“mod  '  “  final  value  of  lift  coefficient  is  given  by 


M 


effJ 


+  AC^ 


(209) 


3. 4. 5. 1.3  Drag  Coefficient 

Unsteady  effects  on  the  aerodynamic  drag  coefficient  are  handled 
as  suggested  in  Reference  12.  Harris  states,  "To  account  for 
unsteady  aerodynamic  effect  on  pressure  drag,  the  two-dimensional 
drag  coefficient  data  was  used,  but  at  *> 

Therefore,  for  the  drag  coefficient  determining  drag  force 
normal  to  the  leading  edge. 


A  a 

=  o  -  (sign  a)  Min  { 

||.2  o| 


(210) 
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and 


d'“RD'  “eff^ 


(211) 


3. 4. 5. 2  UNSAN  Unsteady  Aerodynamic  Model 

An  alternate  procedure  for  including  unsteady  aerodynamics  is 
provided  in  C81.  The  analytical  development  was  done  under 
Contract  DAAJ02-71-C-0045  and  is  presented  in  Reference  21. 

The  analysis  for  UNSAN  may  be  considered  to  start  with  Equations 
(3)  and  (4)  of  Reference  21  which  give  the  lift  and  moment, 
per  unit  span.  The  lift  expression  is  the  same  as  Equation 
(203),  Section  3. 4. 5. 1.2. 

The  terms  in  Equations  (3)  and  (4),  Reference  21,  involving 
the  Theodorsen  function  can  be  considered  as  the  expression 

E  =  C(k)  [0^  +  ^  +  d  (212) 

where  the  subscript  v  indicates  the  vibratory  part  of  the  vari¬ 
able  and 


d  =  c(3/4  -  PA)  =  1/2  c(l/2  -  a) 


(213) 


where  PA  =  (a  +  l)/2 

Assuming  simple  harmonic  motion  for  0^  and  h^  (see  Equations  (9) 
and  (1)  of  Reference  21),  appropriate  substitutions  give 


E  =  F(k) 


i  G(k) 


ui 


^  H 

u)  V 


i  u)  d 


(214) 


2iGormont,  R.  E.,  A  MATHEMATICAL  MODEL  OF  UNSTEADY  AERODYANMICS 
AND  RADIAL  FLOW  FOR  APPLICATION  TO  HELICOPTER  ROTORS,  Boeing- 
Vertol,  USAAMRDL  Technical  Report  72-67,  Eustis  Directorate, 
U.S.  Army  Air  Mobility  Research  and  Development  Laboratory, 
Fort  Eustis,  Virginia,  May  1973,  AD767240. 


143 


(215) 


so  that  the  imaginary  unit  is  eliminated  and 


E  =  (F  - 


u)  d 
V 


G)  0  +  ^  h  +  h  +  (^  F  +  -)  e 

'  V  V  V  U)  V  V  'V  U)^  V 


The  contributions  to  blade  pitch  velocity  and  acceleration  from 
flapping  and  flapping  rate,  Q  p  and  p,  are  added,  u)  is  re¬ 
placed  by  Q,  and  an  equivalent  angle  of  attack  is  given  as 


“eQH  = 

1  G  h 

+  tan"-^  (  [f  h^  +  h^+  +  c(3/4  -  PA)  Q  p^ 

+  (c(3/4  -  PA)  F  +  — )(e„  +  fi  P„)]/U„)  (216) 

ft  V  J. 


Equation  (216)  is  identical  to  equation  (31)  in  Reference  21. 
The  aerodynamic  coefficients  (Cj^,  C 


'd' 


and  C  )  are  obtained  as 
m 


functions  of  a„_.,  and  Mach  nximber  from  formulas  or  tables  as  in 

the  steady  state  case.  Other  terms  involving  the  vibratory 
variables  are  included  separately  and  the  expressions  for  aero¬ 
dynamic  lift,  drag,  and  moment  are  given  in  Equation  (32)  of 
Reference  21. 


In  order  to  interface  this  procedure  with  the  C81  calculations, 
some  practical  means  of  separating  the  vibratory  part  from  the 
total  h,  0,  and  p  was  needed.  One  requirement  was  that  the 
routine  be  operable  in  the  maneuver  section. 


Since  h  as  given  by  Equation  (24)  of  Reference  21  is  just  U  , 
Equation  (26)  of  that  reference  can  be  expressed  as  ^ 

h^  =  V___  sin  -  v„  -  (rate  of  climb)  (217) 

o  FLT  s 

where  h^  is  the  "steady"  part  of  h  and  is  availedjle  in  C81. 

The  pitch  angle,  0,  and  the  flapping  angle,  p,  at  a  blade  seg¬ 
ment  are  computed  in  the  maneuver  section  of  C81  but  are  not 
separated  into  steady  and  vibratory  parts .  The  following  assump¬ 
tions  (not  in  Reference  21)  are  made  to  implement  the  C81  pro¬ 
gramming  : 
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e  is  the  collective  pitch  at  the  segment  (includes 
built-in  twist) 

is  the  precone  angle 

These  assiunptions  omit  steady  elastic  pitch  deflection  and 
steady  out-of-plane  bending  but  retain  the  principal  contribu- 


tions  to 

6^  and  p^. 
o  o 

Then 

•  • 

(218) 

K  = 

h  -  h^ 

®v  = 

0  -  0^ 

(219) 

< 

II 

P  -  Po 

(220) 

The  derivatives  required  are  0^,  0^,  and  p  for  the  basic 

unsteady  coefficients  and  a  for  stall  hysteresis  effects. 
Rather  than  attempt  analytical  derivatives,  the  rates  are 
computed  numerically  using  the.,  formal  a 

Pn’"’  =  <1  *  J''  *  5’^  *  •  •  Pn  <221) 


from  Reference  22 . 

A  further  modification  to  the  analysis  of  Reference  21  was  made 
by  providing  an  input,  fl,  ,  for  computing  the  reduced  frequency 
as  ^ 


c 

k  =  Yir 

By  this  means  the  sensitivity  of  blade  response  to  this  part  of 
the  analysis  can  be  investigated. 

Stall  hysteresis  representation  described  in  Reference  21  was 
retained  without  change.  The  starting  equation.  Equation  (39) 
from  Reference  21,  corresponds  to  Equation  (207),  but  UNSAN 


22Hildebrand,  F.  B.,  INTRODUCTION  TO  NUMERICAL  ANALYSIS, 
New  York,  McGraw-Hill,  1956,  pp.  134-135. 
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includes  expanded  procedures  for  determining  the  change  in 
angle  of  attack  for  dynamic  stall  for  C,  and  for  C  (not 
necessarily  the  same). 

Effects  of  radial  flow  in  Reference  21  are  also  retained  in 
UNSAN.  These  effects  are  similar  to  the  radial  flow  considera¬ 
tions  in  BUNS.  The  eguations  for  A  are  the  same  (Equation  (53) 
in  Reference  21  and  Equation  (170)  in  this  report).  A  radial 
component  of  drag  due  to  skin  friction  is  included;  see  Equa¬ 
tion  (58)  in  Reference  21  and  Equation  (175).  Compare  Equation 
(75)  in  Reference  21  and  Equation  (174)  in  this  report  for 
the  effect  of  A  on  the  lift  coefficient. 
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4.  FUSELAGE  MATHEMATICAL  MODEL 


4.1  INTRODUCTION 


Over  the  past  two  decades,  the  maximum  airspeeds  of  pure  heli¬ 
copters  have  increased  twofold  or  more  in  all  flight  regimes 
(forward,  rearward,  lateral,  and  vertical).  In  addition,  the 
maximum  forward  airspeed  for  composite  or  compound  rotorcraft 
has  increased  to  300  knots  or  more.  Consequently,  the  aero¬ 
dynamic  representation  of  the  fuselage  was  improved  under  con¬ 
tract  in  1973. 

This  section  of  the  report  documents  the  background  and  develop¬ 
ment  of  the  fuselage  mathematical  model  that  is  currently  in¬ 
corporated  in  C81.  It  also  contains  figures  and  tables  that 
compare  the  current  mathematical  model  to  wind  tunnel  test  data. 

4.2  DEVELOPMENT  OF  THE  FUSELAGE  MATHEMATICAL  MODEL 

4.2.1  Background 

The  primary  goals  in  the  development  of  the  current  C81  repre¬ 
sentation  of  the  fuselage  aerodynamic  forces  and  moments  were 
to  provide  a  mathematical  model  that  would: 

(1)  Be  valid  at  all  orientations  of  the  fuselage  with 
respect  to  the  wind,  with  particular  emphasis  on 
simulation  of  the  forces  and  moments  at  the  nominal 
forward  flight  aerodynamic  angles  and  of  the  effects 
of  aerodynamic  coupling,  i.e.,  variation  of  longi¬ 
tudinal  forces  and  moments  with  sideslip,  and 
lateral-directional  forces  and  moments  with  angle  of 
attack . 

(2)  Take  maximum  advantage  of  the  availability  of  wind 
tunnel  data  without  sacrificing  or  compromising  the 
capability  of  inputting  analytical  estimates  of  such 
data. 

Since  the  current  version  of  the  program  has  the  capability  of 
simulating  the  aerodynamic  forces  and  moments  on  a  wing,  four 
stabilizing  surfaces,  four  external  stores  or  aerodynamic 
brakes,  and  two  pylons,  the  fuselage  representation  was  devel¬ 
oped  for  simulating  the  basic  fuselage  only.  The  landing  gear 
or  skid  was  the  only  component  other  than  the  basic  airframe 
that  was  considered  part  of  the  fuselage  in  the  development  of 


the  model.  This  assvimption  eliminates  the  necessity  of  simu¬ 
lating  in  the  fuselage  representation  the  sharp  stall  char¬ 
acteristics  associated  with  aerodynamic  surfaces. 

In  the  formulation  of  the  current  fuselage  model,  three  sepa¬ 
rate  approaches  were  considered  for  its  general  form: 

( 1 )  Equations  only 

(2)  Data  tediles  only 

(3)  A  combination  of  equations  and  tables 

It  was  concluded  that  equations  were  the  best  approach  for  the 
following  reasons: 

(1)  Equations  are  better  suited  than  data  tables  to  con¬ 
figurations  where  little  or  no  test  data  are  avail¬ 
able  and  analytical  or  empirical  predictions  of  the 
aerodynamic  characteristics  must  be  made. 

(2)  Parametric  studies  of  changes  in  fuselage  aerodynamic 
characteristics  can  be  made  more  easily  by  changing 
coefficients  of  an  equation  than  by  modifying  entries 
in  a  data  table. 

(3)  To  provide  adequate  tabular  representation  at  all 
aerodynamic  angles,  it  was  estimated  that  each  of 
the  six  necessary  tables  should  be  permitted  at 
least  500  and  preferably  up  to  1000  or  1200  entries; 
this  would  be  in  addition  to  the  more  than  10,000 
entries  allocated  for  the  rotor  airfoil  data  tables. 

(4)  Using  the  method  of  least-squared  errors,  equations 
of  order  three  or  less  can  fit  most  test  data  with 
a  root-mean-squared  error  per  point  which  is  well 
within  the  accuracy  of  the  test  data. 

(5)  Since  test  data  are  frequently  not  recorded  as  sys¬ 
tematically  as  is  required  for  the  type  of  table  and 
table  interpolation  routine  in  C81,  data  must  be 
plotted  and/or  fitted  to  obtain  all  necessary  entries 
for  such  tables.  If  a  plot  or  fit  step  is  required 
to  construct  the  teibles,  little  is  gained  by  the  use 
of  tables. 

(6)  A  table  interpolation  rou..ine  that  could  directly 
use  the  standard  type  of  test  data  (sweeps  of  one 
angle  with  the  other  fixed)  would  increase  run  time 
and  storage  requirements  for  the  fuselage  represen¬ 
tation. 
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The  new  representation  of  the  fuselage  is  divided  into  two  in¬ 
dependent  models  and  a  third  model  which  is  dependent  on  the 
other  two.  The  first  model  consists  of  six  independent  equa¬ 
tions  for  the  forces  and  moments,  where  each  equation  is  a  func¬ 
tion  of  both  the  aerodynamic  pitch  and  yaw  angles.  This  model, 
referred  to  as  the  Nominal  Angle  Equation  (NAE)  model  is  in¬ 
tended  to  simulate  the  forces  and  moments  at  aerodynamic  angles 
less  than  approximately  15  to  25  degrees  in  magnitude;  i.e., 
the  angles  where  the  majority  of  flight  occurs  and  for  which 
test  data  are  most  commonly  available. 

The  second  model  also  consists  of  six  independent  equations  and 
is  referred  to  as  the  High  Angle  Equation  (HAE)  model.  This 
model  cannot  fit  test  data  as  accurately  as  the  NAE  model,  but 
does  provide  more  than  adequate  simulation  of  force  and  moment 
data  throughout  the  range  of  aerodynamic  angles,  i.e.,  pitch 
between  ±90  degrees  and  yaw  between  ±180  degrees.  The  intent 
of  this  model  is  to  follow  very  closely  the  force  and  moment 
data  trends  at  the  large  angles  encountered  in  low-speed  flight 
(rearward,  sideward,  and  vertical)  and  those  which  could  occur 
after  major  system  failures. 

The  third,  or  dependent,  model  provides  a  smooth  transition 
between  the  NAE  and  HAE  models.  It,  in  effect,  phases  out  one 
set  of  equations  while  phasing  in  the  other  set.  The  user  may 
specify  the  angles  where  phasing  starts  and  stops. 

4.2.2  Choice  of  Reference  Systems  and  Definitions  of  Angles 

Choosing  the  equations-only  approach  for  the  general  form  of 
the  current  representation  made  it  advisable  to  restrict  the 
inputs  to  those  from  one  specific  reference  system.  Although 
it  is  desirable  to  permit  the  inputs  to  be  in  any  conventional 
reference  system  (i.e.,  wind,  stability,  or  body),  doing  so 
requires  a  separate  representation  for  data  from  each  reference 
system.  The  requirement  of  separate  representations  comes 
about  because  the  generalized  shapes  of  the  force  and  moment 
curves  at  large  angles  are  strongly  affected  by  reference  sys¬ 
tem.  For  example,  in  sideward  flight,  wind  reference  drag  is 
large  and  side  force  is  near  zero,  while  for  the  same  condition 
body  reference  drag,  or  axial  force,  is  near  zero  and  side 
force  equals  the  wind  reference  drag.  Rather  than  programming 
three  separate  representations,  when  only  one  would  be  used  at 
any  one  time,  the  representation  for  wind  reference  data  was 
implemented  for  the  following  reasons: 

(1)  Wind  reference  data  are  consistent  with  previous 

versions  of  the  program,  which  makes  conversion  to 
the  current  version  easier. 
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[  ‘  (2)  Wind  reference  data  are  readily  available  from  the 

pyramidal -type  balance  systems  used  at  most  low- 
speed  wind  tunnels,  or  may  be  obtained  by  a  simple 
;  1  transformation  from  other  reference  systems. 

(3)  The  trends  of  wind  reference  fuselage  forces  and 
\  moments  relate  easily  to  similar  data  for  airfoils 

i  making  interpretation  of  wind  reference  inputs 

somewhat  easier  than  those  in  other  reference  sys¬ 
tems  . 


In  the  following  discussion  of  definitions  of  angles  and  ref¬ 
erence  systems.  Figures  26,  27,  28,  and  29  will  help  visual¬ 
ization  of  the  relationships  involved.  The  orientation,  or 
aerodynamic,  angles  used  in  the  fuselage  representation  were 
defined  to  be  consistent  with  wind  tunnel  data.  That  is,  the 
orientation  of  the  body  reference  system  with  respect  to  the 
wind  reference  system  is  defined  by  two  ordered  rotations: 
yaw  followed  by  pitch,  where  yaw  angle  ((|<^)  is  defined  to  be 

between  ±180  degrees  and  pitch  angle  (6^)  to  be  between  ±90 

degrees.  See  Figure  26.  However,  this  definition  creates  a 
problem  in  a  simulation  such  as  C81  where  the  wind  and  fuse¬ 
lage  are  each  oriented  with  respect  to  the  ground,  and  the 
orientation  of  the  fuselage  with  respect  to  the  wind  is  not 
explicitly  defined.  Specifically,  in  C81  the  orientation  of  the 
flightpath  (a  vector)  is  defined  by  the  vector  sum  of  forward, 

lateral,  and  vertical  velocities  (V  ,  V  ,  and  V_  respectively) 

w  y  z 

of  the  rotorcraft  eg  in  groimd  reference.  See  Figure  27.  On 
the  other  hand,  the  orientation  of  the  fuselage  (body  reference 
system)  is  defined  by  three  ordered  rotations  (Euler  angles) 
from  ground  reference.  Although  the  flightpath  (wind  vector) 
corresponds  to  the  X  axis  of  the  wind  reference  system,  there 
are  no  parameters  which  directly  define  the  orientation  of  the 
wind  Y  and  Z  axes  about  this  X  axis.  Since  the  wind  reference 
orientation  is  not  completely  defined,  the  body  reference  can¬ 
not  be  directly  oriented  with  respect  to  it  as  in  the  wind 
tunnel . 

The  solution  to  this  problem  is  to  use  the  Euler  angles  (4*,  0, 
and  ♦)  that  orient  the  body  reference  system  with  respect  to 
the  ground  to  resolve  the  three  ground  reference  velocities 
into  body  reference.  See  Figure  28.  The  results  of  the  reso¬ 
lution  are  the  body  reference  X,  Y,  and  Z  velocities  (u,  v, 
and  w  respectively).  These  body  velocities  can  then  be  defined 
as  the  components  of  the  flightpath  velocity  (V)  in  a  refer¬ 
ence  system  which  has  been  yawed  degrees,  then  pitched  0^ 

degrees  with  respect  to  the  wind  vector. 

From  this  definition, 


See  Figure  29, 


u  =  V  cos  d)  .  cos  0., 
w  w 
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(223) 


T> 


Tunnel  resolving  point  for 
forces  and  moments,  (i.e.. 


Figure  26,  Definition  of  Aerodynamic  Angles  in  a  Wind 
Tunnel . 


v_  = 


Aerodynamic  Data 
Reference  Point 


Forward  velocity 
Lateral  velocity 

Vertical  velocity  =  -{rate  of  climb) 


Ground 

(East) 


In  the  figure,  the 
ground  reference 
system  is  trans¬ 
lated  to  the  eg, 
and  then  to  the 
aerodynamic  data 
reference  point, 
but  is  not 
rotated 


Flight  path  velocity  vector; 


magnitude  =  V 


y 


Ground 

(Down) 


Figure  27,  Orientation  of  Flight  Path  in  Ground  Reference 


^  X  y  z 


Figure  29,  Aerodynsunic  Angles  in  Body  Reference 


(224) 

(225) 


V  =  -V  sin  4(„ 
w 

w  =  V  cos  sin  6., 

X  w 

Since  the  reference  system  of  u,  v,  and  w  is  the  body,  ordered 
rotations  of  -6^  degrees  pitch,  then  degrees  yaw  define  the 

orientation  of  the  wind  reference  system  with  respect  to  the 
body.  Therefore,  the  angles  and  6^  respectively  are  iden¬ 
tical  to  the  conventional  wind  tunnel  yaw  and  pitch  angles 
shown  in  Figure  26  and  are  termed  the  aerodynamic  yaw  and 
pitch  angles. 

From  Equations  (223),  (224),  and  (225),  these  aerodynamic 
angles  can  be  defined  as  functions  of  the  flight  path  velocity 
and  its  body  reference  components. 

%  =  sin'^(-vA)  (226) 

0^  =  tan"^(w/u)  (227) 

These  two  angles  are  then  the  two  independent  variables  in  the 
wind  reference  equations  for  fuselage  aerodynamic  forces  and 
moments.  They  also  serve  as  the  rotation  angles  for  resolving 
the  wind  reference  data  into  the  body  reference  system,  where 
C81  performs  its  final  force  and  moment  summations. 

However,  note  that  if  V=0,  both  and  6^  are  independent. 

Simiarly,  if  u  =  w  =  0,  is  indeterminant.  If  V  =  0,  the 

indeterminancy  is  simply  resolved  by  defining  and  0^  to  be 

zero,  since  all  aerodynamic  forces  and  moments  are  zero  at  zero 
velocity. 

If  u  =  w  =  0,  while  V  ^  0  (i.e.,  =  ±90  degrees),  it  may  be 

physically  possible  to  pitch  the  wind  tunnel  model,  but  the 
angle  cannot  be  defined  by  Equation  (227).  However,  consider¬ 
ing  how  the  parameter  0^  is  used  in  C81,  it  can  be  defined  to 

be  zero  regardless  of  the  value  in  the  tunnel.  To  understand 
this  definition,  consider  the  forces  and  moments  acting  on  a 
wind  tunnel  model  which  is  yawed  90  degrees  but  not  pitched,  as 
shown  in  Figure  30.  If  the  model  is  subsequently  pitched,  the 
drag  in  wind  reference  (Y- force  in  body  reference)  remains  con¬ 
stant,  but  the  other  wind  reference  forces  and  moments  do  not. 
However,  in  the  body  reference  system,  the  forces  and  moments 
are  not  a  function  of  0^.  Therefore,  by  defining  0^  =  0  when 

=  ±90  degrees,  the  wind  reference  data  can  be  resolved  to 

body  reference  with  a  single  yaw  rotation  and  used  as  body  ref¬ 
erence  data  independently  of  the  wind  tunnel  pitch  angle.  Sine 


Figure  30.  Aerodynamic  Pitch  Angle  in  Sideward  Plight, 
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the  body  reference  is  the  system  in  which  the  data  are  needed 
for  the  final  summation,  this  definition  for  6  provides  the 
necessary  results . 

The  interesting,  if  not  obvious,  implication  of  the  above  dis~ 
cussion  is  that  aerodynamic  forces  and  moments  are  dependent 
only  on  the  orientation  of  the  flightpath  with  respect  to  the 
fuselage  and  independent  of  the  orientation  of  the  flightpath 
with  respect  to  the  groxmd. 

In  its  developed  and  programmed  form,  the  equations  of  the  rep¬ 
resentation  of  fuselage  aerodynamics  are  actually  functions  of 
sines  euid  cosines  of  and  6^  rather  than  the  angles  them¬ 
selves.  Consequently,  the  sinusoids  are  defined  by  the  velo¬ 
city  ratios  implied  by  Equations  (226)  and  (227)  with  the  re¬ 
striction  that  the  inverse  of  sin  6..  and  cos  B  .  do  not  exceed 

w  w 

±90  degrees  and  the  inverse  of  sin  »|>  and  cos  «|»  do  not  exceed 
±180  degrees.  ^  ^ 

sin  8^  =  w/  sign(u)  7 u*  +  w^  (228) 

cos  =  |u|  +  w^  (229) 


sin  «|(^  =  -v/V  (230) 

cos  =^sign(u)  /u^  +  w2  |  /v  (231) 

It  should  be  noted  that  is  not  the  traditional  sideslip 
angle,  p.  Sideslip  is  defined  as 

p  =  tan"^  (v/u),  (232) 

and  an  alternate  definition  of  »!>  is 

w 

«|j^  =  tan“^  (-V/  sign(u)  ^u*  +  w* )  (233) 

Equating  v  in  the  two  equations  yields 

tanp  =  -  tan  <j>^cos  0^  (234) 

Hence  for  small  pitch  angles,  cos  0^  s  1  and 

P  =  (235) 
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but  at  large  values  of  0  ,  the  magnitudes  of  p  and  (|i  are 
not  interchangeable. 


4.2.3  High  Angle  Equation  Model;  The  Airfoil  Analogy 

Since  one  of  the  primary  goals  in  the  development  of  the  new 
fuselage  representation  was  a  model  that  would  be  valid  at  all 
aerodynamic  angles,  the  first  efforts  for  the  task  were  directed 
toward  a  single  set  of  equations  which  would  accomplish  this 
goal  as  well  as  the  others.  A  literature  search  uncovered  no 
simple  analytical  methods  for  predicting  the  force  and  moment 
characteristics  of  generalized  bodies  at  large  aerodynamic 
angles.  Methods  which  are  available,  such  as  using  bound  vor¬ 
tices,  would  be  very  time  consuming  if  progrcunmed,  approximate 
even  if  the  flow  were  potential,  and  prohibitively  complex 
following  separation  or  stall,  all  due  primarily  to  the  /lonimi- 
form  shape  of  rotorcraft  fuselages.  Also,  test  data  for  bodies 
at  large  angles  were  very  limited.  Consequently,  the  mathemat¬ 
ical  model  for  large  angles,  the  High  Angle  Equation  (HAE)  model, 
was  derived  by  comparing  fuselages  and  aerodynamic  surfaces  with 
what  was  termed  the  airfoil  analogy,  and  then  supporting  the 
conclusions  with  the  limited  test  data  available. 

The  initial  step  in  the  airfoil  analogy  was  to  consider  the 
fuselage  as  a  special  case  of  an  aerodynamic  surface.  The 
geometry  of  conventional  aerodynamic  surfaces  is  described  by 
parameters  such  as  aspect  ratio,  taper  ratio,  sweep  angle, 
thickness-chord  ratio,  twist,  and  airfoil  sections.  Of  these 
parameters,  aspect  ratio  and  thickness-chord  ratio  have  strong 
analogies  when  considering  the  fuselage  shape.  The  conventional 
aspect  ratio  is  defined  by  b^/S  (b  =  span,  S  =  planform  area), 
while  the  thickness-chord  ratio  is  t/c  (t  =  maximum  thickness 
of  airfoil,  c  =  mean  chord  of  airfoil).  For  a  fuselage,  the 
analogous  parameters  are  not  single  valued.  They  depend  on  the 
orientation  of  the  fuselage  with  respect  to  the  wind.  The 
fuselage  parameters  that  Ccin  be  related  to  the  surface  param¬ 
eters  of  span,  area,  chord,  and  thickness  are  listed  in  Table 
5  for  forward,  sideward,  and  vertical  flight.  Based  on  the 
normal  relationships  of  the  fuselage  parameters,  the  magnitude 
of  the  fuselage  aspect  and  thickness-chord  ratios  can  then  be 
estimated  as  shown  in  TeUsle  5.  From  this  table,  the  following 
conclusions  can  be  drawn: 

(1)  In  forward  or  rearward  flight,  a  fuselage  is  analogous 
to  an  aerodynamic  surface  with  a  relatively  low 
aspect  ratio,  i.e.,  less  than  unity,  and  a  moderate 
thickness-chord  ratio,  i.e.,  0.1  to  0.3. 

(2)  In  sideward  or  vertical  flight,  a  fuselage  is  analo¬ 
gous  to  an  aerodynamic  surface  with  a  very  high 
thickness-chord  ratio,  i.e.,  unity  or  greater. 
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TABLE  5.  FUSELAGE/AERODYNANIC  SURFACE  ANALOGY 


FUSELA(X  PARAMETER  WHICH  IS 

ANALOGOUS  TO 

THE 

AERODYNAMIC 

AERODYNAMIC  SURFACE 

PARAMETER 

SURFACE 

AND 

FLIGHT  REGIME 

REFERENCE  ORIENTATION 

PARAMETER 

_ 

Forward/Rearward 

Sideward* 

Vertical  Flight  I 

Flight 

Flight 

(0  =  0,  t 

=  0,  ±180  ) 

(0 

=  0, 

(0  =  ±90 

,  f  =  0  ) 

w  w 

w 

=  ±90 

)  '' 

W 

Pitch 

Yaw 

Yaw 

Pitch 

Yaw 

Chord ,  c 

Length 

Length 

Width 

Height 

Height 

Thickness,  t 

Height 

Width 

Length 

Length 

Width 

Span,  b 

Width 

Height 

Height 

Width 

Length 

Plane  of  Refer- 

X-y  Plane 

X-Z  Plane 

y-z 

Plane 

Y-Z  Plane 

X-y  Plane 

ence  Area,  S*^ 

Aspect  Ratio,  A 

(Width) 2 

(Height) 2 

(Height) 2 

(Width)* 

(Length) * 

(=b*/S) 

X-Y  Area 

X-Z  Area 

Y-Z 

Area 

Y-Z  Area 

X-Y  Area 

Typical  Value 

<0.5 

<0.5 

1 

<2 

>2 

<10 

Thickness/Chord 

Height 

Width 

Length 

Length 

Height 

Ratio,  t/c 

Length 

Length 

Width 

Height 

Width 

Typical  Value 

>0.1 

>0.1 

>2 

>2 

1 

<0.5 

<0.5 

<10 

<10 

In  sideward  flight  =  ±90  ),  the  equation  for  0^  (=  tan  ^  w/u) 

cannot  define  the  angle.  Hence,  analogies  with  respect  to  the  wind 
axis  cannot  be  made.  However,  body  axis  forces  and  moments  in  side¬ 
ward  flight  are  independent  of  0^,  so  0^  can  be  defined  to  be  zero. 

The  reference  area  of  a  surface  is  its  planform.  Reference  area  for 
a  fuselage  is  the  area  projected  on  a  body  plane. 
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These  conclusions  imply  a  third: 

(3)  One  type  of  model  would  be  best  for  one  of  the 

flight  regimes  and  a  different  one  for  the  other. 

A  decision  on  whether  to  pursue  this  implication  further  was 
postponed  until  the  HAE  model  was  completed  and  could  be  com¬ 
pared  to  test  data. 

Using  the  above  analogy  and  some  limited  aerodynamic  surface 
test  data,  the  shape  of  each  fuselage  force  and  moment  curve 
was  sketched  for  full-range  yaw  sweeps  at  constant  pitch  and 
full-range  pitch  sweeps  at  constant  yaw. 

The  sets  of  sketches  for  each  force  or  moment  were  then 
combined  into  a  single  three-dimensional  sketch  where  the  force 
or  moment  was  plotted  vertically  (Z  axis)  as  a  fiinction  of  the 

pitch  and  yaw  angle  (X  and  Y  axes).  Next,  the  lines  of  force  or 

moment  were  faired  together  to  form  a  surface  above  the  X-Y 
plane.  Figure  31  is  an  example  of  this  technique  for  the  drag 
of  an  arbitrary  fuselage  shape. 

The  dominant  feature  of  Figure  31  and  similar  sketches  is  that 
vertical  sections  intersect  the  surface  in  lines  which  are  per¬ 
iodic  and  very  sinusoidal  in  appearance.  Based  on  the  shapes 
of  these  intersections,  e^ations  were  constructed  as  sinusoidal 
functions  of  integer  multiples  of  6^  and  to  provide  smooth 

transition  between  all  combinations  of  6^  and  The  periodic 

nature  of  the  equations  established  the  coefficients  as  the 

values  of  the  forces  or  moments  at  integer  multiples  of  45  de¬ 

grees  . 

Data  from  large  angle  wind  tunnel  tests  of  two  different  con¬ 
figurations  were  then  used  to  check  out  the  equations.  Based 
on  the  results  of  this  comparison,  empirical  modifications 
were  made  to  the  equations,  which  were  then  defined  as  the  High 
Angle  Equation  model.  These  equations  are  listed  in  Table  6. 

4.2.4  Nominal  Angle  Ecfuations 

The  next  step  in  the  development  of  the  new  fuselage  represen¬ 
tation  was  to  excunine  the  accuracy  euid  suitability  of  the  High 
Angle  Equation  model  in  simulating  the  forces  and  moments  at 
low,  or  nominal,  aerodynamic  pitch  and  yaw  angles  (both  angles 
less  than  approximately  115  to  ±30  degrees ) .  Data  from  force 
and  moment  wind  tunnel  tests  of  five  different  fuselages  were 
examined: 
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sketch  of  Fuselage  Drag  as  a  Function  of  6  and 


where 


where 


TABLE  6.  HIGH  ANGLE  EQUATIONS  FOR  FUSELAGE 
AERODYNAMIC  FORCES  AND  MOMENTS 


Lift  =  L  =  L  *cos2m»  +  L  *siii2>K 
1  w  2  w 


L(0,0)  +  L  *sin2e  +  L  *sin(20  )  if  'V  <90 
3  w  4  w  w  — 

L(180,0)  -  L  ^cos^e  -  L  *sin(20  )  if  4*  >90 

5  w  4  w  w 

L(9O,O)*cos0^  +  Y(9O,O)*sin0^ 

L(0,90)  -  L(0,0) 

L(O,0  )  -  L(0,0)  -  L  *sin2(0  )  /siii(2*0  ) 

wp  3  wp  wp 


L(0,90)  -  L(180,0) 


Drag  =  D  =  Dj^*cos^*J'^  +  D(90,0)*siii2*C^ 


D,  =  D  *cos^0  +  D  *sin^0 
12  w  V  w 


D(0,0)  if  <90 

D(180,0)  if  >90 

D(0,-90)  if  0  <0 

W  “ 

D(0,+90)  if  0^  >  0 


where 


Pitching  Moment  =  M  =  Mj*cos*M'  +  M2*sin^'P 


M(0,0)  +  M  *sin*0  +  M  *  sin  (2  0  )  if  i|i  <90 
’  3  w  4  w  — 

M(0,90)  -  M^*cos20  -  M,  sin  (2  0  )  if  >90 
’  5  w  4  w  w 

N(9O,O)*sin0^  +  M(9O,O)*cos*0^ 

M(0,90)  -  M(0,0) 

[M(0,0_)  -  M(0,0)  -  M  *sin2(0  O)]/sin(2*0  ) 

wp  Z  wp  wp 

M(0,90)  -  M(180,0) 
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where 


where 


TABLE  6 .  Continued 


Side  Force  =  Y  =  Y  *cos*0  -  L(90,0)*sin2e  *  sin  «|» 

1  w  w  w 

Yj  =  Y(90,0)*sin4'^  +  Y^^sinCaV^) 

^2  ^  ■  Y(90,0)*sin(*l'^)]/sin(2*4>^) 


Rolling  Moment  =  1  =  lj^*cos*0^  +  l(9O,O)*sin20^  *  sin  i|<^ 


1,  =  l(90,0)*sin*F  +  1  *sin(2'l'  ) 

1  V  I  •>  ^  2  '  w 

U  =  -  l(90,0)*8in(4'  )I/sin(2**»'  ) 

2  wp  wp  wp 


Yawing  Moment  =  N  =  Nj^*cos^0^  -  M(9O,O)*sin^0^  *  sin  »|<^ 


N,  =  N(90,0)*sin4'  +  N  *sin(21'  ) 

1  i  ^  2  w 

”2  ^  t’^^’‘'wp»°^  ■  N(90,0)*sin(4'^)]/sin(2*H'^) 


The  force  or  moment  symbols  with  double  subscripts  in  parentheses  (e.g., 
D(0,”90),  M(90,0),  and  N(90,0))  indicate  the  orientation  of  the  fuselage 
with  respect  to  the  wind  for  that  particular  force  or  moment.  The  first 
subscript  is  the  aerodynamic  yaw  angle  VV^')  and  the  second  is  the  aero¬ 
dynamic  pitch  angle  (0  ).  For  example,  D(0,-90)  is  the  drag  at  S'  =0 

and  0  =  -90  .  ”  '' 

w 

The  subscript  p  on  4*^  and  0^  indicates  peak  values.  For  example,  M(O,0^) 

is  the  maximum  pitching  moment  for  0^  <90  at  4*^  =  0  and  occurs  at 

r  =  r  .  The  peak  value  and  angle  for  each  force  and  moment  are  inde- 
w  wp 

pendent  of  the  peaks  for  any  other  force  or  moment. 


where 
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(1)  Bell  Model  209  (AH-lG,  or  Huey  Cobra)  type  fuselage; 
relatively  high  height- to-width  ratio,  low  rectangu¬ 
lar  tail  boom,  aerodynamically  clean  fuselage, 
smooth  faired  pylon,  pointed  nose. 

(2)  Bell  Model  205  (UH-IH,  or  Huey)  type  fuselage:  much 
lower  height- to-width  ratio  than  Model  209;  low  rec¬ 
tangular  tail  boom;  bulky,  aerodynamically  dirty 
fuselage;  low,  blunt  nose. 

(3)  Bell  Model  206  (OH-58A  and  JetRanger)  type  fuselage: 
height-to-width  ratio  between  that  of  the  209  and 
205;  high,  round  tail  boom;  aerodynamically  clecui 
fuselage;  low,  pointed  nose. 

(4)  A  proposed  advcmced  utility  helicopter  type  fuselage: 
height-to-width  ratio  near  unity;  low,  round  tail 
boom;  relatively  clean  aerodynamically  compared  to 
Model  205;  low,  pointed  nose. 

(5)  A  proposed  advcUiced  giinship  type  fuselage:  similar 
to  Model  209  but  with  twin  engine  pods,  round  tail 
boom,  exposed  tail  rotor  drive  shaft,  no  pylon  fair¬ 
ing. 

The  Model  205,  206,  and  209  fuselages  included  skid  gear,  while 
the  two  other  configurations  included  wheeled  landing  gear.  In 
addition,  data  on  the  Model  206  with  inflated  pop-out  float  gear 
were  examined. 

Preliminary  evaluation  of  the  ability  of  the  HAE  model  to  simu¬ 
late  forces  and  moments  in  the  nominal  angle  region  showed  that 
the  HAE  model  could  not  simulate  the  data  within  the  accuracy 
of  the  test  data.  In  particular,  the  aerodynamic  coupling  was 
not  represented  as  precisely  as  needed. 

Consequently,  a  study  was  performed  to  determine  the  set  of 
equations  which  could  best  fit  the  referenced  test  data. 

The  general  equation  chosen  for  the  study  was 


Z 


N 

Co  ^  c, 


[f(x)]^i  [f(y)]‘^i 


(236) 


* 


where 


Z  is  the  force  or  moment  under  consideration, 
X  and  y  are  the  aerodynamic  angles. 
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and  are  the  positive  integer  exponents  for  f(x)  and 
f(y),  and 

are  constant  coefficients 
The  parameters  varied  in  the  study  were  then 

(1)  The  functions  of  x  and  y,  f(x)  and  f(y) 

(2)  The  values  of  the  exponents,  and 

(3)  The  number  of  terms,  N 

The  functions  of  x  and  y  chosen  were  the  angles  themselves  and 
sine  functions  of  the  angles  where  the  sine  functions  had  the 
same  period  as  the  corresponding  variations  in  the  HAE  model, 
i.e.,  sin  (0  )  or  sin  (20  ),  and  sin  (41  )  or  sin  (241  ),  as 
appropriate.  w  w  w 

Initially,  the  values  of  each  exponent  ranged  from  zero  to  five, 
and  up  to  25  terms  were  considered.  Judgement  of  the  quality 
of  the  curve  fit  was  based  on  the  summation  of  the  absolute 
values  of  the  difference  between  calculated  and  measured 
values  divided  Ly  the  uumber  of  data  points  in  the  data  set  and 
on  the  root-mean-squared  error  per  point.  These  parameters  were 
then  compared  to  the  accuracy  of  the  wind  tunnel  data. 

Based  on  preliminary  analysis,  the  general  equation  was  reduced 
to  16  terras  with  exponents  less  than  or  equal  to  three  because 
the  higher  order  terms  did  not  improve  the  fit  enough  to 
warrant  their  inclusion. 

Hence,  the  baseline  equation  for  the  study  was 

Z  =  Cq  +  C^f(x)  +  C2f2(x)  +  C3f3(x) 

+  [C4  +  CgfCx)  +  Cgf2(x)  +  C7f3(x)]f(y) 

+  [Cg  +  Cgf(x)  +  +  C^^f3(x)]f2(y) 

+  (C12  +  +  Cj^4fMx)  +  C3^5f3(x)]f3(y)  (237) 

For  lift,  drag,  and  pitching  moment,  x  is  the  pitch  angle  and  y 
is  the  yaw  angle.  To  obtain  a  physical  or  analytical  feel  for 
this  equation  and  how  the  coefficients  relate  to  measurable 
quantities,  consider  yawing  moment.  In  the  wind  tunnel,  data 
are  generally  obtained  by  sweeping  one  angle  with  the  other 
held  constant.  If  the  pitch  angle  is  constant,  then  Equation 
(237)  can  be  rewritten  for  yawing  moment,  N,  as 


L63 


(238) 


N  =  q[(NQ/q)  +  (N^/q)f +  (N2/q)f2 

+  (N3/q)f3{,),^)] 

where  q  is  dynamic  pressure  on  the  fuselage, 
where 


No/q  =  Cq  +  C^f(e^)  +  C2f2(6^)  +  C3f3(e^)  (239) 

N^/q  =  C4  +  C5f(0^)  +  Cgf2(e^)  +  (240 ) 

Ns/q  =  Cq  +  Cgf(6^)  +  (241) 

=  C^2  ^13^<®w^  ^14^^<®w^  ^15^^<®w>  <242) 

Ng/q,  N^/q,  N2/q/  and  N3/q  are  constant  since  pitch  angle  and 
hence  f(6^)  are  constant-  **2  and  N3  are  small,  and  fC*!*^)  = 
sin  i|(  =  >J)  ,  Equation  (238)  can  then  be  approximated  as 

W  W 

N/q  =  Ng/q  +  (N^/q)  (243) 


which  is  the  familiar  form  of  the  small  angle,  linear  approxi¬ 
mation  for  calculating  yawing  moment.  Hence,  N2/q  and  N3/q  are 

simply  coefficients  to  provide  a  third-order  fit  to  the  wind 
tunnel  yaw  sweep  data. 

Now  consider  that  most  wind  tunnel  tests  have  yaw  sweeps  at 
more  than  one  pitch  angle  and  that  the  values  of  N^/q,  N^^/q, 

N2/q,  and  N3/q  will  generally  be  different  at  different  pitch 

angles.  In  this  case  their  values  can  be  curve  fitted  using 
the  form  of  Equations  (239)  through  (242).  The  resulting 
coefficients  can  then  be  substituted  into  Equation  (238). 
Ei^ati^'n  (238)  will  then  simulate  both  the  conventional  varia¬ 
tion  of  yawing  moment  with  the  yaw  angle  and  the  generally  ne¬ 
glected  variation  of  yawing  moment  with  pitch  angle,  i.e., 
aerodynamic  cross-coupling. 

From  further  analysis  of  the  wind  tunnel  data  and  comparison  of 
the  quality  of  the  cuirve  fits  and  accuracies  of  the  test  data, 
it  was  concluded  that  the  terms  with  the  coefficients  C3,  C.^, 

^10'  *“11'  ^13'  ^14  ^15  deleted  from  Equation  (237) 

for  the  lift,  drag,  and  pitching  moment  equation  and  that  the 
^7'  ^10'  ^11'  ^14'  ^15  could  be  deleted  from  the  side 

force,  rolling  moment,  and  yawing  moment  equations.  The  type 
of  function  used  for  f(9„)  and  f(<|»„)  had  a  very  small  and  random 

W  W 


effect  on  the  quality  of  the  curve  fit.  For  some  data,  the 
polynomial  form,  e.g.,  f(e)  =  8^,  provided  the  best  fit;  for 

other  data,  the  sinusoidal  forms,  e.g.,  f(0)  =  sin(e^),  or 
sin(2e^),  provided  the  best  fit.  Hence,  for  maximum  compati¬ 
bility  with  the  HAE  model,  the  sinusoidal  functions  were  used 
in  the  baseline  equation.  The  resulting  set  of  equations  was 
termed  the  Nominal  Angle  Equations  (NAE)  model  and  is  given  in 
Tables  7  and  8. 

Table  9  is  a  summary  of  the  effect  of  deleting  various  combi¬ 
nations  of  coefficients  from  the  baseline  equation  on  the  qual¬ 
ity  of  the  curve  fit  for  the  Model  206  data.  Data  for  the  other 
fuselages  exhibited  similar  trends  in  quality  of  fit  relative 
to  the  test  data  accuracy. 

From  the  eibove  study  it  was  apparent  that  the  HAE  model  was  not 
sufficiently  accurate  to  model  the  forces  and  moments  in  the 
nominal  angle  case.  The  HAE  model  is  convenient  and  desirable 
in  that  the  equations  are  continuous,  give  the  proper  data 
trends  at  all  fuselage  orientations,  include  some  cross¬ 
coupling  effects,  and  require  relatively  few  inputs.  However, 
only  in  isolated  cases  was  their  accuracy  in  the  nominal  angle 
case  within  the  accuracy  of  the  test  data. 

The  possibility  of  using  the  NAE  model  for  all  fuselage  orien¬ 
tations  was  then  investigated.  The  conclusion  was  that  it  could 
not  be  used  to  replace  the  HAE  model  because  of  the  cross¬ 
coupling  terms  in  the  NAE  model.  As  is  typical  of  most  curve- 
fit  techniques,  extrapolation  beyond  the  range  of  data  fitted 
gives  a  very  poor  fit.  Hence,  it  was  decided  that  both  the 
HAE  and  NAE  models  should  be  included  in  the  revised  mathemati¬ 
cal  model  of  the  fuselage  since  each  model  performs  a  function 
that  the  other  cannot. 

4.2.5  Logic  for  Phasing  and  Use  of  the  High  and  Nominal  Angle 
Equations 

The  transition  from  the  HAE  to  the  NAE  model  and  vice  versa 
should  be  continuous,  smooth,  and  not  cause  any  reversals  or 
sharp  changes  in  slope  not  actually  in  the  data.  Also,  the 
transition  should  be  dependent  on  both  the  pitch  and  yaw  angle. 
The  simplest  parameter  which  can  accomplish  these  objectives 
is  the  complex  angle  of  attack,  a^. 

=  cos"^  ^  (244) 

From  Equation  (244)  and  the  orthogonality  of  the  body  axis 
velocities. 
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TABLE  7.  NOMINAL  ANGLE  EQUATIONS  FOR  LONGITUDINAL 
AERODYNAMIC  FORCES  AND  MOMENTS 


_  .  3FM  .  SFM  . 

FM  =  FM*  +  -  sinV  +  -  sin^V 

°  asiB-p  ”  asin^v 
w  w 


asin  (ANG) 


aCaFM/asin  (ANG)) 


asin>l* 


.  a(an!/asin(ANG)) 

+  -  s 

asin24< 


in^'P  ) 

V 


sin (ANG) 


aFM  .  a(aFM/asin*(ANG)  . 

-  +  - -  siDT 

.«  .  asin'P  w 

^sia^(ANG)  w 


/_aFM - \ 

\asia-(ANG)  / 


sin® (ANG) 


sin® (ANG) 


The  above  equation  represents  the  equations  for  lift  (L) ,  drag  (D) ,  and 

pitching  moment  (M) .  To  obtain  the  complete  equation  for  one  of  the 

forces  or  the  moment,  substitute  its  corresponding  symbol  for  the  repre* 

sentative  variable  FH.  For  lift  and  pitching  moment,  ANG  =  26  ;  for 

drag,  ANG  =  0  .  " 

w 

indicates  the  value  of  FM  at  8  =4^  =  0  . 

0  w  w 
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TABLE  8.  NOMINAL  ANGLE  EQUATIONS  FOR 
LATERAL-DIRECTIONAL  AERO¬ 
DYNAMIC  FORCES  AND  MOMENTS 


™  +  a  V  2  Sine 

0  dsine  w 


lesin  2'K^ 


._^3in3e 

dsin^e  Bsin^e  ^ 

V  w 


aOFM/asin  (2^  )) 

+  - a  a - - —  sine 

as  me  w 

w 


a(aFM/asin(2H'  )) 

+  - sin^e 

asin^e  '* 


;in 


(aFM 
a8in3(24'  ) 


acaFM/asin^cat^))  \ 

Bsine  / 

w  / 


sine  8in*(2t  ) 
w  w 


/  a(aFM/a8in3(2v  ))  \ 

(  — ^ - S!L_  )  Sin3(2y  ) 

\  asin3(2V  )  ''/ 


The  above  equation  is  representative  of  the  equations  for  side  force  (Y) , 
rolling  mosient  (1),  and  yawing  moment  (N).  To  obtain  the  complete 
equation  for  one  of  the  moments  or  the  force,  substitute  its  corresponding 
symbol  for  the  representative  variable  FM. 

FH.  indicates  the  value  of  FM  at  6  =  ¥  =  0  . 

u  w  w 
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TABLE  9.  EFFECT  OF  DELETING  TERMS  FROM  BASELINE 
EQUATION  ON  ACCURACY  OF  CURVE  FITS 


15 

14. 

15 

11, 

14, 

15 

10, 

11. 

14 

7, 

10, 

11. 

7,  10,  11,  13->15 
3,  7,  10,  11,  13->15  * 
3,  6,  7,  10,  11,  13->15 
3,  6,  7,  1(H15 


Summatioa  of 
Divided  by 

Absolute  Value  of  Errors 

Number  of  Points  Fitted 

Lift- 

Drag- 

Pitching 

ft* 

ft* 

Moment-ft* 

Case  1 

Case  2 

Case  1  Case  2 

Case  I 

Case  2 

.4342 

.2576 

.2268 

.0916 

1.6342 

.8054 

.4362 

.2579 

.2267 

.0940 

1.6345 

.8034 

.5093 

.2703 

.2382 

.0939 

2.1877 

1.0667 

.5186 

.2709 

.2381 

.0942 

2.1897 

1.0661 

.5455 

.3543 

.2601 

.1276 

2.1508 

1.1992 

.5520 

.3545 

.2637 

.1299 

2.1505 

1.1991 

.5522 

.3545 

.2651 

.1299 

2.1555 

1.1988 

.5566 

.3544 

.2650 

.1308 

2.1619 

1.1971 

1.2535 

.4979 

.2764 

.1305 

2.3987 

2.1779 

1.2521 

.6190 

.2771 

.1316 

2.8462 

2.7814 

±  0.7 

ft* 

±  0.3 

ft* 

±  2.0 

ft* 
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TABLE  9.  Continued. 


Subscript  of 
Coefficient  of  Terms 
Deleted  from  Baseline 
Equation 

Sumnation  of  Absolute  Value  of  Errors 

Divided  by  Number  of  points  Fitted 

Side  Force- 
ft* 

Rolling  Homent- 
fts 

Yawing  Moment- 
ft® 

Case  1 

Case  2 

Case  1 

Case  2 

Case  1 

Case  2 

None 

.4885 

.2049 

1.1296 

-5673 

2.4860 

1.2110 

15 

.4860 

.2070 

1.2955 

.5675 

2.4623 

1.3004 

14,  15 

.5052 

.2146 

1.2957 

.5685 

2.7781 

1.4318 

11,  14,  15 

.5051 

.2138 

1.3221 

.5730 

2.8010 

1.4279 

10,  11,  14,  15 

.5121 

.2661 

1.3293 

.5949 

2.8181 

1.4301 

7,  10,  11,  14,  15  * 

.7057 

.3734 

2.0218 

.6988 

2.9320 

1.7375 

7,  10,  11,  13->15 

.7180 

.4532 

2.0621 

.7337 

2.9065 

1.9416 

Accuracy  of  test 

±  0.5 

ft2 

±  2.0 

ft® 

±  3.4 

ft® 

data 

Units  of  the  errors  are  force  or  moment  divided  by  dynamic  pressure 
per  point  (ft*/point  or  ft^/point  respectively).  All  data  are  for  a 
0.25  scale  Bell  Model  206  (JetRanger). 

Case  1:  Basic  fuselage  with  skid  gear;  136  data  points  fitted; 

-12  <  9  <  18  ;  y  <  16  to  25  . 

Case  2:  Basic  fuselage  with  inflated  pop-out  floats;  89  data  points 

fitted;  -10  <0  <  18  ;  4*  <  12  . 

^Indicates  the  set  of  coefficients  deleted  from  the  baseline  equation  to 
form  the  programmed  Nominal  Angle  Equation  model.  Baseline  equation  is 
Equation  (211). 


sign  (u) 


(245) 


sin  ot^ 
c 


V 


This  parameter  is  the  angle  between  the  wind  vector  and  the 
body  X-axis.  The  locus  of  the  body  X-axis  for  a  constant  com¬ 
plex  angle  of  attack  is  a  conical  surface  of  revolution  about 
the  wind  vector  (the  positive  wind  X-axis). 

If  the  angle  is  to  be  measured  with  respect  to  the  positive 

wind  Y-axis,  the  alternate  definition  of  is 

c 

=  cos"^  ^  (246) 

These  separate  definitions  are  made  so  that  the  Nominal  Angle 
Equations  can  be  centered  about  either  the  wind  X-axis  (for 
very  precise  simulation  in  forward  and  rearward  flight)  or  the 
wind  Y-axis  (for  sideward  flight).  The  choice  of  which  axis  to 
use  as  the  center  of  the  cone  for  these  equations  has  been  made 
a  user  option. 

Three  inputs  to  the  prograun  (LGF,  and  a^)  control  the  use 

and  phasing  together  of  the  Nominal  Angle  and  High  Angle  Equa¬ 
tions.  LGF  is  a  logic  switch,  while  6.  and  are  boxindary 
c-ngles :  ^  “ 

LGF:  =  0  for  the  region  of  use  of  the  Nominal  Angle 

Equations  to  be  centered  about  the  wind  X-axis. 

^  0  for  the  region  of  use  of  the  Nominal  Angle 
Equations  to  be  centered  about  the  wind  Y-axis. 

a^:  The  value  of  or^  at  the  boundary  between  the 

region  where  the  Nominal  Angle  Equations  are 
used  and  the  region  where  the  two  sets  of 
equations  are  phased  together. 

Ojj:  The  value  of  at  the  boundary  between  the 

region  where  the  High  Angle  Equations  are  used 
and  the  phasing  region. 

The  logical  decisions  made  based  on  these  three  inputs  are 
shown  in  Figure  32. 

Within  the  phasing  region,  the  value  of  individual  forces  and 
moments  is  calculated  using  the  phasing  angle, 


(247) 


Figure  32.  Phasing  of  Fuselage  NAE  and  HAE  Models* 


and  the  following  relationship. 


™<“w1-w>wind  =  “'““ph  ^  ™<“w'1'w>HAE; 


where 


sin^a 


ph 


(248) 


FM  is  a  specific  force  or  moment 

wind  indicates  the  final  wind  axis  value 

NAE  indicates  the  value  from  the  Nominal  Angle  Equation 

HAE  indicates  the  value  from  the  High  Angle  Equation 

4.3  EXAMPLES  OF  THE  FUSELAGE  REPRESENTATION 

Figure  33  is  an  example  of  the  High  Angle  Equation  model  for  a 
medium  utility  helicopter.  Data  for  drag  and  yawing  moment  are 
shown.  Other  data  exhibited  similar  correlation.  Table  10 
is  an  example  of  the  Nominal  Angle  Equation  model  for  a  light 
commercial  helicopter.  The  data  presented  are  a  sample  of  the 
output  of  computer  program  AN9101  discussed  in  the  next  section 
and  consist  of  the  coefficients  of  the  curve  fit  and  a  compari¬ 
son  of  the  input  and  calculated  force  or  moment.  The  quality 
of  the  curve  fit  can  be  judged  by  referring  to  the  columns 
labeled  "DELTA"  (input  minus  calculated  value)  and  "REL-DEL" 
(DELTA  divided  by  input  value)  and  to  the  two  parameters  at 
the  end  of  the  calculations  labeled  "SUM  OF  ABS( ERRORS) /POINTS" 
(the  summation  of  the  absolute  values  of  DELTA  divided  by  the 
number  of  data  points)  and  "RMS  ERROR/POINTS"  (the  square  root 
of  the  suimnation  of  DELTA-squared,  divided  by  the  number  of 
points).  These  data  and  parameters  indicate  that  the  NAE  model 
can  fit  the  input  data  so  closely  that  separate  plots  of  the 
input  and  calculated  data  (e.g.,  contour  or  carpet  plots)  would 
virtually  overlay  each  other. 

4.4  AIDS  TO  DETERMINING  THE  INPUTS  FOR  FUSELAGE  REPRESENTATION 

Included  with  the  Rotorcraft  Flight  Simulation  Program  is  a  sep¬ 
arate  computer  program  designed  to  aid  the  user  in  determining 
the  inputs  to  the  fuselage  representation.  This  program,  desig¬ 
nated  AN9101  curve-fits  force  and  moment  test  data  to  the  Nom¬ 
inal  Angle  Equations  of  C81.  The  output  of  the  program  is  the 
set  of  coefficients  of  each  equation,  a  comparison  of  the  test 
and  calculated  data,  and  parameters  for  estimating  the  quality 
of  the  fit.  At  the  user's  option  the  coefficients  are  punched 
on  cards.  The  format  of  the  punched  output  is  precisely  that 
required  for  input  to  C81.  See  Section  7.3  of  Volume  II  for 
additional  information  regarding  this  program. 
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Figure  33.  Examples  of  Fuselage  Aerodynamic  Representation 
at  Large  Angles  for  a  Medium  Utility  Helicopter, 
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TABLE  10.  EXAMPLES  OF  FUSELAGE  AERODYNAMIC  REPRESENTATION  AT 
SMALL  ANGLES  FOR  A  LIGHT  COMMERCIAL  HELICOPTER 


MAC  data 
CJcfFlClAAlS  Of  teuATllM 


SU0* 

SCRIPT 

NQfP- 

01f9£NSIQMAL 

dimensional 

ACAJ73  INPUT 

00 

2«U 

PT**2 

2*099379 

FT«*2/0£C**0 

AFSI29I 

10 

-0.46 

f1**2 

-0*01iS53 

fTA*2/0EG**l 

XFS(3S) 

20 

6  7 

FT**2 

0.020013 

?rP«2/0CG«A2 

XFSI367 

01 

-1.92 

FT**2 

-0.0S0906 

FTA»2/DEC«»1 

XFSI37I 

ii 

1.02 

FT»*2 

0.00061S 

FT«»2/0EG**2 

XFSUai 

0*69 

f  t*P2 

0.000004 

FI**2/0E6**3 

XFSC39I 

29.93 

n**2 

o*oo9ioa 

FT**2/0feC**2 

XFSC40I 

U 

H**2 

— o.oooolo 

FT#*2/Ce6**3 

XFS(41I 

-10. 9S 

Fl♦•2 

•O.OOOOS0 

F|4*2/0EC**3 

XFS(42I 

I^FU7 

DATA  AND  CAtCULA710NS 

RUN/PI 

PITCH 

VAk 

INPUT  CALCUiATiON 

DELTA 

kEL-OEL 

2iJ 

1 

-11.74 

0.00 

3.3100 

4.0289 

-C.2l9 

-0.05746 

2U 

< 

-10.44 

-14.01 

9.3000 

9.il74 

0.  1b3 

C.01964 

210 

3 

-le.sj 

-12.C1 

6.66O0 

6.4494 

-C.U9 

-0.02844 

210 

4 

-10.45 

-o.ci 

9.930u 

5.1406 

-0.211 

-0.04274 

2  lu 

5 

-10.49 

-O.Oi 

4.S<.jO 

4.5950 

-6.C75 

-0.01466 

219 

t 

-IC.Te 

-4.40 

A.icao 

4.U33 

0.117 

0.02724 

210 

1 

-11.62 

-1.99 

4.0600 

4.U10 

-O.051 

-d.Ol25o 

<10 

i 

-11.34 

-o.ei 

3.8100 

4.6404 

-0.230 

-0 .04tf4e 

210 

S 

-U.6« 

1.99 

3.381.0 

4.C5v7 

-0.171 

-0.043V9 

2  10 

u 

-11.40 

3.99 

4.1a00 

4.1744 

0.003 

0.00081 

210 

11 

-13.61 

4.02 

4.S60C 

4.3949 

C.U3 

0.  03577 

213 

12 

-10.71 

0.42 

3.0300 

4.9044 

C.125 

0.02493 

2  l«tf 

11 

-10.97 

lO.Ci 

8.6300 

5. m3 

0.073 

tf.01291 

213 

14 

-I0.$l 

12.31 

6.3800 

4.4056 

-0.u24 

-C.00401 

<13 

IS 

-10.47 

14.02 

7.3800 

7*>b03 

-0.03U 

-0.004U 

213 

u 

-13.44 

15.99 

8.7900 

b.5024 

0.28b 

0.0327< 

<10 

1 1 

-lull 

0.C3 

3.I3C0 

4.W4  30 

-0.213 

-0.05562 

211 

1 

-t.04 

0.00 

3.1300 

2.9151 

0.215 

C.C6900 

211 

2 

-9.74 

-14.00 

8.2300 

b.&o<8 

0.117 

0.U1429 

<11 

3 

-5.74 

-13.99 

6.8200 

6.3480 

-C.048 

-0, 0u704 

<11 

4 

-r.  75 

-11.99 

8.8700 

5.4030 

•0.233 

-0.44104 

<11 

5 

•5.62 

-JO.Ci 

4.V100 

4.9101 

-0.009 

-0.00902 

<11 

4 

-5.92 

-e.oi 

4.1800 

4.1c67 

-O.OIT 

-0.00403 

211 

7 

-4.05 

-4.01 

3.6900 

3.5865 

0.104 

0.02805 

211 

d 

-4.44 

-4.00 

3.3800 

3.2178 

0.132 

0.03947 

<11 

9 

-4.66 

-2.02 

3.3400 

2.977C 

0.363 

0.10847 

<  11 

10 

-t.94 

-O.OI 

3.1300 

<•9110 

0*218 

0.04978 

211 

11 

-4.97 

1.99 

3. 1900 

2.9422 

0.228 

0.07140 

211 

1< 

-4.99 

3.99 

3.4100 

3.1789 

0.231 

O.C6777 

211 

12 

-4.89 

5.99 

3.4000 

3.5299 

0.070. 

0.01946 

<11 

14 

-4.31 

7.99 

4.1000 

3.9752 

0.2C5 

0.04899 

211 

IS 

-9.84 

9.99 

4.6?00 

4  .6002 

G.050 

0.01070 

211 

10 

-5.74 

li«99 

8.4000 

5.4373 

-0.037 

-0.0C491 

211 

17 

-9.72 

13.99 

6.3100 

4.4345 

-0.124 

-0.01973 

211 

16 

-9.41 

15.V9 

7.8200 

7.5073 

-0.U47 

-0.00629 

211 

19 

-4.98 

0.01 

3.1000 

2.9149 

0.265 

0.08335 

212 

1 

-1.99 

-c.ct 

2.4000 

2.2373 

0.243 

0.09786 

2  12 

2 

-1.9^ 

-25.00 

18.8300 

14.4232 

C.9C7 

0.05839 

212 

3 

-1.95 

-24.00 

14.1900 

13.7217 

0.468 

0*03301 

<12 

4 

-1.96 

-22.00 

11.9600 

U.OOlO 

-0.U41 

-0.00343 

212 

S 

-<•00 

-20.01 

10.0100 

10.4093 

-0.399 

-0.03989 

212 

t 

-1.95 

-10.01 

0. 3900 

8.9242 

-0.536 

-0.06391 

212 

7 

-2.00 

-u.co 

7.0600 

7.5795 

-0.519 

-0.07358 

212 

b 

-1.94 

-14.01 

8.0000 

6.3763 

-0.496 

-0.08440 

2l2 

9 

-1.67 

-12.01 

4.900C 

5.3074 

-0.407 

-0.08314 

212 

10 

-10.01 

4.1700 

4.4C01 

-0.230 

-0.05517 

212 

11 

-1.44 

-0.01 

3.4600 

3.6392 

-0.179 

-C. 05178 

212 

12 

-1.79 

-4.C0 

3.0800 

3.0350 

0.015 

0.00490 

212 

13 

-1.91 

-4.01 

2.7900 

2.6175 

0*172 

0.06183 

<12 

14 

-2.00 

-2.00 

2.6130 

2.3461 

0.264 

0.10112 

212 

19 

-1.94 

-0*01 

2.44CC 

2.2329 

0.207 

0.08486 
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212 

14 

-1.79 

1.99 

2.3100 

2.2763 

0.034 

0.014S* 

212 

11 

-2.CC 

3.99 

2.8400 

2.S144 

0.326 

0.1166S 

212 

19 

-1.99 

6. Cl 

3.0900 

2.9018 

0.188 

C. 06092 

212 

19 

-1.97 

8*01 

3*6000 

3.4465 

0.153 

C. 09263 

212 

20 

-1.97 

9.99 

4.0400 

4.1437 

-0.104  -0.02566 

212 

21 

-2.00 

11*99 

4.6600 

5.0044 

-0.344  -0.07391 

212 

22 

-1.96 

13.99 

S.6000 

6.0119 

-0.412  -0.07356 

212 

23 

-1.57 

19.99 

6.5800 

7*1371 

-0.557  -C.0846e 

212 

24 

-1.5C 

18.01 

7*9100 

8.4415 

-0.532  -C  .06720 

212 

25 

-1.53 

19.99 

9.3600 

9.8590 

-C.499  -C.05331 

212 

26 

-1.72 

21.99 

11. 1100 

11.4270 

-0.317  -0.02853 

212 

27 

-1.64 

23.99 

13*2300 

13*0962 

0.134 

C.CICU 

212 

28 

-1.74 

24.99 

14.3900 

13*9818 

0.408 

0*02637 

212 

29 

-1.97 

c.oo 

2.4100 

2.2354 

0.179 

C. 07244 

213 

1 

8.04 

-O.Cl 

2.5800 

2.2463 

0.334 

C. 12932 

213 

2 

8.22 

-25.01 

15.2400 

14.5526 

0.687 

C.045L1 

213 

3 

8.32 

-24.0C 

14*0500 

13*6519 

0.398 

C.02834 

213 

4 

8.5w 

-22. CC 

11.8900 

11*9514 

-0.061  -0.60917 

213 

5 

8.73 

-20.00 

9.9900 

10.3746 

-0.389  -C.C3d5u 

213 

6 

8.81 

-18.01 

8.3700 

8.9187 

-0*549  —0.06556 

213 

7 

8.79 

-16.01 

7.0900 

r.5799 

-0.490  -C. 06909 

213 

6 

8.83 

-14.01 

9.9400 

6.3862 

-0.446  -C.075i3 

213 

9 

8 . 6C 

-12.CC 

4.9200 

5*3099 

-0.390  -G. 07917 

213 

10 

8.38 

-IC.OC 

4.3100 

4.39C9 

— C.081  —0.01868 

213 

11 

8.25 

-8.Q2 

3.5700 

3.6411 

-0.G71  -C. 01992 

213 

12 

8.1C 

-6.02 

3*0900 

3*0409 

G.U50 

C.olo«2 

213 

13 

6.07 

-4.01 

2.8700 

A.6C94 

0.261 

C.C9C8G 

213 

14 

a.j7 

-2.JC 

2.69J0 

2.3459 

0*344 

G.L2793 

213 

15 

8.04 

C  .  CC 

2.6000 

2.2463 

C.354 

C.1360> 

213 

14 

8.CS 

1.99 

2.6400 

2.3143 

0.326 

C.12Jit. 

213 

17 

8.C7 

3.99 

a.aeoo 

2.5479 

0.312 

C.IC911 

213 

Id 

6.C8 

5.99 

3.1000 

2*9443 

O.iSo 

C.G502.> 

213 

19 

8.09 

6.02 

3.5100 

3.5118 

213 

20 

8.11 

10.0a 

4*wOvC 

4.2318 

-ouiz  -a.jiJ’it 

213 

21 

6.11 

12.01 

4.7700 

9.1C06 

-v.iil  -*.06971 

213 

22 

8.19 

14.01 

5.8700 

6.1316 

-0.062  -*.06<ist 

213 

23 

8.44 

19.99 

7.0100 

7.3126 

-0.703  -0. 0931c 

213 

24 

8.79 

18.01 

8. 260C 

8.6702 

-O.hIu  -9.045OC 

213 

25 

8.83 

2itf  .02 

9.B100 

I0.l26i 

-C.316  -0.0322.! 

213 

26 

8.81 

22.01 

11.8300 

11*6873 

C.143 

O.G12w6 

213 

27 

8.71 

24.02 

13.9100 

13.3752 

0.535 

5.03845 

213 

28 

8.66 

2S.02 

15.1000 

14*2571 

0*843 

O.OSSdA 

213 

29 

6*71 

-0.01 

2.6400 

2.2439 

0.396 

0.150G> 

216 

1 

18.77 

C.cC 

4.06uO 

3.8904 

0.170 

d.w4i7; 

216 

2 

18.06 

-2C.C2 

12.11C0 

11.7792 

0*331 

0.02731 

216 

3 

18.09 

-16.C1 

IC.1800 

10.3020 

-0.122  -d.OllStt 

216 

4 

18.05 

-16.C1 

8.7300 

8*9682 

-G.a36  -0.0272d 

216 

5 

IB.Cd 

-14.01 

7.5400 

7.7807 

-0.241  -0.03142 

216 

6 

18.33 

-11.99 

6.6800 

6.7749 

-0.095  -O.Cl42w 

216 

7 

18.49 

-10. CC 

5*9600 

5*9174 

C.043 

0.00715 

216 

6 

18.6C 

-8. Cl 

5.2300 

5.2036 

0.026 

0. 00505 

216 

9 

18.69 

-6.01 

4.6800 

4.6407 

0.039 

8.G084U 

216 

10 

IS.  73 

-4.01 

4.3200 

4.2292 

0*091 

C. 0210.9 

216 

ll 

18.  75 

-2. Cl 

4.1100 

3.9773 

0*133 

C.C323U 

216 

12 

18.76 

o.cc 

4.0600 

3.6883 

0.172 

C.04229 

216 

13 

18.76 

1.99 

4.1500 

3.9628 

0.187 

C. 04512 

216 

14 

18.75 

4.01 

4*3000 

4.2034 

0.^97 

0.02247 

216 

19 

11.75 

9*99 

4.5300 

4.6036 

-0*074  -0*01625 

216 

16 

18.79 

8.01 

5.0700 

5.1754 

-0.105  -0.0207'^ 

216 

17 

18.07 

10.01 

5.7500 

5*8842 

-0.134  -0*02335 

216 

16 

18.49 

12.C1 

6.5300 

6.7271 

-0.197  -0.03019 

216 

19 

18.35 

13.99 

7.6000 

7.7187 

-0.119  -0.01562 

216 

2C 

18.19 

15.99 

8.7100 

8.8619 

-0.152  -0.01744 

216 

21 

18.09 

17.99 

9.9700 

10.1697 

-0.180  -0*01803 

216 

22 

18.06 

20.02 

11*6700 

11.6261 

0.044 

C.00376 

216 

23 

18.76 

-C.Cl 

4.0600 

3*8926 

0.167 

0.04123 

SUN  Cf  AaSIEJiflOliSI/FOINTSa  O.ZiO^t 
RNS  EaitCR/PCINTS*  0.0267 
SUmOAM)  DEVIATION*  0.2*99 


inputs  pop  ASAJ73 

2.0996  -0.C11S53  CAHO  25 

0.020613  -C.OSOSCp  0.000615  0.000006  O.C09108  -C.OCOOlu  -O.LOOOS*  CAkU  26 
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YAHINO  MOI^EHV  OAT* 


COefflClCATS  Of  AQUATIQM 


sue~  ack- 

SCaiPT  ClfiKSlCKAL 

00  ->.12  fl**3 

IQ  C«A5  fr««3 

20  -A.aa  fi**3 

30  -48.1S  rT**3 

01  fl«*3 

11  84*34  fT4«3 

21  -220.82 

02  3.23  ft*43 

12  -21.21  fT»43 

03  -74.31  fl**3 

13  55. C9  f1»»3 


OlMCHSlDMAi 

-3.T24S0?  ftoo3/0K0»»0 
0*007863  fr#*3/0£6««l 
-0.002444  fT6<»3/t}EG**2 
-0.000253  fTM3/0eG*«3 
5.016450  fY60/D£64«l 
0.051384  ff««3/0£G4*2 
-0.002412  fT^32D£G*43 
0*004004  Ft»»3/D£G*42 
-0*000451  f1««3/0£G«43 
-0.003169  M4»3/0£G*»3 
0.000071  fY«»3/D£6*A4 


acajts  input 

AFSC88I 
XfSIdOi 
XfS(90l 
XfSI91> 
XfS(92l 
Xf5l931 
Xf SI94> 
XFS195I 
Xf S196i 
Xf$i9TI 
XfSfSB) 


tKfUT  CATA  ANU  CALCUUAl lOKS 


AUN/PT 

PITCI* 

7X6 

INPUT  CALCULATICN 

Btir*  kCl-CH 

210 

1 

-11.76 

C  .00 

-5.0400 

-3.7366 

-1.303  C.ZS86CI 

210 

2 

-10.46 

-16. Cl 

-52*1100 

-52.1386 

0.ii9  -C.OOCSi 

210 

3 

-1C. 53 

-12. Cl 

-45*0700 

-45*502C 

0.4J2  -C.C0S5« 

210 

4 

-lj.45 

-8.01 

-39*9800 

-34*6767 

-S.303  0.1326S 

210 

5 

-IC.65 

-6.01 

-34.7300 

-27*6679 

-7.Q6Z  £.2J33<i 

210 

4 

-10. 7t 

-4.CC 

-26.2100 

-20.0894 

-6.i21  C.Z335Z 

210 

7 

-U.4< 

-1.99 

-15.6600 

-11.6311 

-3.i^9 

210 

8 

-ll.Ov 

-C.Cl 

-5.6500 

-3.7758 

-1.07*  L. 33171 

210 

S 

-11.69 

1.99 

8.6100 

4.4CT9 

*.202  C.*lj80» 

210 

10 

-11.4s. 

3.99 

16.4790 

12.5493 

3. *21  £.2380* 

iiO 

LL 

-10. 6i 

o  .  32 

24.3300 

20.7175 

3.612  £.1*8*8 

210 

12 

-10. Tl 

€.C2 

36.5S00 

26.0383 

8.512  £.23288 

210 

13 

-10.57 

IC.Ol 

41.4600 

34.6465 

8.83*  £.18*7* 

219 

14 

-13.56 

12.01 

41*1700 

40.2616 

0.*0e  £.02207 

210 

15 

-U.47 

14.02 

46.8500 

45*0465 

-0.1*8  -0.00*38 

210 

16 

-10.46 

15.99 

49*7900 

48.5635 

1.227  *.02*63 

210 

i? 

-il.81 

C  .CO 

-4.7700 

-3*7346 

-l.*35  C.21706 

211 

1 

-6.9o 

c.oc 

-4.5100 

-3.6103 

-0.700  £.15515 

2U 

2 

-5.76 

—  l6  «Cv 

-58.8700 

—60*1626 

1.2*3  -0.021*6 

211 

3 

-5.76 

'13.99 

-55*6100 

-56.2619 

0.652  '0.01172 

211 

4 

-5.75 

'11.99 

-50.9200 

-51.2818 

0.362  '£. 00711 

21) 

5 

-5.8i 

'10.01 

-42*5000 

-45.2422 

2.7*2  -£.06*52 

211 

6 

-5.92 

'8.C1 

-30*4400 

-38.1976 

7.758  -£.25*85 

2)1 

7 

-t  .05 

-6.01 

-24.0300 

-30.3491 

6.31*  -0.262*7 

211 

a 

-6.46 

-4.Ct 

-24.4500 

-21.7403 

-2.710  C. 11083 

ill 

4 

-6.66 

-2.02 

-15.8200 

-12.9675 

-2.852  £.18031 

211 

IQ 

-6.96 

-C.Cl 

-5.2600 

-3.8556 

-l.*0*  £.266** 

211 

11 

-6.97 

1.99 

6.5000 

5«<21b 

1.278  £.1*668 

211 

12 

-6.99 

3.9S 

15.2790 

14*1309 

1.139  £.£7*86 

211 

13 

-6.65 

5.99 

21.2500 

22*7412 

-l.**l  -C. 07017 

211 

14 

-6.31 

7.99 

23*3900 

31*0945 

-7.705  -0.32*3* 

211 

IS 

-5.66 

9.99 

29.8600 

36.61C4 

-8.950  -0.29*75 

211 

16 

-5.76 

11.99 

41.3500 

45*4572 

-*.107  -0.09*33 

211 

17 

-5.7i 

13.99 

51.0200 

51*0693 

-0.069  -C. 00136 

211 

18 

-5.61 

15.99 

58.0100 

55*7823 

2.228  £.£38*0 

211 

19 

*6.9C 

C.Ol 

-4.3700 

-3*7648 

-a.605  £.138*8 

212 

1 

-1.9S 

-C.Ol 

-2.2600 

-3.7969 

1.537  -C. 68005 

212 

2 

-1.94 

'25.0C 

-73.5800 

-73.9496 

0.370  -C. 00502 

212 

3 

-1.95 

'24.00 

-74*3300 

-73.9058 

-0.*2*  £.00571 

212 

4 

-1.96 

-22.00 

-74*4200 

-13.2315 

-1.189  £.015*7 

212 

5 

-2.CC 

'20.01 

-71*8400 

-71.6073 

-0.233  £.0032* 

2U 

4 

-1.95 

-U.Ol 

-67*7600 

-69*1255 

1.366  -£.02015 

212 

7 

-2.00 

-16.00 

-62*9100 

-65.4156 

2.506  -0.03*83 

212 

8 

-1.96 

-14.0i 

-57*9200 

-60*7845 

2.86*  -£.0*9*6 

212 

9 

-1.87 

-12.01 

-51.9300 

-55.1CG5 

3.171  -0.06105 

212 

10 

-1.9C 

-10*01 

-46.1100 

-4d.3C06 

2.1*1  -0.0*751 

212 

11 

-1.64 

-8.C1 

-42*6900 

-40.6519 

-2.038  £.0*77* 

212 

12 

-1.79 

-6. CO 

-29*4400 

-32.1591 

2.71*  -C. 0*236 

212 

13 

-1.9? 

-4.01 

-20.4400 

-23.0653 

2.625  -0.128** 

212 

14 

-2.C0 

-2.C0 

-10.0400 

-13*5020 

3. *62  '£.3**82 

212 

13 

-1.94 

-0*01 

-0*6100 

-3*7962 

3.186  -5.22330 
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212 

lo 

-U79 

1.99 

7*1800 

6*0244 

1*156 

C. 16094 

212 

17 

-2.00 

3.99 

13*8900 

15*6241 

-1*734 

-0.12484 

212 

la 

-1#99 

6.01 

21*1700 

24*9809 

-3*811 

-€•18001 

212 

19 

-1.97 

8.01 

29*3200 

33.6997 

-4.380 

-C.14938 

212 

20 

-1.97 

9.99 

38*1700 

41*6223 

-3.452 

-€•09045 

212 

21 

-2.00 

11.99 

46*2500 

48*7592 

-2.509 

-0.05425 

212 

Z2 

-1.98 

13*99 

53*1400 

54*9846 

-1.845 

-0*03471 

212 

23 

-1.57 

15.99 

58*8000 

60-6161 

-1.816 

-C.03069 

212 

24 

-1.5C 

18.01 

63*2500 

64.9557 

-1.706 

-0.02697 

212 

2S 

-1.53 

19.99 

64*6200 

68.0746 

-3.455 

-C.05346 

212 

26 

-U72 

21.99 

71*3900 

69*9811 

1.409 

C.01974 

212 

27 

-1.64 

23*99 

72*8400 

71*3816 

1.458 

C.02002 

212 

28 

-1.74 

24.99 

72*5700 

71.5252 

1.045 

O.C1440 

212 

29 

-1.97 

O.OC 

-1*3800 

-3.7476 

2.368 

-1.71563 

213 

1 

8.04 

-C.Cl 

-4*2400 

-4.0047 

-0.235 

C. 05549 

213 

2 

6.22 

-25.01 

-92*8300 

-92.0107 

-0.619 

C. 00683 

213 

3 

8.32 

-24.00 

-91*6200 

-91.(>708 

-0.549 

0.00599 

213 

4 

8.5C 

-22.C0 

-89*2500 

-88.5453 

-0.705 

C.00790 

213 

5 

£.73 

-20 .OC 

-85*9100 

-65.1507 

-0.759 

C.  J08B«» 

213 

6 

8.61 

-18.01 

-62*9100 

-60.7C00 

-2.210 

C.02666 

213 

7 

8.79 

-16.01 

-78.4600 

-75.2181 

-3.242 

0.04132 

213 

6 

8.83 

-14.01 

-72.4500 

-68.8383 

-3.612 

0.04985 

213 

9 

8. 6C 

-12.0C 

-65.1800 

-61.4120 

-3.768 

C.05781 

213 

10 

6.38 

-lO.OC 

-57*2900 

-53.2207 

-4.069 

C. 07103 

213 

11 

8.25 

-8.02 

-46.3400 

-4»4.4190 

-1.921 

C.04145 

2U 

12 

9.10 

-6*02 

-38.6000 

-34.9018 

-3.698 

C. 09581 

213 

13 

e.07 

-4.01 

-28.2600 

-24.8596 

-3.400 

C. 12033 

213 

14 

8.C7 

-2.0C 

-13.3500 

-14.4708 

1.121 

-C.0a39o 

213 

IS 

8.04 

o.cc 

-4.2700 

-3.9520 

-0.318 

C. 07448 

213 

16 

£.05 

1.99 

9.12C0 

6.5139 

2.606 

0.26576 

213 

17 

6.07 

3.99 

20.6300 

I6.8o0a 

3.769 

0.18271 

213 

le 

8.C8 

5.99 

30*6700 

24.8675 

3.603 

0.12398 

213 

19 

£.09 

8.02 

39*0200 

34.5144 

2*506 

C.06421 

213 

20 

8.11 

1C.02 

49*5400 

45.3763 

4.164 

0.08405 

213 

21 

8.11 

12.01 

58*2900 

53.4430 

4.847 

0*06315 

213 

22 

8.19 

14.01 

63.5600 

60.7198 

2.840 

0.04469 

213 

23 

8.44 

15.99 

70*2400 

67.0791 

3.161 

C.04500 

213 

24 

£.79 

18*01 

74*8400 

72*6823 

2*158 

C.02983 

213 

2S 

8.83 

20.02 

73*6800 

77.2591 

•3.579 

-C.04858 

213 

26 

8.81 

22*01 

81 .4000 

8C.8724 

0.528 

0.00648 

213 

27 

8.71 

24.02 

82*7900 

03.6186 

-0.829 

•C.OlOOl 

213 

28 

8.66 

2S.02 

83.4200 

04.6799 

-1.260 

-C.01510 

213 

29 

8.01 

-0.01 

-3.3300 

-4.0023 

0.672 

-C.20189 

214 

1 

18.77 

C.Om 

-C.4500 

-6.0355 

-0.414 

C .06426 

214 

2 

16.06 

-2C.02 

-88.9300 

-90.3076 

1*378 

-C.01549 

214 

3 

18.05 

-18.01 

-83.00C0 

-84.7615 

1.762 

-C.02122 

214 

4 

18.05 

-16. Cl 

-77.  1400 

-76.4544 

1.314 

-0.01704 

214 

5 

18. C8 

-14.01 

-6^.5600 

-71.3759 

1.816 

-C. 02611 

214 

6 

18.33 

-11.99 

>0.3100 

-63*4967 

3.187 

-0.05284 

214 

7 

18.49 

-10. OC 

-52.0000 

-55.0519 

>•052 

•C.05869 

214 

8 

18.60 

-6*01 

-44*3500 

-46.0228 

1.673 

-C. 03772 

214 

9 

18.69 

-6.01 

-37*8700 

-36*4658 

-1.404 

C.03708 

214 

10 

18.73 

-4.01 

-29.6800 

-36.5362 

-3.144 

0.10592 

214 

11 

18.75 

-2.01 

-18 >4900 

-16.3634 

-2.127 

C.11501 

214 

12 

18.76 

G.OC 

-7.4600 

-6.0323 

-1.428 

C.19139 

214 

13 

18.76 

1.99 

3*1000 

4.1649 

-1.065 

-C. 34352 

214 

14 

18.75 

4.01 

15.0000 

14.3447 

0.655 

C.04369 

214 

15 

18.75 

5.99 

25.1900 

2^>014S 

1.176 

C.04667 

214 

16 

18.75 

8.01 

31.8400 

33>4429 

-1.603 

-C.05C34 

214 

17 

18.67 

10.01 

38*9700 

42.2844 

-3.314 

-C.08505 

214 

18 

18.49 

12.01 

48.8800 

50.5623 

-U662 

-C.03442 

21  • 

19 

18.35 

13.99 

57.5000 

58*0364 

-0*536 

-C.C0933 

21  } 

20 

18.19 

15.99 

65*2700 

64*8367 

0.433 

C .00464 

214 

21 

18.05 

17*99 

72*4600 

70.82C8 

1.639 

C. 02262 

214 

22 

18.06 

20.02 

76*0900 

75.9655 

0.125 

0.00164 

214 

23 

tt«78 

-0.01 

-5*7500 

-6.0903 

0.340 

-C.05918 

i««i  c*  «tsif*io«ii/»oiNfs>  z.mi 
•»s  tMOI/»CII»rs«  0«27«f 
tiAMMo  ocvl«rla^^ 


»  .  9  !*•*•  I  ,  (f  I  f  •• 


0*00r««»  002^44  -0.&002S9  CA40 

'••••/4W  •.O04M4  -0.de04»|  -0.00J1«9  0.600071  CAOO 


20 

2e 


The  inputs  to  the  High  Angle  Equations  are  stated  in  terms  of 
the  value  of  force  or  moments  divided  by  dynamic  pressure  at 
specific  aerodynamic  euigles.  Provided  sufficient  test  data  are 
available,  these  inputs  can  be  read  directly  from  plots  of  ^e 
data.  If  test  data  are  insufficient  or  not  available,  the  in¬ 
puts  can  be  estimated  by  analytically  determining  the  forces 
(particularly  drag  force  or  equivalent  flat  plate  area)  and  the 
location  of  the  fuselage  center  of  pressure  at  the  appropriate 
orientations . 

Jorgensen's  work  (References  23  and  24)  was  published  shortly 
after  the  development  of  the  current  fuselage  representation. 
The  engineering-type  methods  which  are  presented  in  the  refer¬ 
enced  reports  are  in  general  agreement  with  the  HAE  model. 
However,  no  attempts  were  made  to  incorporate  Jorgensen's 
methods  directly  into  C81  because  of  the  large  amount  of  geo¬ 
metric  data  on  the  body  required,  the  high  Mach  number  range 
for  which  the  methods  were  derived,  and  the  uncertainty  of  the 
validity  limits  of  the  methods.  Regardless,  the  methods  may  be 
helpful  and  should  be  considered  when  estimating  the  inputs  to 
the  HAE. 


2 3 Jorgensen,  L.  H.,  PREDICTION  OF  STATIC  AERODYNAMIC  CHARAC¬ 
TERISTICS  FCMl  SPACE-SHUTTLE-LIKE  AND  OTHER  BODIES  AT  ANGLES 
OF  ATTACK  FROM  0“  TO  180®,  NASA  TN  D-6996,  January  1973. 

2 4 Jorgensen,  L.  H. ,  A  METHOD  FOR  ESTIMATING  STATIC  AERODYNAMIC 
CHARACTERISTICS  FOR  SLENDER  BODIES  OF  CIRCULAR  AND  NONCIRCU¬ 
LAR  CROSS  SECTION  ALONE  AND  WITH  LIFTING  SURFACES  AT  ANGLES 
OF  ATTACK  FROM  0®  TO  90®,  NASA  TN  D-7228,  April  1973. 
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5.  AERODYNAMIC  SURFACE  MATHEMATICAL  MODEL 


5.1  INTRODUCTION 

In  the  course  of  developing  C81,  mathematical  models  have  been 
incorporated  for  aerodynamic  surfaces.  The  earliest  versions 
of  the  program  contained  very  simple  models  for  a  wing  and  a 
horizontal  stabilizer.  When  lateral-directional  degrees  of 
freedom  were  added,  a  vertical  stabilizing  surface  was  added. 
Although  minor  improvements  were  subsequently  made  to  each  of 
the  three  models,  each  model  remained  distinct  and  appliced>le 
only  to  a  specific  surface.  The  most  serious  shortcomings  of 
these  models  was  that  they  were  restricted  to  simulating  sur¬ 
faces  that  were  parallel  to  either  the  horizontal  or  vertical 
planes  of  the  fuselage.  Specifically,  the  wing  and  horizontal 
stabilizer  had  to  be  in  the  body  X-Y  plane  and  the  vertical 
stabilizer  in  the  body  X-Z  plane.  In  accordance  with  these 
restrictions,  the  models  were  referred  to  as  the  wing-elevator- 
fin  models. 

The  current  model  for  aerodynamic  surfaces  was  developed  to 
remove  the  restrictions  inherent  to  the  previous  collection 
of  models.  The  primary  goal  in  the  development  of  the  current 
model  was  to  provide  a  single  model  which  could  be  used  for 
any  surface  at  any  orientation  with  respect  to  the  body.  Other 
desirable  features  were: 

(1)  A  better  representation  for  the  flow  field  at  each 
surface  and  the  effect  of  surface  geometry  on  the 
aerodynamic  characteristics. 

(2)  The  inclusion  of  aerodynamic  pitching  moment  charac¬ 
teristics  for  each  surface. 

(3)  The  capability  of  simulating  flaps  or  control  sur¬ 
faces  on  each  aerodynamic  surface. 

(4)  The  capability  of  simulating  a  wing  and  four  stabi¬ 
lizing  surfaces. 

5.2  DEVELOPMENT  OF  THE  MATHEMATICAL  MODELS 

The  complete  aerodynamic  surface  mathematical  model  was  broken 
into  four  submodels  for  development  purposes:  the  flow  field 
model,  the  chord  line  orientation  model,  the  aerodynamic  angles 
model,  and  the  surface  aerodynamic  model.  The  flow  field  and 
chord  line  models  were  defined  to  be  completely  independent  of 
each  other  with  their  output  being  combined  to  define  the  aero- 
dyneunic  angles  in  the  third  model.  These  three  models  com¬ 
pletely  replaced  the  comparable  models  which  were  part  of  the 
previous  wing-elevator- fin  models. 
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The  current  mathematical  model  for  computing  the  aerodynamic 
force  and  moment  coefficients  is  a  minor  update  and  expansion 
of  the  previous  representation.  The  major  differences  include; 

(1)  Changes  to  specific  equations  to  improve  the  simu¬ 
lation  of  the  effects  of  surface  geometry. 

(2)  The  addition  of  a  pitching  moment  coefficient  to  the 
model . 

(3)  A  method  for  modifying  the  coefficients  computed  for 
flap,  or  control  surface,  deflection. 

5.2.1  Flow  Field  Model 

In  the  development  of  the  mathematical  model,  the  flow  field  at 
each  aerodynamic  surface  was  considered  to  be  dependent  on  the 
aerodynamic  angles  of  the  fuselage,  the  location  of  the  surfaces 
with  respect  to  the  fuselage,  and  velocity  components  induced  at 
the  surface  by  the  rotor(s).  In  addition,  the  flow  field  at 
each  stabilizing  surface  was  considered  to  be  dependent  on  the 
wing  lift  coefficient  and  location  of  the  surface  with  respect 
to  the  wing. 

Although  C81  has  been  developed  exclusively  for  siibsonic,  in¬ 
compressible  aerodynamics  of  the  airframe  components,  the  in¬ 
compressible  flow  interactions  of  aerodynamic  surfaces  on  the 
flow  fields  of  each  other  and  the  wing  have  been  neglected. 

These  interactions  were  neglected  primarily  because  of  the 
iterative  procedure  which  would  be  required  if  each  surface 
could  affect  the  flow  field  at  every  other  surface.  Since  most 
stabilizing  surfaces  are  located  well  aft  of  wings,  it  is 
reasonable  and  justifiable  to  neglect  the  effect  of  the  surfaces 
on  the  flow  field  at  the  wing.  Neglecting  the  interactions  be¬ 
tween  individual  stabilizers  was  also  considered  justified  be¬ 
cause  most  stabilizing  surfaces  fall  into  one  of  the  three 
following  categories  where  mutual  interference  is  minimal: 

(1)  They  are  at  approximately  right  angles  to  other 
surfaces . 

(2)  If  parallel,  the  planes  of  the  surfaces  are  generally 
separated  by  distances  greater  than  the  span  of 
either  surface,  or 

(3)  They  are  separated  (end  plated)  by  major  structure 
such  as  the  fuselage  or  tail  boom. 

In  the  unusual  case  of  two  surfaces  in  approximately  the  same 
plane  and  only  a  few  chord  lengths  apart,  the  input  data  used 
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in  the  aerodynamic  coefficient  computations  can  be  modified  to 
yield  a  reasonable  simulation  of  the  situation,  e.g.,  reduce 
the  lift-curve  slope  by  the  ratio  of  downwash  to  angle  of 
attack  (de/da). 

The  flow  field  model  computes  in  the  following  order:  the 
effects  of  the  fuselage,  the  wing  (for  stabilizers  only),  rotor 
wash,  fuselage  angular  velocities,  and  gusts  on  the  local  flow 
field. 

Figure  34  is  a  flow  chart  of  the  model  as  currently  programmed. 
Most  of  the  actual  equations  used  are  given  in  the  User's  Manual 
(Volume  II,  Sections  3.14  and  3.15).  The  basic  inputs  to  the 
model  are  the  body-axis  components  of  the  flight  path  velocity, 
and  the  outputs  are  the  body-axis  components  of  the  local  ve¬ 
locity.  The  equations  were  empirically  derived  from  several 
rotorcraft  wind  tunnel  tests.  It  was  felt  that  none  of  the 
analytical  methods  were  general  enough  to  provide  the  necessary 
simulation.  The  first  step  in  the  model  is  to  compute  the  down- 
wash  and  sidewash  angles  due  to  the  fuselage  (e^  and  a^, 

respectively)  at  the  surface  center  of  pressure  from  program 
input  data  and  the  fuselage  aerodynamic  angles.  The  three 
body-ectis  components  of  velocity  are  then  reduced  to  account 
for  dynamic  pressure  loss  and  assumed  to  be  acting  in  an  aucis 
system  which  is  oriented  by  Euler  rotations  of  degrees  of 

yaw  and  degrees  of  pitch  with  respect  to  the  body  axis. 

Next,  the  velocities  are  resolved  back  to  body-axis.  For  sta¬ 
bilizers,  these  recomputed  velocities  are  then  reduced  for  dy¬ 
namic  pressure  loss  due  to  the  wing  and  are  assmned  to  be 
acting  in  an  axis  system  which  is  pitched  degrees  with 

respect  to  the  body,  where  is  the  downwash  angle  at  the 

stabilizer  due  to  the  wing.  Next,  the  velocities  are  resolved 
back  to  body  axis  and  are  termed  the  basic  local  velocities. 

Finally,  the  body-axis  components  of  linear  velocity  at  the 
appropriate  surface  due  to  rotor  wash,  angular  velocities  of 
the  surface  center  of  pressure  about  the  aircraft  center  of 
gravity,  and  those  due  to  gusts  are  superimposed  on  the  basic 
local  velocities  to  yield  the  total  local  flow  components  in 
body  axis:  Ugg,  Vgg,  Wgg  for  the  X,  Y,  and  Z  components,  re¬ 
spectively.  These  components  are  then  used  in  the  aerodynamic 
angles  model  as  discussed  in  Section  5.2.3. 

5.2.2  Chord  Line  Orientation  Model 

The  current  surface  model  provides  a  method  for  specifying  the 
orientation  of  the  axis  of  incidence  change  and  the  chord  line 
of  each  surface  with  respect  to  the  aircraft.  The  initial 
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Figure  34.  Flow  Chart  for  Flow  Field  Model. 
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Figure  34.  Concluded. 
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step  in  the  development  of  the  chordline  orientation  model  was 
to  define  a  new  reference  system.  This  system,  referred  to  as 
the  Aerodynamic  Surface  Reference  System,  was  defined  to  be  a 
right-handed  coordinate  system  with  its  origin  at  the  center  of 
pressure  of  a  surface  and  the  reference  airfoil  section  in  the 
X-Z  plane  of  the  system.  Each  of  the  four  stabilizing  surfaces 
was  assigned  its  own  independent  system  while  the  right  and 
left  panels  of  the  wing  were  assigned  systems  that  were  depen¬ 
dent  on  each  other,  but  independent  of  the  stabilizing  surfaces 
The  orientation  of  each  system  was  then  defined  with  respect  to 
the  body  reference  system  by  two  ordered  rotations: 

(1)  T:  a  positive  rotation  about  the  body  X  axis;  a 

dihedral  angle  rotation,  and 

(2)  i:  a  positive  rotation  about  the  Y  axis  which  has 

been  rotated  through  P  previously;  an  incidence 
rotation . 

Within  the  model,  it  was  most  convenient  to  define  both  posi¬ 
tive  r  and  i  as  right-handed  rotations.  However,  this  defi¬ 
nition  would  say  that  a  surface  on  the  right  side  of  an  air¬ 
frame  with  its  outboard  tip  down  would  have  a  positive  dihedral 
angle.  This  definition  would  not  be  compatible  with  a  de¬ 
signer's  normal  definition:  dihedral  angle  is  positive  for 
the  outboard  tip  up,  whether  a  surface  is  on  the  right  or  left 
side  of  the  airframe.  In  addition,  confusion  results  when 

trying  to  define  the  dihedral  angle  of  a  vertical  or  ventral 

_ 


After  considering  several  different  conventions,  it  was  decided 
to  use  the  positive  right-handed  rotation  within  the  program, 
but  to  define  another  convention  for  input  purposes,  i.e.,  a 
user-oriented  convention.  The  input  convention  is  keyed  to  the 
buttline  location  of  the  center  of  pressure  (cp)  of  the  surface 
If  the  cp  is  at  or  to  the  left  of  the  centerline  of  the  air¬ 
frame  (Buttline  <0.0),  positive  P  is  a  right-handed  rotation 
about  the  body  X  axis.  If  the  cp  is  to  tlie  right  of  the  cen¬ 
terline  (Buttline  >0.0),  positive  dihedral  is  a  left-handed 
rotation  about  the  body  X  axis.  Hence,  to  the  user,  positive 
dihedral  is  simply  outboard  tip  up. 

With  this  convention,  a  vertical  fin  with  sweepback,  its  cp  at 
Buttline  0.0,  and  its  incidence  defined  to  be  positive  for 
leading  edge  right  would  have  a  dihedral  angle  of  +90  degrees. 
Simiarly,  a  swept-back  ventral  fin  with  its  cp  at  Buttline  0.0 


185 


1 


J 

] 


would  have  a  dihedral  angle  of  -90  degrees  and  positive  inci¬ 
dence  would  be  leading  edge  left.  This  convention  for  input 
data  is  illustrated  in  Figure  35. 

5.2.3  Aerodynamic  Angles  Model 

The  aerodynamic  erngles  of  attack  and .sideslip,  respectively, 
used  to  compute  the  aerodynamic  coefficients  are  measured  with 
respect  to  the  aerodynamic  surface  reference  system  discussed 
in  the  preceding  section.  The  first  step  in  defining  these 
angles  is  to  trcuisform  the  body-axis  components  of  the  total 
local  flow  velocity  determined  by  the  flow  field  model  into 
the  surface  reference  system.  These  surface  reference  compo¬ 
nents  of  the  total  local  flow  are  then  used  to  define  the  two 
aerodynamic  angles  in  the  conventional  manner. 

Og  =  tan”^ 

pg  =  tan“^  (Vg/V^g)  (250) 

where  u  ,  v  ,  and  w  are  the  X,  Y,  and  Z  velocity  components, 

S  S  8 

respectively,  in  the  surface  reference  system,  and 


AS 


^ u_2  +  +  w„2 

*  s  s  s 


(251) 

The  Mach  number  at  the  aerodynamic  surface  is  then 

”aS  =  ^AS/^S  <252) 

5.2.4  Surface  Aerodynamic  Model 

The  C81  user  has  the  option  of  computing  the  C^,  and  Cj^ 

aerodynamic  coefficients  of  a  surface  from  sets  of  data  tables  ^ 

or  from  equations.  Each  set  of  data  tables  consists  of  a  table 
for  each  of  the  three  coefficients  where  each  table  is  a  func¬ 
tion  of  the  surface  angle  of  attack  and  Mach  number. 

Although  the  rotor  blade  aerodynamics  and  aerodynamic  surface  ^ 

representations  have  access  to  the  same  group  of  five  sets  of 
data  tables,  these  sets  must  not  be  used  interchangeably. 

Tables  used  for  rotor  aerodynamics  must  represent  the  airfoil 
section,  or  two-dimensional  characteristics,  while  tables  used 
for  aerodynamic  surfaces  must  represent  the  surface,  or  three- 
dimensional  characteristics . 
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The  mathematical  model  for  determining  the  coefficients  from 
equations  is  described  in  detail  in  Section  3.14.2  of  Volume  II 
of  this  report.  The  major  change  to  the  model  documented  in 
References  1  and  2  is  the  introduction  of  the  concept  of  ef¬ 
fective  aspect  ratio  and  effective  sweep  angle.  Based  on  the 
work  in  Reference  25,  the  effective  sweep  angle  is 


A*  =  A^/2  . 


I 


p  for  the  trailing  panel  of  a  swept  surface 


p  for  the  leading  panel  of  a  swept  surface 

(253) 


where  I^y/2  sweepback  of  the  half-chord  line,  and  p 

is  the  sideslip  angle.  This  effective  sweep  angle  also  im¬ 
pacts  on  the  aspect  ratio  to  yield  an  effective  ratio 


A*  =  eA  cos2(a*)/cos2(Aj^^2) 


(254) 


where  A  is  the  geometric  aspect  ratio,  and  e  is  the  spanwise 
efficiency  factor.  The  factor  of  one-half,  which  is  included 
in  the  equation  for  A  in  Reference  26,  is  replaced  here  by  the 
spanwise  efficiency  factor  since  this  analysis  was  developed 
for  a  total  surface,  not  a  single  panel  (half  of  a  surface). 
Also  in  Equation  (253),  the  concepts  of  leading  and  trailing 
panels  are  referenced  to  the  surface  rather  than  to  a  panel. 
Hence, 


A*  = 


^1/2  ~  Ps 


(255) 


where  y  is  the  buttline  of  the  surface  cp. 


The  development  of  the  equation  for  the  three-dimensional  lift 
curve  slope  of  an  aerodynamic  surface  in  Reference  25  was  com¬ 
pared  to  the  equivalent  equation  in  Reference  26.  Converting 
the  nomenclature  of  these  two  references  to  that  of  this  re¬ 
port,  and  introducing  the  effective  sweep  and  aspect  ratio 


2®Polhamus,  E.  C.,  and  Sleeman,  W.  C.,  Jr.,  THE  ROLLING  MO¬ 
MENT  DUE  TO  SIDESLIP  OF  SWEPT  WINGS  AT  SUBSONIC  AND  TRAN¬ 
SONIC  SPEEDS,  NASA  TN  D-209,  February  1960. 

*®USAF  STABILITY  AND  CONTROL  DATCOM,  U.S.  Air  Force  Flight 
Dynamics  Laboratory,  Wright-Patterson  Air  Force  Base, 
Ohio,  February  1972. 

2^Etkin,  Bernard,  DYNAMICS  OF  FLIGHT,  New  York,  N.Y.,  John 
Wiley  and  Sons,  1967,  pp.  447-453. 


parameters  yielded  the  identical  equation  for  three-dimensional 
lift  curve  slope: 

=  (2  A*)  /|2  +  J(2  AVao)‘  [1  +  {tan2  AVd-MMll  +  4| 

(256) 

where  a^  is  the  experimental  two-dimensional  lift  curve  slope, 

and  M  is  Mach  niimber.  Equation  (256)  was  then  evaluated  over 
a  wide  range  of  aspect  ratios  and  sweep  angles.  These  results 
were  compared  to  the  charts  in  Reference  27  and  showed  very 
good  agreement. 

The  model  for  the  effect  of  control  surface  deflection  on  the 
aerodynamic  coefficients  of  a  surface  was  taken  from  the  charts 
of  Reference  28.  Equations  were  empirically  derived  to  fit  the 
type  of  data  presented  in  the  referenced  report.  The  equations 
compute  increments  which  are  added  to  the  coefficients  computed 
for  zero  deflection.  This  approach,  rather  than  a  detailed  an¬ 
alytical  model  of  the  effects  of  deflection,  was  chosen  so  that 
test  data  could  more  easily  be  input  to  the  program  and  so  that 
the  model  would  be  well  suited  to  parametric  analysis. 

5.3  EXAMPLES  OF  THE  REPRESENTATION 

An  example  of  the  current  mathematical  model  for  aerodynamic 
surfaces  is  shown  in  Figure  36.  This  figure  is  a  plot  of  a 
set  of  level-flight  trim  conditions  from  100  to  260  knots  for 
the  Bell  Model  533  High-Performance  Helicopter  (HPH).  Several 
versions  of  this  compound  research  helicopter  were  flight  tested 
under  contract  to  USAAMRDL.  The  configuration  selected  for 
simulation  was  the  one  flown  in  1968  and  1969.  The  significant 
configuration  parameters  were  as  follows: 

(1)  two-bladed,  teetering,  low-twist  main  rotor 
(44- foot  diameter) 

(2)  a  78.4-ft2  wing  with  flaps,  ailerons,  and  spoilers 

(3)  two  JT12A-3  jet  engines,  one  mounted  on  each  wing 
tip 

2*Young,  A.  D.,  THE  AERODYNAMIC  CHARACTERISTICS  OF  FLAPS, 

British  Aeronautical  Research  Council  RM  No.  2622, 

February  1947  (also  printed  as  R.A.E.  Report  Aero.  2185, 

August  1947). 
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Comparison  of  Test  and  Simulation  Data  for  the 
Bell  Model  533. 
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(4) 

A  35.0-ft*  controllable  stabilator  mounted  on 
tail  boom 

the 

(5) 

a  5.86-ft2  fixed  incidence  stabilizer  mounted 
the  top  of  the  vertical  fin 

at 

(6) 

a  19.95-ft2  vertical  fin  with  a  sealed  rudder 
ventral  fin) 

(no 

(7) 

a  convertible  control  system  which  allowed  control 
of  the  aircraft  using  either  standard  rotor  controls 
or  fixed-wing  type  control  surfaces,  or  a  combination 

of  both. 

At  the  time  of  the  HPH  flight  tests,  the  version  of  the  Rotor- 
craft  Flight  Simulation  Computer  Program  then  in  use  was  con¬ 
siderably  less  sophisticated  than  the  current  version.  Con¬ 
sequently,  many  of  the  data  now  needed  or  desirable  for  a  com¬ 
plete  input  data  deck  were  never  developed  in  the  course  of 
flight  and  wind  tunnel  tests  and  analyses  of  the  aircraft. 
Regardless,  the  simulation  data  shown  in  Figure  36  follows  the 
trends  and  magnitudes  of  the  available  test  data  quite  well. 

In  level  flight,  the  pitch  attitude  and  angle  of  attack  should 
be  equal.  The  scatter  in  these  data  shown  in  Figure  36  indi¬ 
cates  that  either  the  test  data  are  slightly  inaccurate  or  the 
flight  condition  was  actually  a  mild  climb  or  descent  rather 
than  level  flight  as  indicated  in  the  flight  test  reports,  or 
a  combination  of  both.  All  simulation  data  were  computed  as 
level  flight  cases,  and  the  two  angles  were  equal.  Also,  the 
test  reports  emphasize  that  the  rotor  thrust  data  are  estimates 
based  on  blade  bending,  not  direct  thrust  measurements. 

In  the  course  of  gathering  the  data  for  the  input  deck  from 
previous  C81  decks  and  test  reports,  several  inconsistencies 
were  noted  in  the  rigging  definitions  for  rotor  controls,  aero¬ 
dynamics  surface  incidences,  and  the  convertible  control  system. 
Average  values  were  used  as  input  data  when  such  conflicts  were 
apparent . 

Consequently,  in  view  of  the  absence  of  current  data  on  the 
HPH,  the  fact  that  it  is  no  longer  on  flight  status  (which 
precludes  new  rigging  checks),  and  the  nature  of  the  test  data, 
the  correlation  of  the  simulation  and  the  test  data  are  con¬ 
sidered  to  be  excellent.  This  situation  indicates  the  validity 
of  the  current  mathematical  model  for  aerodynamic  surfaces,  as 
well  as  the  accuracy  of  the  program  as  a  whole. 
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6.  EXTERNAL  STORES/AERODYNAMIC  BRAKES  MATHEMATICAL  MODEL 


6.1  GENERAL 

The  current  version  of  C8l  includes  the  capability  of  simulat¬ 
ing  the  effects  of  external  stores  and  aerodynamic  brakes.  The 
input  group  for  the  store/brake  model  consists  of  four  subgroups 
where  each  siibgroup  is  independent  of  all  other  subgroups  and 
may  represent  either  a  store  or  a  brake.  The  mathematical 
models  for  the  stores  and  brakes  were  developed  concurrently, 
and  each  requires  essentially  the  same  inputs. 

The  features  which  are  common  to  both  models  are  simulation  of 

(1)  aerodynamics  lift,  drag,  and  side  force,  and 

(2)  the  influence  of  dynamic  pressure  loss  and  local 
flow  orientation  on  the  aerodynamics  forces. 

In  addition  to  the  common  features,  the  aerodynamic  brake  model 
provides  for  changing  the  brake  deployment  ( i . e . ,  the  magnitude 
of  the  aerodynamic  forces)  during  maneuvers,  while  the  store 
model  can  simulate  store  drops  or  jettisons  during  maneuvers. 

Development  of  the  two  models  began  by  reviewing  the  store/ 
brake  confi^rations  and  maneuvers  which  had  previously  been 
simulated  with  artificial  inputs  to  the  jet,  weapons,  and 
other  groups.  Next,  program  users  were  questioned  as  to  what 
features  they  felt  were  mandatory,  desirable,  and  convenient 
for  the  store/brake  models.  Also,  recent  flying  qualities 
design  and  test  specifications  were  reviewed  to  assure  that  the 
models  would  be  able  to  simulate  the  demonstrations  required  by 
them.  From  these  discussions  and  investigations,  the  features 
noted  above  were  chosen  for  the  models. 

6.2  DEVELOPMENT  OF  THE  MATHEMATICAL  MODELS 

The  model  for  the  aerodynamic  forces  for  both  stores  and  brakes 
was  taken  directly  from  the  High  Angle  Equation  (HAE)  model 
developed  for  the  fuselage  group  (see  Section  4.2.3  and  Table 
6 ) .  The  HAE  model  equations  for  the  aerodynamic  moments  of 
store/brakes  about  their  own  center  of  gravity  were  not  in¬ 
cluded  because  of  their  small  magnitude  for  most  stores  and 
brakes.  However,  inputs  are  provided  for  locating  the  store/ 
brake  aerodyncunic  center  at  a  stationline  different  from  its 
centei  of  gravity  and  to  move  the  aerodynamic  center  as  a 
function  of  angle  of  attack.  This  feature  is  most  applicable 
to  large  stores.  It  is  intended  that  analytical  inputs  be  used 
to  approximate  the  aerodynamic  moments  about  the  store  center 
of  gravity,  since  test  data  for  stores  are  generally  limited. 


Each  model  also  includes  simple  approximations  for  the  influ¬ 
ence  of  nearby  structure  eUid  rotor  downwash  on  the  flow  field 
at  the  store/brake.  The  influence  of  nearby  structure  is  rep¬ 
resented  by  reducing  the  ma^itude  of  the  free-stream  velocity 
vector  at  the  fuselage.  This  reduction  factor  has  the  form  of 

%  = 

where  is  the  input  for  dynamic  pressure  loss,  and  is 

then  the  scalar  by  which  the  velocity  vector  is  multiplied. 

The  value  of  r]^  is  independent  of  all  aerodynamic  angles. 

The  effect  of  rotor  downwash  on  the  local  flow  field  is  ac¬ 
counted  for  in  the  same  manner  as  it  is  for  the  aerodynamic 
surfaces.  That  is,  the  average  induced  velocity  at  the  rotor 
disc  is  multiplied  by  an  input  constant,  assumed  to  be  acting 
parallel  to  the  rotor  mast,  and  then  added  vectorially  to  the 
local  velocity  which  was  reduced  for  dynamic  pressure  loss. 

The  constant  which  multiplies  the  induced  velocity  is  indepen¬ 
dent  of  all  aerodynamic  angles.  Representation  of  downwash  and 
sidewash  due  to  the  fuselage  and  a  more  sophisticated  model  of 
dynamic  pressure  loss  are  not  included  because  of  the  general 
lack  of  good  test  data  or  means  of  analytical  prediction.  In 
view  of  the  interactions  of  the  rotor  downwash  with  other  parts 
of  the  airframe  prior  to  affecting  the  flow  field  at  the  store, 
the  simple  model  of  a  constant  times  the  induced  velocity  is 
considered  to  be  adequate  for  the  store/brake  model.  As  the 
sophistication  of  the  rotor  wake  analysis  is  enhanced  in  future 
versions  of  C81,  it  is  anticipated  that  the  representation  of 
the  effects  of  rotor  downwash  on  such  airframe  components  as 
stores  and  brakes  will  also  be  improved. 

The  above  discussion  summarizes  the  common  features  of  the 
store  and  brake  mathematical  models.  The  features  unique  to 
each  model  are  discussed  below.  To  determine  whether  a  sub¬ 
group  represents  a  store  or  a  brake,  the  model  checks  the  value 
of  the  input  for  weight.  If  the  weight  is  greater  than  zero, 
the  subgroup  is  treated  as  a  store;  if  less  than  zero,  as  a 
brake;  and  if  equal  to  zero,  the  subgroup  is  ignored. 

6.2.1  Aerodynamic  Brake  Model 

The  primary  purpose  of  the  aerodyncunic  brake  model  is  to  simu¬ 
late  an  aerodynamic  force  whose  magnitude  is  a  function  of  not 
only  the  local  aerodyneunic  angles  and  dynamic  pressure,  but 
also  of  the  position  of  an  appropriate  control  in  the  cockpit. 
The  model  incorporates  a  brake  deployment  control  to  accomplish 
this  task. 
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The  control  position  is  input  to  the  model  as  a  percentage  of 
full  deployment,  where  full  deployment  of  the  brake  results  in 
the  aerodynamic  forces  as  calculated  from  the  force  equations 
using  the  local  aerodynamic  angles  and  dynamic  pressure.  The 
full  deployment  forces  are  then  multiplied  by  the  fraction  of 
full  control  displacement,  resolved  to  body  axis,  and  included 
in  the  force  and  moment  summary. 

During  the  TRIM  procedure,  the  control  position  is  fixed  at  its 
input  value.  Then,  in  the  maneuver  section  of  the  program,  the 
position  can  be  changed  to  simulate  the  deployment  or  retrac¬ 
tion  of  the  aerodynamic  brake.  The  model  does  not  restrict  the 
control  to  being  between  0  and  100  percent,  nor  the  drag  to 
being  positive.  Hence,  if  the  need  arises,  negative  control 
positions  or  negative  drag  areas  (not  both  simultaneously)  can 
be  input  to  simulate  propulsive  forces  which  are  proportioned 
to  dynamic  pressure  and  act  parallel  to  the  local  flow. 

6.2.2  External  Store  Model 

The  purpose  of  the  external  store  model  is  to  simulate  the 
aerodynamic  forces  acting  on  external  stores,  the  contribution 
of  stores  to  weight,  center-of-gravity  location,  and  inertia  of 
the  total  aircraft,  2uid  the  reaction  force  caused  by  store 
jettison.  The  aerodynamic  forces  are  represented  in  the  same 
manner  as  are  the  forces  on  the  aerodynamic  brake  except  that 
the  calculated  forces  are  not  affected  by  the  input,  or  com¬ 
manded,  value  of  the  deployment  control  position. 

The  first  version  of  the  store  model  required  that  the  store 
weight  eUid  inertias  be  reflected  in  the  weight,  center  of  grav¬ 
ity,  emd  inertial  inputs  to  the  fuselage  group.  This  require¬ 
ment  proved  very  cumbersome  in  that  the  user  had  to  locate,  or 
in  most  cases,  calculate,  these  mass  properties  for  each  store 
configuration  of  interest.  Hence,  the  model  was  changed  to 
require  that  mass  properties  input  to  the  fuselage  group  must 
exclude  the  contributions  of  any  and  all  stores.  Consequently, 
during  reading  and  initialization  of  the  input  data  and  prior 
to  commencing  the  TRIM  procedure,  the  mass  properties  of  the 
total  rotorcraft  are  recalculated  using  the  inputs  to  the  fuse¬ 
lage  and  each  store  subgroup.  Mo  recalculation  is  made  if  the 
subgroup  is  an  aerodynamic  brake,  i.e.,  weight  input  less  than 
or  equal  to  zero. 

The  equations  for  recalculation  of  weight,  center  of  gravity, 
and  inertia  were  developed  from  conventional  weight  and  balance 
equations  in  the  following  manner. 

Consider  that  the  rotorcraft  is  composed  of  K  discrete  parts 
each  with  weight  (W^),  mass  (Mj  =  Wj/g),  location  (Xj,  y^,  Zj), 
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The  first  term  of  Equation  (262)  can  be  broken  down  as  follows: 


<yj*  ■*■ 

^  (263) 

where  the  first  term  of  Equation  (263)  can  be  expressed  as 

V  =  (I„)o  ♦  mo(yo»  +  -  V 

(264) 

The  summation  factor  in  the  second  term  of  Equation  (262)  can 
be  restated  as 

K  K-1 

Z  m.  =  Z  m .  +  m^ 

3=1  ’  3=1  3  ® 


=  m^  +  m 
0  s 


(265) 


and  the  third  term  as 


^^xx^j  *  ^^xx^s 


(266) 


Substituting  Equation  (264)  into  (263),  and  Equations  (263), 
(264),  and  (265)  into  (262)  yields 


<^xx>N  =  <^xx>0  ^  <^xx>s  ^  *"0  "  V  V  -  V) 

+  »s(y/  -  Yn"  +  V  - 


(267) 


Similarly,  for  the  pitching  moment  of  inertia,  (Iyy)j|» 
yawing  moment  of  inertia,  (Ijiz^N' 
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<'yy>N  =  <^yy'o  ^  <'yy>s  *  “o  <V  "  V  *  V  '  V' 

+  “s  <*6^  -  V  *  -  V)  <268) 

<'zz)n  =  <2zz>0  *  <2zz>s  ^  “o  <V  -  V  *  V  -  V) 

^  ”s  <V  -  V  "■  ■  V>  <288) 

For  the  cross  product  of  inertia,  (I^z^N' 


<^xz>N  =  .1^  “j  *j  ^2 


K  K 

^j=l  ^  j=l 


(270) 


The  first  term  of  Equation  (270)  can  then  be  written  as 


Z  m.  X.  z.  =  Z  m.  X.  z.  +  m„  x^  z„  (271) 

j_l  1  1  3  j_l  J  3  1  s  s  s 


where  the  first  term  of  Equation  (271)  can  be  expanded  as 
follows • 


”“j  "  ^^xz^O  *  ”o  *0  ^0  ■  ^^xz^j  (272) 

The  third  term  of  Equation  (270)  expands  to  the  following: 


jil  <'xz>j  =  -ii  <'xz>j  ^  <'xz>s 


(273) 


Substituting  Equation  (272)  into  (271)  and  Equations  (265), 
(271),  and  (272)  into  (270)  yields 


^^xz^N  "  ^^xz^O  *  ^^xz^s  “o  ^*0  ^0  “  *N 

^  "s  <^s  ^s  -  *N  ^N> 


(274) 
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These  equations  for  recalculating  mass  properties  to  reflect 
weight  added  to  the  configuration  are  siunmarized  in  Table  11. 

The  recalculated  mass  properties  are  printed  out  for  each  re¬ 
calculation  prior  to  printout  of  the  first  trim  iteration. 

When  using  the  parameter  sweep  option  (NPART  =  10),  the  base¬ 
line  mass  properties  input  to  fuselage  group  are  used  as  the 
initial  properties  for  each  subsequent  case.  The  recalculated 
values  are  not  carried  forward.  The  recalculations  are  then 
performed  independently  for  each  case  in  the  sweep.  This  pro¬ 
cedure  prevents  cumulative  changes  in  mass  properties  and  per¬ 
mits  the  user  to  change  either  the  fuselage  or  store  properties 
with  NAMELIST  input  before  starting  each  case. 

In  the  maneuver  section  of  the  program,  the  mathematical  model 
can  simulate  store  jettison.  Each  store  may  be  jettisoned  in¬ 
dependently  of  any  and  all  other  stores.  The  user  specifies 
the  time  for  jettison  and  the  store  to  be  jettisoned.  At  the 
instant  of  jettison,  the  aerodynamic  forces  of  that  store  are 
set  to  zero  for  the  remainder  of  the  maneuver,  and  the  rotor- 
craft  weight,  eg,  and  inertias  are  recalculated  to  reflect  the 
loss  of  the  store  weight.  Also,  the  moment  arms  of  all  rotor- 
craft  components  (e.g.,  fuselage  data  reference  point,  rotor, 
and  aerodynamic  surfaces)  are  recalculated  using  the  new  eg 
location.  The  equations  for  recalculating  the  mass  properties 
to  reflect  weight  lost  from  a  configuration  were  developed  in 
the  same  manner  as  those  equations  for  weight  added  and  are 
also  summarized  in  Table  11.  The  e^ations  are  identical 
except  for  the  signs  on  terms  associated  with  the  store. 

Consideration  was  given  to  a  model  of  the  jettison  reaction 
forces  which  could  accurately  simulate  the  forces  caused  by 
typical  jettison  mechanisms.  One  common  mechanism  is  a  gas- 
powered  piston  where  force  exerted  by  the  piston  is  primarily 
a  function  of  piston  displacement,  and  piston  velocity  and 
displacement  are  functions  of  the  mass  being  jettisoned.  Since 
C81  requires  models  which  are  specifically  functions  of  time,  a 
new  set  of  nonlinear  differential  equations  of  motion  would  be 
required  to  simulate  such  a  mechanism.  The  added  complexity  of 
including  such  a  model  when  store  jettison  is  just  one  of  many 
features  of  the  program  was  not  considered  practical. 

6.3  EXAMPLES  OF  THE  STORE/BRAKE  REPRESENTATION 

To  demonstrate  the  caped)ilities  of  the  aerodyncunic  brake  and 
external  store  representation,  two  cases  are  presented. 

(1)  Application  of  dive  brakes  on  the  Bell  Model  309 
(KingCobra) 
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TABLE  11.  EQOATIOMS  FOR  RECALCULATION  OF  WEICHT, 
CENTER  OF  ORAVITT,  AND  INERTIAS 


H  =  *0  *  >■.  ». 

=  (»0  -0  ^  *.  %>'“» 

»  =  <»o  i-o  ♦ 

^  =  ‘“o  'O  *  *•>''''» 

««x>s  *  *0  -  V  * 


»7v>k  =  «yy'o  *  «„>.  *  'o'V  '  V  ’  V  ' 

*  ‘s”.  <»."  -  V  ■* 


Pitch 


<hz\  *  "xz’o  *  ^'xx’s  *  "o  <‘o'  ■  *  V  ■ 


(I  )„  =  (I  (I  )  ■*■  ®n  (*r<  Zm)/1A4 

xz  N  xz  0  s  xz  s  0  0  0  TJ  N 


*  s  -  *» 


Cross- 

Product 


+1.0  for  adding  store  to  a  baseline  configuration 
-1.0  for  dropping  store  from  a  baseline  configuration 


X  =  Stationline  of  eg,  in. 


W  =  weight,  lb 


y  =  Buttline  of  eg,  in. 
z  =  Waterline  of  eg,  in. 


m  s  mass,  slugs 
I  =  inertia,  slug-ft^ 


0  =  baseline  configuration 


s  =  store  parameters 


N  =  configuration  resulting  from 
addition  or  drop  of  store 
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(2)  Asymmetric  release  of  stores  from  an  AH-IG 

(HueyCobra)  with  the  Stability  and  control  Augmen¬ 
tation  System  off  and  on 

6.3.1  Dive  Brakes  on  a  KingCobra 

Figure  37  shows  the  time  history  of  symmetrical  deployment  of 
two  wing-mounted  dive  brakes  on  the  KingCobra.  The  trim  con¬ 
dition  prior  to  brake  application  is  a  3000-foot-per-minute 
dive  at  170  KTAS.  In  the  simulation,  each  brake  travels  from 
zero  to  full  deployment  in  1  second  (starting  at  t  =  0.05 
second),  and  the  flat  plate  drag  area  of  each  brake  is  5.0 
square  feet.  Since  no  dive  brakes  have  been  designed  for  the 
KingCobra,  the  inputs  for  the  brake  configuration  are  only 
meant  to  demonstrate  the  capability  of  the  program  and  should 
not  be  interpreted  as  an  optimum  dive  brake  for  any  rotorcraft. 
In  fact,  during  initial  trial  runs  of  the  simulation  it  was 
found  that  with  controls  locked  the  wing  location  for  the 
brakes  caused  a  mild,  but  undesirable,  nose-down  pitching  mo¬ 
ment.  To  correct  this  situation,  a  control  gearing  was  added 
which  caused  1  degree  of  nose-down  incidence  to  each  hori¬ 
zontal  stabilizer  panel  as  the  brakes  went  from  zero  to  full 
deployment.  As  a  result  of  this  gearing,  the  helicopter 
pitched  up  less  than  3/4  of  a  degree  (instead  of  3  degrees  nose 
down)  in  the  3  seconds  following  the  start  of  the  brake  deploy¬ 
ment.  During  the  same  period  of  time,  changes  in  roll  and  yaw 
attitudes  were  less  than  2  degrees  and  the  airspeed  decreased 
slightly  more  than  4  KTAS.  The  combination  of  these  effects 
indicated  that  the  aerodynamic  brake  model  functions  in  the 
desired  manner. 

6.3.2  Store  Drops  From  an  AH-IG 

Figures  38  and  39  show  time  histories  for  store  drops  from 
an  AH-IG.  The  initial  conditions  and  helicopter  configuration 
are  identical  for  the  two  examples:  level  flight  at  100  KTAS 
in  sea  level  standard  atmosphere  and  each  store  location  loaded 
to  within  20  to  50  pounds  of  its  maximum  permissible  loading. 

In  both  examples,  the  right  outboard  store  (533  pounds)  was 
dropped  at  t  =  0.05  second  maneuver  time,  at  which  time  the 
lateral  eg  shifted  3.6  inches  to  the  left.  Also,  the  roll 
channel  of  the  Automatic  Pilot  Simulator  (see  Section  8.2.2) 
was  activated  at  t  =  2.05  seconds  in  both  cases.  The  only 
difference  between  the  two  cases  is  that  for  the  simulation 
shown  in  Figure  38  the  SCAS  is  off,  while  for  that  in  Figure 
39  it  is  on.  Note  that  both  cases  used  the  identical  auto¬ 
pilot  gains  and  time  constants.  In  particular,  the  rate  for 
stick  motion  was  limited  to  25  percent  per  second  and  desirable 
times  to  achieve  zero  rate  and  zero  attitude  were  0.75  and  2.0 
seconds  respectively.  This  rate  and  these  times  are  quite 
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Figure  37,  Time  History  of  Dive  Brake  Application  on  a  Bell 
Model  309. 
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slow  and  long  compared  to  pilot  capability.  Even  though  the 
lateral  SCAS  actuator  saturates  at  12.5  percent  of  lateral 
cyclic  range  within  about  0.3  second,  the  simulation  shows  that 
SCAS  can  make  a  potentially  dangerous  asymmetric  store  drop 
into  a  relatively  mild  maneuver. 
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7.  AUXILIARY  PROPULSION  (JETS)  MATHEMATICAL  MODEL 


It  is  frequently  desirable  to  simulate  a  force  acting  in  a 
specific  direction  and  at  a  specific  point  with  respect  to  the 
airframe.  To  this  end,  C81  includes  a  very  simple  model  for 
auxiliary  propulsion  in  what  is  referred  to  as  the  Jet,  or  Jet 
Thrust,  Group.  The  model  is  strictly  a  force  vector  acting 
at  a  point  and  is  not  in  any  way  a  mathematical  model  of  a 
turbojet  engine.  At  this  time,  use  of  turbojets  for  propulsion 
is  limited  to  a  very  few  research  aircraft  and  configurations 
in  preliminary  design.  Hence,  the  complexity  of  including  a 
complete  engine  model  for  the  very  few  cases  where  it  is  needed 
is  not  considered  justifiable. 

The  Jet  Group  model  currently  incorporated  into  C81  provides 
for  one  or  two  jet  thrusts,  or,  more  precisely,  force  vectors. 
Inputs  to  the  model  include  the  point  of  application  of  the 
first  jet;  the  Euler  angle  rotations  from  body  axis  to  that 
vector;  the  magnitudes  of  the  first  and  the  second  jets;  and  a 
logic  switch  to  specify  which  jets  can  and  cannot  be  controlled 
by  the  control  linkages  between  the  flight  controls  and  jet 
thrust. 

In  the  User's  Guide,  the  first  jet  is  defined  as  the  right  jet 
and  the  second  as  the  left  jet.  However,  this  distribution  of 
left  and  right  is  for  input/output  convenience  only.  The  def¬ 
initions  define  the  two  jets  to  be  symmetrical  in  position  and 
orientation  with  respect  to  the  body  X-Z  plane  passing  through 
buttline  zero,  regardless  of  the  signs  of  the  buttline  and  the 
yaw  angle  of  the  first  jet. 

Jet  thrust  is  controllable  in  TRIM  and  MANEUVER  with  the  link¬ 
ages  discussed  in  Section  8.  If  the  number  of  controlled  jets 
equals  one,  only  the  first,  or  right,  thrust  vector  is  con¬ 
trolled  and  the  second,  or  left,  jet  remains  locked  at  its 
input  value.  If  the  number  of  controlled  jets  equals  two, 
both  the  first  and  second  jets  are  controlled.  In  maneuver, 
jet  thrusts  may  be  changed  independently  of  the  control  link¬ 
ages  . 

When  both  Euler  angle  rotations  from  body  axis  to  the  thrust 
vector  are  zero,  the  jet  thrust  is  a  positive  X- force  in  body 
axis  (i.e.,  a  propulsive  force).  The  jet  thrust  can  be  used 
to  simulate  a  drag  force  by  inputting  a  negative  jet  thrust 
with  zero  rotation  angles  or  by  inputting  180  degrees  for  one 
of  the  rotations  (zero  for  the  other)  and  a  positive  jet  thrust. 
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8.  CONTROL  SYSTEM  MATHEMATICAL  MODEL 


8.1  PRIMARY  FLIGHT  CONTROL  SYSTEM  REPRESENTATION 

The  mathematical  model  of  the  primary  flight  control  system  was 
developed  to  provide  for  simulation  of  all  major  rotor  configur¬ 
ations:  single  main  rotor /  tandem,  coaxial,  and  side-by-side 
(or  tilt  rotor).  Considering  the  generality  of  the  model  and 
options  within  it,  quite  complex  control  systems  can  be  rep¬ 
resented  when  the  model  is  applied  to  a  specific  configuration. 
These  include: 

(1)  Nonlinear  linkages  between  the  primary  flight  controls 
and  the  swashplate  angles 

(2)  Coupling  of  the  swashplate  angles  to  control  angles 
and  mast  tilt 

(3)  Coupling  of  main  rotor  collective  pitch  to  load 
factor  (g-level),  i.e.,  a  collective  bobweight 

(4)  Coupling  of  swashplate  angles  to  pylon  position 

(5)  Pitch- flap  coupling  (62  angles)  and  control  phasing 
in  the  linkages  between  the  swashplate  and  the  blades 

(6)  Nonlinear  linkages  between  any  or  all  primary  flight 
controls  and  the  incidence  or  control  surface  deflec¬ 
tion  of  any  or  all  aejrodynamic  surfaces 

(7)  Linkages  between  the  primary  flight  controls  and  jet 
thrust 

The  basic  independent  variables,  or  controlling  elements,  in 
the  model  are: 

(1)  Collective  stick  position 

(2)  F/A  cyclic  stick  position 

(3)  Lateral  cyclic  stick  position 

(4)  Pedal  position 

(5)  F/A  mast  tilt  angle  of  the  main  rotor  (Rotor  1) 

In  addition  to  the  control  riggings,  the  model  also  uses  the 
following  configuration-dependent  inputs: 
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(1)  stability  and  Control  Augmentation  System  (SCAS) 
inputs 

(2)  F/A  and  lateral  pylon  deflection  angles  of  each 
rotor 

(3)  Increment  to  collective  pitch  due  to  the  collective 
bobweight  (g-level) 

(4)  Swashplate  phasing  angle  and  pitch-flap  coupling 

(5)  Blade  motion  as  a  function  of  blade  azimuth 

(6)  Pitch-cone  coupling 

(7)  Swashplate  angle  to  feathering  angle  ratio 

The  dependent  variables,  or  controlled  elements,  are  then: 

(1)  Blade  pitch  angle  at  the  theoretical  root  of  each 
rotor  as  a  function  of  blade  azimuth 

(2)  Change  in  incidence  or  control  surface  deflection 
angle  of  the  wing  and  each  of  the  four  stabilizing 
surfaces 

(3)  Change  in  magnitude  of  the  jet  thrust  vector 

The  blade  pitch  angles  at  the  root  computed  by  the  control 
system  model  represent  the  geometric  angles  for  a  rigid  blade 
at  the  centerline  of  the  mast. 

The  local  blade  pitch  angle,  i.e.,  the  angle  at  the  outboard 
end  of  each  of  the  20  blade  segments,  is  the  sum  of  the  root 
angle  and  the  angle  of  blade  twist  between  the  root  and  the 
blade  radial  station  of  interest.  This  angle  of  blade  twist 
is  the  sum  of  the  twist  built  into  the  blade  plus  the  change 
in  twist  resulting  from  blade  flexibility  when  the  aeroelastic 
rotor  option  is  used.  The  local  inflow  angle  is  subtx’^cted 
from  the  local  blade  pitch  angle  to  give  the  local  angle  of 
attack  used  in  the  rotor  aerodynamic  computations. 

The  change  in  aerodynamic  surface  angle  is  added  to  the  input 
value  of  incidence  or  control  surface  deflection  angle  of  the 
corresponding  surface.  The  change  in  the  magnitude  of  the  jet 
thrust  vector  is  added  to  its  input  magnitude. 

Figures  40  and  41  are  schematic  diagrams  of  the  mathematical 
models  of  the  Primary  Flight  Control  System.  With  appropriate 
inputs  to  the  programmed  model,  the  various  features  of  the 
model  can  be  bypassed  or  locked  out.  For  example,  consider  a 


single-mein-rotor  helicopter  with  no  nonlinear  rigging,  no 
mast  tilt  coupling,  no  rotor  control  coupling,  no  collective 
bobweight,  no  SCAS,  no  jet  thrust,  no  pitch- flap  coupling  or 
swashplate  phasing,  a  rigid  pylon,  rigid  blades,  and  fixed 
aerodynamic  surfaces.  Then,  the  control  system  can  be  repre¬ 
sented  by  the  simple  schematic  in  Figure  42.  In  this  example, 
the  collective  stick  is  linked  only  to  the  collective  pitch  of 
the  main  rotor,  the  F/A  cyclic  stick  only  to  the  main  rotor 
F/A  cyclic  pitch,  the  lateral  cyclic  stick  only  to  the  main 
rotor  lateral  cyclic  pitch,  and  the  pedals  only  to  the  tail 
rotor  collective  pitch.  This  simple  control  system  is  typical 
of  the  system  definitions  that  are  available  in  the  very  early 
preliminary  design  stage  of  a  helicopter.  As  a  new  configura¬ 
tion  becomes  better  defined,  inputs  for  other  features  of  the 
mathematical  model  ceui  be  added  as  required. 

The  current  control  system  representation  assumes  that  the 
system  and  the  airframe  are  rigid  between  the  pilot  controls 
and  the  rotor  pylon.  Hence,  uncommanded  control  inputs  that 
result  from  flexing  of  the  airframe  are  neglected.  Recommended 
future  improvements  to  C81  include  development  of  models  for 
an  aeroelastic  fuselage  and  elastic  control  system.  The 
following  two  sections  discuss  the  development  of  the  rotor 
and  nonrotor  subsystems  of  the  flight  control  system. 

8.1.1  Rotor  Controls  Subsystem 

The  rotor  controls  subsystem  uses  the  position  of  the  collec¬ 
tive  and  cyclic  sticks,  pedals,  and  the  F/A  mast  tilt  of  the 
main  rotor  to  compute  the  root  geometric  blade  angle  of  each 
rotor  in  its  respective  rotating  system.  In  the  rotating 
system,  the  collective  and  cyclic  pitch  angles  of  a  nonrotating 
system  reduce  to  a  single  blade  angle  at  the  root,  which  is  a 
function  of  control  system  geometry  and  blade  azimuth. 

Positive  motions  of  the  flight  controls  are  defined  as  up  col¬ 
lective,  forward  F/A  cyclic,  right  lateral  cyclic,  and  left 
pedal.  In  flight  test,  a  standard  definition  of  positive  con¬ 
trol  motions  is  the  motion  required  to  execute  a  climbing 
rightheuid  turn,  i.e.,  up  collective,  aft  F/A  stick,  right 
lateral  stick,  and  right  pedal.  Hence,  the  C81  and  flight 
test  definitions  of  positive  F/A  stick  and  pedal  are  opposite. 
The  C81  sign  convention  has  not  been  changed  to  correspond  to 
the  flight  test  convention  since  the  flight  test  convention 
for  F/A  stick  is  not  universal  and  the  compatibility  of  control 
motion  and  angular  definitions  can  aid  the  programmer  and  user 
of  C81  in  assuring  that  the  programmed  control  linkages  produce 
the  desired  system  characteristics. 

The  rotor  controls  subcystem  was  originally  developed  for  a 
linear,  uncoupled,  single-main- rotor  helicopter.  In  this  early 


216 


PEDAL 

H 

BASIC 

(IN.) 

Ml  ! 

] 

RIGGING. 

AERODYNAMIC 
SURFACES 
AND  JETS 


- »  XCRT(2)  - 

- ^  XCRT{9)  - 

- XCRT(16)  - 

- »  XCRT(23)  - 

Control  Coupling/Mi* 


Figure  40.  Schematic  Diagram  of  Flight  Control  System, 


217 


COLLECTIVE 
STICK  (IN.) 


LONGITUDINAL 

CYCLIC 

STICK  (IN.) 


LATERAL 

CYCLIC 

STICK  (IN.) 


PEDAL 

(IN.) 


Figure  40 


,  Coottol  Subscrlfts: 

,  _  =  Hast  Til'- 

^  %  collective 


wing 

f/A.  Mast  Tili-  ^ 

■"TTT’cycur'sncirT 

^ntroljaigg:^ 

— p^dll  P^sTti^ 

sTonaass-asassj 


_  s  Hast  Til*- 
1  =  collective 

2  =  f/K  ^^^^^clic  (Right 

•  -  panel 


?'TuC\n^+2 


(i^^o 


■elective  3b.--  r- 

bSy — 


Ci 


j£LJL. 


jjaiange''P^e~'^^^^ 


Jmo 
ol  ley 


T  ®  C 
^k 


model,  the  collective  stick  controlled  only  the  main  rotor 
collective  pitch,  the  F/A  cyclic  stick  only  the  main  rotor  F/A 
cyclic,  the  lateral  cyclic  stick  only  the  main  rotor  lateral 
cyclic,  and  the  pedals  only  the  tail  rotor  collective  pitch. 

The  linkages  were  defined  by  the  value  of  an  angle  with  its 
appropriate  control  at  0  percent  and  the  rcuige  of  the  angle  as 
the  control  was  moved  from  0  to  100  percent. 

Subsequently,  the  representation  was  expanded  to  model  rotor 
control  systems  of  all  major  rotorcraft  configurations.  The 
linkages  discussed  above  were  then  redefined  to  first  compute 
intermediate  control  angles  rather  than  collective  pitch  and 
swashplate  angles  specifically.  Provisions  were  added  so  that 
these  intermediate  control  angles  could  be  modeled  as  parabolic 
or  cubic  functions  of  the  control  positions  in  order  that  the 
nonlinearities  associated  with  control-tube  bellcreuik  systems 
could  be  simulated.  Also,  the  range  and  minimum  value  of  the 
intermediate  collective  control  angles  were  made  functions  of 
the  F/A  mast  tilt  angle  of  Rotor  1  to  simulate  the  change  in 
collective  rigging  needed  for  tilt  rotor  configurations  during 
conversion. 

The  inteirmediate  control  angles  are  input  to  a  mathematical 
model  of  a  control  coupling,  or  mixing  box.  This  mixing  box 
provides  for  linearly  linking  each  control  angle  to  one,  or 
more,  of  the  three  nonrotating  control  angles  of  each  rotor  as 
indicated  in  Fi^re  40  and  in  Figure  43.  The  output  of  the 
coupling  model  is  then  six  angles:  the  root  collective  pitch 
and  the  F/A  and  lateral  cyclic  swashplate  angles  for  each 
rotor . 

These  values  of  collective  pitch  are  then  incremented  by  the 
output  of  the  collective  bobweight  model.  The  bobweight  is  a 
simple  spring-mass-damper  system  and  is  assiuned  to  be  mounted 
parallel  to  the  body  vertical,  or  Z,  axis  so  that  the  body 
axis  load  factor  (g-level)  acts  as  the  forcing  function  of  the 
bobweight.  The  model  includes  a  preload  feature  which  sets 
the  forcing  function  to  zero  at  g-levels  less  than  the  value 
of  preload.  At  g-levels  above  the  preload,  the  forcing  func¬ 
tion  equals  the  bobweight  mass  times  the  current  g-level  minus 
the  preload.  The  increment  added  to  the  preliminary  value  of 
collective  pitch  is  then  proportional  to  the  bobweight  displace 
ment.  If  the  bobweight  model  is  used,  the  increment  is  always 
added  to  the  main  rotor  collective  pitch;  however,  it  is  added 
to  the  collective  pitch  of  the  other  rotor  only  if  the  lateral 
mast  tilt  angle  of  Rotor  2  is  less  than  45  degrees. 

The  six  control  angles,  with  collective  modified  by  the  bob- 
weight  input,  are  then  modified  further  by  the  coupling  of 
these  angles  to  pylon  angular  displacements.  Each  rotor  pylon 
is  independent  of  the  other  pylon.  Hence,  increments  to  each 
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Figure  43 


of  the  six  preliminary  angles  are  computed  for  each  degree  of 
freedom  of  their  respective  rotor.  The  increments  are  added 
to  the  appropriate  angle,  with  the  resulting  six  angles  being 
the  conventional  collective  pitch  and  cyclic  swashplate  angles 

The  next  step  in  the  model  is  to  compute  the  blade  angle  in 
the  rotating  system  for  each  rotor  from  the  swashplate  angles 
and  collective  pitch  angle.  The  collective  pitch  angle  output 
from  the  pylon  model  is  the  pitch  angle  of  the  blade  at  its 
theoretical  root  (shaft  centerline).  The  angle  is  measured 
with  respect  to  the  plane  perpendicular  to  the  shaft  and 
assumes  that  both  F/A  and  lateral  cyclic  pitch  angles  are 
zero.  In  the  rotating  systems  this  root  collective  pitch 
angle  becomes  the  mean  value  of  blade  root  pitch  angle  and  is 
independent  of  blade  azimuth  angle.  This  means  blade  angle  is 
then  corrected  at  each  blade  radial  station  for  the  geometric 
and  elastic  twist  of  the  blade. 

A  relatively  simple  model,  which  includes  several  small  angle 
assumptions,  is  used  to  compute  the  blade  feathering  angle  in 
the  rotating  system  as  a  function  of  the  swashplate  tilt 
angles  in  the  nonrotating  system.  The  design  and  construction 
of  most  swashplate  systems  cause  many  inherent  nonlinearities. 
These  nonlinearities  result  primarily  from  the  motion  of  the 
pivot  points  or  attach  points  used  to  convert  linear  motion  to 
angular  motion  or  vice  versa.  To  model  these  nonlinearities 
would  require  a  very  detailed  geometric  description  of  the 
swashplate  and  feathering  systems.  Some  of  the  necessary 
parameters  would  be  location  of  the  pitch  link  attach  point  on 
the  swashplate,  length  of  the  pitch  link,  description  of  any 
walking  beams  used  in  the  system,  location  of  the  pitch  link 
attach  point  on  the  pitch  horn  (blade),  displacement  of  the 
pitch  link  attach  point  due  to  blade  aeroelasticity,  etc.  To 
date,  the  inclusion  of  such  a  sophisticated  and  complex  model 
has  not  been  warranted  because  of  certain  small  angle  and 
rigid  body  assumptions  in  other  related  parts  of  the  program 
and  the  variety  of  systems  in  use.  However,  as  these  assump¬ 
tions  are  removed,  the  development  of  improved  swashplate/ 
feathering  models  becomes  increasingly  important.  The  develop¬ 
ment  of  such  models  is  included  in  the  future  improvements 
recommended  for  C81. 

8. 1.1.1  Swashplate  and  Blade  Feathering  Model 

In  the  current  swashplate/feathering  system  model,  the  first 
step  is  to  determine  the  angle  in  the  rotating  system  between 
an  arbitrary  point  on  the  swashplate  and  the  plane  perpendicu¬ 
lar  to  the  mast  based  on  the  swashplate  tilt  angles  in  the 
nonrotating  system.  Figure  44  is  a  sketch  of  the  swashplate 
model  and  geometry  used  to  develop  the  relationship.  The  fol¬ 
lowing  quantities  are  defined  in  Figure  44  (a): 
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Figure  44,  Concluded* 


(Aj^)’  is  the  angle  of  tilt  for  lateral  stick  input. 

hj^  is  the  maximum  vertical  displacement  due  to  lateral  stick 
occurring  at  azimuth  (default  270°). 

is  the  angle  of  tilt  for  longitudinal  cyclic  input,  hp 

is  the  maximum  vertical  displacement  due  to  longitudinal  stick 
occurring  at  azimuth  Np  (default  0°). 

Considering  that  the  swashplate  is  normally  moved  by  forcing 
vertical  motion  at  the  outside  rather  than  by  a  tilting  motion, 
trigonometric  fvinctions  of  the  swashplate  angles  are  unimportant. 
Rather,  the  height  of  a  given  point  above  some  reference 
plane  is  of  interest. 

hF=Rs(Bi)‘  (275) 

h^  = 

If 

h^  =  the  swashplate  vertical  displacement  at  4''  =  270° 

and 

hg  =  the  swashplate  vertical  displacement  at  I"  =0° 

It  can  be  determined  from  Figure  44(b)  that 

h^  =  hj^  cos(Ng-270°)  -  hp  sin  Np  =  (A^^)"  Rg  (277) 

hg  =  hj^  sin(Ng-270°)  +  hp  cos  Np  =  (Bj^)”  Rg  (278) 

The  quantity  of  interest  is  hg,  shown  in  Figure  44(b). 

By  proportion 
hs  «s 

b;;:  ■  ~  (279) 

Triangle  AOB  is  a  45°  right  triangle.  Therefore 

a  b  =  J2  Rg  (280) 
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From  the  law  of  sines 

a  _  _  r 

sin('l''-270°)  ~  sin(405'»-'?» )  sin(45°) 

Hence 

a=  V?  Rg  COS  '♦"/(-sin  H"  +  cos  H*') 

r  =  Rg/(-sin  V  +  cos  'K') 

The  vertical  distance  from  the  X-Y  plane  to  the  line  CD  in 
the  ABCD  plane  is  then 

h^  =  ±(hg  -  h^)/(  Rg)l  a  +  h^  (284) 

Then  hg  may  be  found  by  sxibstitution  as 

hg  =  hg  cos  4"  -  h^  sin  f’  (285) 

where  hg  is  the  change  in  height  of  the  pitch  link  attachment 
point  on  the  swashplate  caused  by  cyclic  inputs. 

Next  hg  is  used  to  determine  the  cyclic  blade  feathering  angle 
as  a  function  of  blade  azimuth. 

Figure  45  shows  a  top  and  side  view  of  a  typical  swashplate-to- 
rotor  blade  linkage.  The  following  assiunptions  are  made  for 
the  model: 

(1)  The  feathering  angle  is  computed  at  the  theoretical 
blade  root  (mast  centerline). 

(2)  The  pitch  link  is  very  long  with  respect  to  the  radii, 
and  the  control  phasing  angle,  y,  is  a  small  angle; 
i.e.,  the  pitch  link  is  parallel  to  the  mast  for  all 
swashplate  and  feathering  angles. 

(3)  The  flapping  hinge  axis  is  perpendicular  to  the 
feathering  axis  and  both  axes  pass  through  the  mast 
centerline. 

(4)  The  swashplate  pivots  about  a  point  on  the  mast 
centerline. 

(5)  The  swashplate,  pitch  links,  and  pitch  horns  are 
rigid. 


(281) 

(282) 

(283) 
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(6)  The  angles  62*  and  y  in  Figure  45  are  all  mea¬ 
sured  in  a  plcme  perpendicular  to  the  mast. 

From  the  above  assvunptions  and  the  geometry  shown  in  Fibres 
45  and  46,  the  equation  for  the  feathering  angle  is  derived 
as  follows: 


tan  63  =  Ip/lp 

(286) 

sin  p  =  hg/lp 

(287) 

sin  Op  =  -(hp  -  hp)/lp 

(288) 

From  Equations  (286)  and  (287),  the  vertical  displacement  of 
point  R  in  Figures  45  and  46  is  then 

hj^  =  tan  6^  sin  p  Ip  (289) 

and  from  Equations  (288)  and  (289),  the  feathering  angle  is 
then 

sin  0£  =  -tan  5^  sin  p  +  hp/lp  (290) 


The  displacement  hp,  and  hence  6^,  are  referenced  to  the  azi¬ 
muth  angle  of  the  feathering  axis  while  hp  is  referenced  to  the 

azimuth  angle  of  point  S.  Therefore,  from  the  geometry,  when 
the  feathering  axis  is  at  an  azimuth  angle  of  1)1,  point  S  is  at 
an  azimuth  angle  of  i|<  +  90-(62  ”  "V)* 

Because  of  the  assumptions  made  about  the  pitch  link  geometry 
hp(.|.)  =  hg(«j.')  (291) 

where  41'  =  41  +  90®  sign  Ip  -  (63-y)  (292) 

hp(4»)  =  hg  cos  4>'  -  h^  sin  4»'  (293) 


By  substitution 


hp(4.)  =  Rg 

+ 


from  Equations  (275)  through  (278) 
[(A^)'  cos  +  (Bj^)'  cos  Np]  cos  4;' 
[(Aj^)'  sin  Nj^  +  (B^)'  sin  Np]  sin  4>' 


(294) 
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TPP  Indicates  the  tip  path  plane 
of  a  rigid  blade. 


Point  P  is  the  attachment  point  of 
the  pitch  link  to  the  pitch  horn 

NFP  indicates  the  no-f cathering 
plane  for  a  rotor  without  precone. 

^  is  the  flapping  angle. 

6^  is  the  pitch-flap  coupling  angle. 


Figure  46.  Blade  Feathering  Angle 


and 


sin  0^  =  -tan  6^  sin  p  ^ 


cos  Np]  cos  iji ' 


+  [(A^)'  sin  +  (Bj^)'  sin  N^]  sin  »|)’ 

or  with  a  small  angle  assumption  on  6^ 


(295) 


0£  =  -tan  6^  sin  ^  |I^  [(Aq^)'  cos  Nj^  + 


cos  Np]  cos  l|i' 


R, 


+  —  ((A^)'  sin  +  (Bj^)'  sin  Np]  sin  tjj' 


(296) 


The  ratio  y~  is  an  input  to  the  program  for  each  rotor.  Add- 

P 

ing  the  pitch  cone  coupling,  A0^,  and  simplifying  yields 

0£  =  -tan  6^  sin  p  +  |  [ -B^cos (e^-v  )“A^sin(62-Y  ) ]  sin  il» 

+  [B^sin(62-Y  )-A^cos(62-Y  )]  cos  ijj|+  Ae^  (297) 


where 


A^  =  -AjI  sin  -  Bj^  sin  Np 


and  A0q  is  the  result  of  pitch-cone  coupling. 
At  the  default  values  of  N-  =  270®  and  N„  =  0® 

Li  F 

A»  =  Ai 

Bi  =  Bi 
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0 


also  with  =  Y  =  = 

6  ‘  O 


ef(4>=0)  =  -A«  =  -A^ 
e^(i|»=90“)  =  =  -B^ 

so  that  Equation  (297)  yields  the  expected  results. 

The  two  terms  tan62sinp  and  are  only  used  for  a  rotor  with 

no  input  rotor  modes.  Both  pitch- flap  and  pitch-cone  coupling 
are  assvuned  to  be  included  in  the  rotor  mode  shapes  if  they  are 
input.  The  6,  input  is  used  in  the  control  phasing  in  either 
case. 

8. 1.1. 2  Pitch-Cone  Coupling  for  Nonelastic  Rotor 

As  stated  above  the  pitch-cone  couping  for  an  elastic  rotor 
is  expected  to  be  included  in  the  rotor  mode  shapes.  This 
capability  is  provided  in  program  DNAM05.  In  some  cases 
pitch-cone  coupling  has  a  significant  effect  on  stability  and 
controllability  as  well.  Therefore,  a  simplified  model  has 
been  developed  which  requires  only  one  user  input,  the 

pitch-cone  coupling  ratio  in  degrees  of  collective  pitch  per 
degree  of  coning.  In  the  application  of  the  assumption 

is  made  that  the  lift  moment  and  centrifugal  moment  are  exactly 
in  balance.  This  is  equivalent  to  assuming  that  the  rotor  has 
zero  beamwise  stiffness.  This  is  a  reasonable  assumption  for 
most  rotor  systems. 

We  assume  that  the  lift  acts  at  the  3/4  radius.  Then  the  lift 
moment  is 

=  0.75R  ^  (298) 

where  b  is  the  number  of  blades,  and 
T  is  the  rotor  thrust 

The  centrifugal  moment  is  easily  defined 

R 

=  -  /  rsin  Pgfl2rm(r)  dr  (299) 


where 

pg=PQ+Pg=  steady  coning  (small  angle) 
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=  precone  (radians) 

p  =  elastic  coning  which  feeds  pitch-cone  coupling  (ra 
®  dians) 

"CF  =  'b(Po  *  Pe' 


where 


Ig  =  flapping  inertia  for  one  blade. 

Set  the  sum  of  the  two  moment  contributions  to  zero. 

o.7si^  -  -  6^)  =  0 


Then 

-  _  0.75  RT  _  - 

®  big  o 

The  change  in  rotor  collective  pitch  is  then  the  product  of 

p  and  the  input  pitch-cone  coupling. 

6 


o  pcc 


.75R  T 


-Po 


(radians) 


8. 1.1. 3  Featherina  Derivatives  for  Unsteady  Aerodyncunics 


In  the  unsteady  aerodynamics  equations  the  first  and  second 
time  derivatives  of  0^  are  required.  They  may  be  obtained 

analytically  by  differentiating  6^  from  Equation  (297). 

For  0^  cuid  0£,  pitch-cone  and  pitch-flap  coupling  are  neglected. 

R«5 

0^  =  (-BJ|cos(63-Y)-AJsin(62-Y)l  cos  «|» 

P 

-«j(tBJsin(62-Y)-A£cos(6g-Y)]  siiM|> 

+  [-B^cos(62“Y)“AJsin(62-Y)l  sini|i 

+  [BVsin(6--Y  )-AVcos(6,-y)]  cos»|»  (304) 


cos»|< 


[-B^cos(63-Y)-A^sin(63-v)] 


-<1/  [B^sin(62-Y  )“A2C0S(62-Y  )  ]  [  “B2COS(62-Y ) 

-A^sin(62-Y )]  sin»l) 

-ii(2  [Bj^sin(62-Y  )“A£cos(62-Y  )  ]  cosijj  +2«^[-B^cos(6  2-Y  ) 

-A^sin(62-Y)lcos  ijj 

-24([B^sin(62-Y)”A^cos(62-Y)]  sin  <li 

+  [-B^(cos(62-Y)-A^sin(63-Y)]  sin>l»+  [BJsinCe^-Y) 

-A^cos(63-y ) ]  cosij>|  (305) 

The  last  four  terms  are  neglected  in  C81  since  they  are  not 
even  calculated  at  this  time.  Sample  calculations  have  shown 
that  these  are  second-  or  third-order  terms  in  any  real  case. 


8.1.2  Nonrotatinq  Controls  Subsystems 

8. 1.2.1  Aerodynamic  Surface  Control  S^^bsystems 

Early  versions  of  C81  contained  very  simple  and  limited  link¬ 
ages  between  the  flight  controls  and  the  aerodynamic  surfaces 
(a  wing  plus  one  horizontal  and  one  vertical  stabilizer).  In 
the  earlier  model,  only  the  zero  lift  line  incidence  was  con¬ 
trolled  (i.e.,  the  surfaces  were  all  moveable),  the  linkages 
were  defined  to  be  linear,  and  the  surfaces  were  assumed  to 
have  symmetrical  airfoil  sections.  The  collective  stick  could 
control  only  wing  incidence;  the  F/A  cyclic  stick  only  hori¬ 
zontal  stabilizer  incidence;  the  lateral  cyclic  only  differen¬ 
tial  wing  panel  incidence;  and  the  pedals  only  the  vertical 
stabilizer  incidence. 


When  the  representation  of  the  aerodynamic  surfaces  was  expanded 
to  five  surfaces,  the  sxibsystem  for  the  surface  controls  was 
also  expanded.  As  discussed  in  the  section  on  aerodynamic  sur¬ 
faces,  the  expansion  from  three  to  five  surfaces  included  re¬ 
moving  the  restriction  that  the  axes  of  incidence  change  for 
the  surfaces  must  lie  in  a  horizontal  or  vertical  plane,  and 
adding  a  representation  for  control  surface  (flap)  deflection. 
Hence,  in  the  expanded  control  subsystem,  the  capability  of 
linking  flight  controls  to  either  zero  lift  line  incidence  or 
flap  angle  was  added. 
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In  view  of  the  infrequency  of  configurations  where  both  the 
incidence  and  flap  angle  of  one  surface  are  variable,  the  cur¬ 
rent  model  restricts  a  single  surface  to  having  either  incidence 
or  flap  controlled  by  any  or  all  flight  controls.  Both  angles 
cannot  be  linked  simultaneously  to  the  flight  controls.  However, 
each  surface  is  independent  of  all  others  and  one  surface  may 
have  variable  incidence  while  another  has  variable  flap  angle, 
e.g.,  an  all-movable  horizontal  stabilizer  (no  elevator)  and  a 
fixed  vertical  stabilizer  with  a  rudder.  With  the  generality 
of  the  current  aerodynamic  surface  model,  the  capability  of 
linking  any  flight  control,  plus  mast  tilt  angle  for  tilt- rotor 
configurations,  to  any  aerodynamic  surface  became  necessary  and 
was  added  to  the  model.  The  revised  linkages  between  the  flight 
controls  and  the  surfaces  were  then  defined  to  be  linear  or 
parabolic,  and  provisions  for  nonlinearities  were  incorporated 
as  discussed  below.  In  view  of  the  limited  use  to  which  mast 
tilt  to  surface  linkages  are  put,  these  linkages  were  defined 
to  be  linear. 

Although  the  incidence  and  flap  angles  of  one  surface  cannot  be 
controlled  simultaneously  by  the  flight  controls,  each  angle 
is  an  input  and,  during  maneuver,  each  can  be  changed  regardless 
of  which  angle,  if  either,  is  linked  to  the  flight  controls. 

This  model  is  capable  of  simulating  the  aerodynamic  surface 
control  systems  of  virtually  any  type  of  rotorcraft. 

As  noted  above,  the  current  model  provides  for  linking  each  and 
every  flight  control  to  each  and  every  surface.  For  the  wing, 
a  restriction  is  included  so  that  lateral  cyclic  stick  and  pedal 
motions  can  cause  only  differential  deflection  of  the  appro¬ 
priate  angle.  A  control  system  where  lateral  and/or  pedal  in¬ 
puts  result  in  symmetrical  angle  changes  to  the  left  and  right 
wing  panels  was  considered  too  remote  a  possibility  for  inclu¬ 
sion. 

Each  linkage  between  a  flight  control  and  an  aerodynamic  sur¬ 
face  includes  a  breakpoint  option.  This  option  was  incorporated 
to  help  model  nonlinear  linkages.  To  use  this  option,  a  non¬ 
zero  value  is  input  for  the  breakpoint  control  position.  The 
difference  between  the  actual  control  position  and  the  absolute 
value  of  the  breakpoint  input  is  computed.  If  the  signs  of 
this  difference  and  the  breakpoint  input  are  the  same,  an 
increment  to  the  appropriate  angle  of  the  surface  is  computed 
using  the  difference.  If  the  signs  are  opposite,  the  increment 
is  defined  to  be  zero.  That  is,  for  a  positive  breakpoint  in¬ 
put,  the  control  linkage  is  only  active  for  control  positions 
greater  than  the  breakpoint;  while  for  a  negative  breakpoint, 
the  linkage  is  only  active  for  control  positions  less  than  the 
magnitude  of  the  breakpoint.  If  the  breakpoint  input  is  zero, 
the  50-percent  control  position  is  used  to  compute  the  differ¬ 
ence,  and  the  linkage  is  active  throughout  the  entire  range 


of  the  control.  Figure  47  shows  examples  of  the  types  of 
control  linkages  which  may  be  simulated  with  this  breakpoint 
option. 


8 . 1 . 2 . 2  Auxiliary  Propulsion,  or  Jet,  Control  Subsystem 

Linkages  are  provided  between  each  flight  control  and  the  mag¬ 
nitude  of  the  left  and/or  right  jet  thrust  vectors.  The  dif¬ 
ference  between  each  control  position  and  the  respective  input 
control  position  is  multiplied  by  the  appropriate  pounds  per 
inch  linkage,  and  the  four  values  are  summed  and  added  to  the 
input  thrust  values  to  yield  the  total  jet  thrust.  See  the 
discussion  of  the  Jet  Group  mathematical  model  for  additional 
information  (Section  7). 

8.2  AUTOMATIC  FLICaiT  COMTROLS 

The  Generalized  Automatic  Control  Stability  Package  is  divided 
into  two  major  headings:  Stability  and  Control  Augmentation 
System  (SCAS),  and  the  Maneuver  Autopilot  (MAP).  The  SCAS 
simulation  is  based  on  the  transfer  functions  used  to  design 
the  actual  system.  In  the  maneuver  portion  of  the  program  a 
series  of  differential  equations  is  integrated  numerically  to 
define  the  effects  of  the  SCAS.  The  MAP  is  an  algebraic  tech¬ 
nique  used  to  simulate  the  pilot's  response  to  nonstandard 
flight  conditions  or  to  produce  desired  maneuver  profiles,  and 
is  described  in  Section  8.3. 

8.2.1  Stability  and  Control  Augmentation 

The  SCAS  can  best  be  described  in  terms  of  the  block  diagram 
shown  in  Figure  48.  In  the  diagram,  the  following  definitions 
are  applicable: 

B  =  Pilot  control  input 

Bp  =  SCAS  feedforward  added  to  pilot  input  to  offset  feed- 
^  back 

Bjj  =  SCAS  feedback  dependent  on  ship's  response 

SM  =  B  +  Bq  -  Bjj,  total  input  to  the  swashplate 

Gp  =  Feedforward  transfer  function 

H  =  Feedback  transfer  function 

Three  independent  systems  (roll,  pitch,  and  yaw)  are  simulated 
in  the  maneuver.  Only  the  pitch  system  is  described  below, 
but  the  other  channels  are  based  on  the  same  principle.  The 
symbol  s  is  the  Laplace  transform  vari5d>le  and  the  x  terms  are 
the  time  constants  associated  with  the  SCAS.  All  time  constants 
must  have  nonzero  values  because  of  programming  considerations. 
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Surface  Incidence  Angle  ^  Surface  Incidence  Angle 


4) 


Q) 

O 

(0 

u 

? 

to 


Linear  and  parabolic  link-  (b)  Linear  and  parabolic  link¬ 
ages,  no  breakpoint.  ages,  positive  breakpoint. 


(c)  Linear  and  parabolic  link-  (d)  Parabolic  linkages  from  pedals 
ages,  negative  breakpoint.  or  lateral  cyclic  to  wing,  non¬ 

zero  breakpoint. 


6  «  Control  position,  percent  of  full  throw 

c 

6  *  Control  position  for  breakpoint,  percent 

B 

i  »  Basic  (input)  incidence  angle  for  surface,  degrees 


Figure  47.  Aerodynamic  Surface  Control  Linkages 


The  feedback  transfer  function  has  the  form 


H  = 


KgS(Tj^S  +  1)  (t2S  +  1)  Bjj 

(t,s  +  l)(t.s  +  IXTcS  +  1)  0 


(306) 


The  feedforward  transfer  function  has  the  following  form 

KgS  Bq 

°P  "  (x-s  +  l)(t.s  +  l)(T.s  +  1)  =  “B 


(307) 


where  and  are  the  gains  associated  with  the  feedback  and 
feedforward  transfer  functions,  respectively. 


In  the  digital  program.  Equation  (306)  is  written 


(308) 


and  Equation  (299)  is  written  as 


^1®G 

^2®G  ^3®G  ®G  *  *^G® 

(309) 

where 

^=1  = 

^3^4^5 

(310) 

^2  = 

^3^4  ^4’^5  ^3^5 

(311) 

^3  = 

X3  +  X4  +  X5 

(312) 

^4  = 

^1^2% 

(313) 

(ti  +  X2)Kjj 

(314) 

In  Equations  (308)  and  (309),  all  independent  variables  are 
known  except  the  third  derivative  of  the  angular  displacement 

with  respect  to  time  (6  ).  In  the  program,  6  is  obtained  by 
niunerically  differentiating  8  with  respect  to  time.  The  maneu¬ 
ver  portion  gf  the  program  has  calculated  6 ,  8 ,  8 ,  and  the 
stick  rates  B.  Using  those  already  calculated  values.  Equa¬ 
tions  (308)  and  (309)  are  numerically  integrated  in  conjunc¬ 
tion  with  the  other  differential  equations  which  describe  the 
motion  of  the  rigid  fuselage  and  the  elastic  rotor. 
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The  basic  feedback  function,  E(^ation  (308),  is  written  with 
the  pitch  attitude  and  its  derivatives  as  the  independent 
variables.  Any  other  variable,  and  its  associated  derivatives 
that  are  calculated  in  the  maneuver  portion  of  the  program, 
could  be  si;ibstituted  as  the  independent  variable  with  only  minor 
changes  to  the  program. 

The  maximxim  authority  of  the  SCAS  (in  percentages  of  full  range) 
is  an  input  quantity.  The  third  time  derivative  of  the  angular 
displacements  is  obtained  from  the  numeric  differentiation  of 
the  angular  acceleration  terms.  This  numeric  differentiation 
can  introduce  "noise"  into  the  equations  of  motion.  The  pro¬ 
gram  is  structured  so  that  the  product  of  the  derivative  of 
angular  acceleration  times  the  appropriate  fuselage  inertia  is 
set  to  zero  if  it  is  less  than  the  input  dead  band  (ft-lb/sec). 

8.3  MANEUVER  AUTOPILOT 

The  second  major  item  in  the  Generalized  Automatic  Control 
Stability  Package  is  the  Maneuver  Autopilot  (MAP).  The  MAP 
is  an  algebraic  simulation  of  the  pilot  response  required  to 
minimize  emy  deviation  from  the  desired  flight  condition  during 
a  maneuver.  The  user  supplies  collective,  cyclic  and  pedal 
gains  and  two  time  constants  to  activate  the  autopilot,  and 
specifies  desired  time  histories  for  up  to  five  flightpath 
variables;  roll,  pitch  or  yaw  rate,  normal  load  factor,  and 
rate  of  climb.  Control  motions  are  computed  using  the  trim 
partial  derivative  matrix,  but  the  control  rates  are  limited 
by  the  maximiun  rate  authorities  input.  In  addition,  the  user 
may  specify  the  motions  of  one  or  more  controls,  in  which  case 
the  HAP  will  operate  the  remainder.  Lastly,  a  control  motion 
will  not  be  commanded  if  there  is  sufficient  moment  imbalance 
to  negate  the  rate  or  displacement  discrepancy. 


8.3.1  Digital  Filter 


The  higher  harmonic  content  of  the  W  signal  is  removed  from 
the  MAP  input  when  an  elastic  main  rotor  is  being  used  in  the 
simulation  by  use  of  a  digital  filter.  (This  filter  is  also 
used  in  the  rotor  induced  velocity  calculations  -  see  Section 
3.4.2.)  A  single,  three-pole  Butterworth  filter  was  chosen  for 
inclusion  in  C81  as  it  gave  the  largest  reduction  in  the  higher 
harmonics  with  the  least  lag,  and  also  required  the  least 
storage  and  computer  time  to  operate.  The  magnitude  and  time 
lag  of  the  transfer  function  are: 


(315a) 
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(315b) 


T^(f)  = 
T^(0)  = 


N-1 

1 


«) 


2m 


m=0  sin  {(2m  +  1) 


2irf^  (1 


(?) 


2N, 


2irsln  (A) 


where 


(315c) 


f  =  signal  frequency,  Hz 

=  upper  break  frequency  of  filter,  Hz 

N  =  number  of  poles  of  filter  (three  in  C81) 

For  the  three-pole  filter  programmed  in  C81,  the  time  lag  on 
the  steady  state  signal  (i.e.,  f=0),  is 


T  -  0» 31831 
T^(0)  -  -j~ 


(316) 


These  functions  for  a  three-pole  filter  with  a  break  frequency 
of  5  Hz  are  plotted  in  Figure  49.  Note  that  the  time  lag  has 
been  multiplied  by  a  factor  of  10  before  being  plotted.  Assum 
ing  a  300  rpm  rotor,  this  filter  would  pass  all  the  zero  fre¬ 
quency  data,  with  a  time  lag  of  approximately  0.064  seconds 
(1/3  of  a  rotor  revolution).  70.7  percent  of  the  1-per-rev 
would  be  passed  with  a  time  lag  of  almost  0.08  seconds  (2/5  of 
a  rotor  revolution)  and  only  16  percent  of  the  2-per-rev  would 
be  passed,  with  a  time-lag  of  about  0.01  seconds  (1/20  of  a 
rotor  revolution).  The  user  must  adjust  the  break  frequency 
input  for  the  filter  to  maximize  the  higher  harmonic  attenu¬ 
ation  while  minimizing  the  low  frequency  time  lag.  In  addi¬ 
tion,  the  user  must  choose  f  such  that 


1 

2At 


(317) 


where  At  is  the  maneuver  time  cut,  or  the  filter  will  be  in¬ 
effective. 
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8.3.2  Automatic  Pilot  Simulator 


The  Maneuver  Autopilot  is  divided  into  four  independent  channels; 
roll  rate,  pitch  rate,  yaw  rate  and  rate-of-climb.  The  roll  and 
yaw  rate  channels  are  identical.  The  pitch  rate  channel  is 
similar  and  accepts  either  a  pitch  rate  commeuid  or  converts  the 
normal  load  factor  command  into  an  equivalent  pitch  rate  com¬ 
mand.  The  rate-of-climb  channel  is  entirely  different  from  the 
angular  rate  channels. 


The  algebraic  equations  for  the  autopilot  have  the  four  control 
increments  as  the  independent  variables.  The  appropriate  par¬ 
tial  derivatives  of  the  airframe  forces  and  moments  with  respect 
to  the  controls,  as  computed  in  trim,  are  the  coefficients,  and 
the  forces  and  moments  on  the  right-hand  side  are  those  re¬ 
quired  to  eliminate  the  discrepancies  between  the  actual  and 
desired  aircraft  response.  The  equations  are 
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This  approach  has  the  capability  to  eliminate  accelerations 
directly,  but  cannot  deal  directly  with  rates  and  displace¬ 
ments.  Any  fuselage  rate  difference  can  be  expressed  as  a  mo¬ 
ment  increment  by 

i  Moment  =  rate j  ^ 


where  t^^  is  the  user-input  time  to  arrest  a  given  angular  rate. 

In  like  manner,  fuselage  angular  displacements  are  represented 
as  a  moment  increment  by 


4  Moment  =  4  (Angular  displacement)  ^  mertia  (319b) 

ti 


where  t2  is  the  user-input  time  to  arrest  a  given  angular  dis¬ 
placement.  The  moment  increment  due  to  angular  displacement. 
Equation  (319b),  is  only  computed  when  the  absolute  value  of 


the  difference  between  the  actual  and  the  desired  angle  is 
greater  than  0.02  radian  and  when  a  desired  rate  trace  has  not 
been  input. 

At  each  time  step  in  a  maneuver,  the  desired  values  of  the  com¬ 
mand  signals  are  computed  from  the  input  time  histories.  If 
no  time  history  was  input  for  a  channel,  then  the  trim  value  is 
used  as  the  desired  value.  Subroutine  SUPERP  then  uses  these 
values  to  determine  the  control  motions,  channel  by  channel. 

8. 3. 2.1  Roll  and  Yaw  Channel 

These  two  channels  are  coded  identically,  but  are  independent 
of  each  other.  The  roll  channel  flow  chart  is  given  in  Figure 
50. 

The  logic  first  calculates  the  discrepancy  between  the  current 
value  of  roll  angle  and  the  trim  value,  and  the  difference  be¬ 
tween  the  current  rate  and  the  trim  rate  plus  the  desired  rate. 
It  also  initially  sets  the  restoring  moment  required,  AL,  to 
the  negative  of  the  current  net  rolling  moment  at  the  aircraft 
center  of  gravity. 

If  a  roll  rate  time  history  was  input,  then  Equation  (319a)  is 
used  to  compute  an  additional  increment  to  the  restoring  moment 
and  the  logic  goes  on  to  the  next  channel. 

If  a  roll  rate  time  history  was  not  input,  but  the  roll  rate 
discrepancy  is  tending  to  increase  the  absolute  value  of  the 
roll  angle  deviation,  then  Equation  pi9a)  is  also  used  to 
calculate  an  increment  to  the  restoring  moment. 

If  no  roll  time  history  was  input,  with  the  roll  rate  tending 
to  decrease  the  roll  angle  deviation,  then  only  Equation 
(319b)  is  used  to  compute  a  roll  restoring  moment  increment, 
but  then  only  if  the  absolute  value  of  the  angular  deviation  is 
greater  than  0.02  radian. 

8. 3. 2. 2  Pitch  Channel 

The  pitch  channel  flow  chart  is  given  in  Figure  51.  It  is 
very  similar  to  the  roll  and  yaw  channels  except  that  there  are 
additional  logical  decisions  due  to  the  option  of  using  ei'^er 
the  input  time  history  for  the  pitch  rate,  q,  or  of  determining 
the  desired  pitch  rate  from  the  input  desired  normal  load 
factor  time  history.  If  the  user  inputs  both  a  desired  pitch 
rate  and  a  desired  normal  load  factor  time  history,  the  latter 
supersedes  the  former. 


Enter 


Subscript  t  indicates  trim  value 
Subscript  d  indicates  desired  value 


Figure  50.  Maneuver  Autopilot  Roll  Channel  Flow  Chart. 
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Subscript  t  denotes  trim  value 
Subscript  d  denotes  desired  value 


Figure  51,  Maneuver  Autopilot  Pitch  Channel  Flow  Chart 


6 


In  this  case,  the  desired  pitch  rate,  q^,  is  computed  as  follows: 

qjj  =  [(NLF^  -  cos  0  cos  <>)g  +  +  PV]AJ  (320) 

in  which 

NLF^  is  the  desired  normal  load  factor 

W-  is  the  filtered  value  of  W,  where  W  is  the  body- 
axis  vertical  velocity 

P  is  the  body-axis  roll  rate 

V  is  the  body-axis  lateral  velocity 

U  is  the  body-axis  longitudinal  velocity 

0  is  the  Euler  pitch  angle 

is  the  Euler  roll  angle 

g  is  the  acceleration  due  to  gravity 

Using  Wj  instead  of  W  reduces  the  2-per-rev  and  b-per-rev 

oscillations  in  the  control  motions  experienced  with  previous 
versions  of  C81. 

8. 3. 2. 3  Rate-of-Climb  Channel 

The  flow  chart  for  this  channel  is  given  in  Figure  52.  Note 
that  Z  is  positive  down  and  rate-of-climb  is  positive  up.  If 
a  rate-of-climb  time  history  was  not  input,  then  the  restoring 
force  required  to  null  the  body-axis  vertical  force  imbalance 
is  e(^al  to  the  negative  of  that  imbalance.  If  a  time  history 
was  input,  then  the  increment  to  the  restoring  force  is  com¬ 
puted  from 

AZ  =  m  ^  (321) 

^1 

in  which  m  is  the  aircraft  mass  and  the  quotient  is  the  required 
change  in  acceleration. 

8. 3. 2. 4  Control  Rate  and  Displacement  Limitations 

If  one  of  the  control  motions  is  prescribed  by  a  user-input  time 
history,  then  the  appropriate  row  and  column  are  removed  from 
Equation  (318),  and  the  order  of  the  problem  is  reduced  by  one. 
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Enter 


Subscript  t  denotes  trim  value 
Subscript  d  denotes  desired  value 


Figure  52,  Maneuver  Autopilot  Rate-of-Climb  Channel  Plov 
Chart. 


The  contrcl  increments  resulting  from  the  solution  of  Equation 
(318)  are  converted  into  control  rates  by  dividing  them  by  the 
maneuver  time  step,  At.  If  <my  of  the  resulting  rates  are 
greater  than  the  input  allowable  values,  they  are  set  equal  to 
that  value.  The  control  increments  are  then  recomputed  by  mul¬ 
tiplying  the  rates  by  the  time  step,  and  are  added  to  the  cur¬ 
rent  value  of  the  control  position.  If  the  resulting  control 
position  exceeds  the  stop,  the  control  is  set  on  the  stop; 
it  remains  there  until  the  control  rate  changes  sign. 


9 . 0  ENGINE-GOVERNOR 


Previous  versions  of  C81  have  had  a  very  simple  engine  model 
in  which  the  horsepower  available  was  instantaneously  equal  to 
the  horsepower  required,  up  to  a  limit  equal  to  0.91  times  the 
input  maximvun  horsepower  available.  The  factor  of  0.91  was 
used  to  account  for  a  9-percent  loss  due  to  drive  system 
inefficiency  and  accessory  power.  The  modified  engine-governor 
model  installed  in  C81  \mder  contract  DAAJ02-77-C-0003  uses  a 
small  table  to  compute  the  maximum  horsepower  available  for 
the  flight  condition  and  introduces  a  first-order  lag  in  the 
horsepower- availcdile  response  during  maneuver  runs. 

9.1  CALCULATION  OF  MAXIMUM  AVAILABLE  HORSEPOWER 


The  program  computes  and  uses  the  maximum  continuous  horsepower 
availeible,  Pj^j^  ,  for  trim  cases,  and  the  maximum  takeoff  power 


available. 


for  trim-in-maneuver  and  maneuver  runs.  The 


calculation  is  identical  for  both  cases.  The  user  defines  a 
straight-line  approximation  of  the  sea  level,  installed  power- 
available  curves,  as  shown  in  Figure  53,  by  inputting  Tj^,  T2' 
T^ ,  ^2^  and 


The  temperature  for  the  flight  condition  being  simulated, 
determined  from  the  inputs  in  the  Flight  Constants  Group, 
the  maximum  sea  level,  installed  power  available,  P 


MA^ 


T,  is 
and 
is  in- 


SL 


terpolated  from  the  straight-line  curve. 
Pj^  =  Pj^.  Likewise,  if  T  >  T^,  then  Pj^ 


If  T  <  T^,  then 

=  P,.  If  the 
SL 


user  did  not  input  T^  or  P^  and  T  >  T2,  then  P^^  =  P2- 


The  atmospheric  pressure  ratio,  6,  has  also  been  computed  from 
the  Flight  Constants  Group  inputs,  and  the  actual  maximum 
engine  installed  power  available  is 


P 


MA 


6  P 


MA 


SL 


(322) 


If  P  .  is  greater  than  the  appropriate  transmission  power  limit, 
P,j,j^,  then  Pj^  is  set  equal  to  the  power  limit. 

If  no  table  is  input  for  the  maximum  continuous  horsepower  cal¬ 
culation,  then  the  maximum  continuous  transmission  horsepower 
limit  is  used.  The  same  holds  true  for  the  maximiun  takeoff 
horsepower  calculations . 
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9.2  CALCULATION  OF  HORSEPOWER  REQUIRED 

The  total  instantaneous  horsepower  required  is 


PR(t) 


'll 


PTR(t) 

+  -is -  +  P 

n,  acc 


(323) 


where 


PMR(t)  =  instantaneous  horsepower  required  by  the 
main  rotor 

Prpp(t)  =  instantaneous  horsepower  required  by  the 
tail  rotor 

0]^  =  main  rotor  gearbox  efficiency  ratio  (input) 

02  =  tail  rotor  gearbox  efficiency  ratio  (input) 

02  =  overall  drive  system  efficiency  ratio  (input) 

P_„  =  accessory  horsepower  required  (input) 


This  equation  is  used  for  trim,  trim- in-maneuver,  and  maneuver 
cases.  For  the  first  two  types  of  run,  the  number  is  printed 
out,  and  no  RPM  change  is  computed  if  Pj^  is  greater  than  the 


appropriate  available  horsepower, 


either  P^^ 


c 


or 


9.3  DRIVE  SYSTEM  DYNAMIC  EQUATIONS 

In  maneuver  cases,  the  engine  RPM  may  vary  due  to  differences 
between  the  instantaneous  power  available  and  power  required. 
The  first-order  differential  equation  for  rate-of-change  of 
horsepower  available  is 


1 

1  ^ 

for  AP>0 

_  <  1  AP 

for  AP<0 

(324) 

dt  1  Kj 

V  ° 
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where 


P^(t)  =  power  available 

AP  =  Pjj(t)  -  P^(t)  +  c(Q^(t)-n(t)) 

c  =  engine-governor  power  gain  (input) 
n  =  commanded  engine  RPM  (input) 

fl  =  current  engine  RPM 

K,  =  time  consteuit  for  engine  power  increase 
(input) 

=  time  constant  for  engine  power  decrease 
(input) 

The  initial  condition  for  Equation  (324)  is  the  trim  horsepower 
required. 

The  rate  of  change  of  engine  rpm  is  then 


^  ~  ^R 

dt  I 


(325) 


where 

Qc  =  engine-supplied  torque  (derived  from  P,(t),  at 
engine  RPM)  “ 

Qu  =  torque  required  from  engine  (derived  from 
Pj^(t),  at  engine  RPM) 

Ite  =  total  engine-driven  inertia 


The  total  engine-driven  inertia,  is 


^TE  “  ^ds  *  ^1  ^1 


^  ^2 


(326) 


where 


is  the  drive  system  inertia,  at  engine  RPM 

g®ar  ratios  between  the  rotor  and  engine 
speeds  (g^  is  less  than  1  for  a  main  rotor) 

i*'®^tias  of  the  two  rotors 


10 . 0  TRIM  PROCEDURE 


10.1  GENERAL 

An  essential  part  of  any  flight  simulation  program  is  its  abil¬ 
ity  to  define  the  trim  attitude  of  the  aircraft  throughout  the 
flight  envelope,  including  accelerated  as  well  as  unaccelerated 
flight.  AGAJ77  includes  three  types  of  trim  procedure  which 
can  accomplish  this  task.  The  names  given  to  these  procedures 
are: 

(1)  Quasi-static  (QS)  trim 

(2)  Quasi-static  followed  by  time-variant  rotor  (QS-TV) 
trim 

(3)  Fully  time-variant  (FTV)  trim 

The  terms  quasi-static  and  time-variant  refer  to  the  primary 
rotor  analyses  (see  Section  2.2)  that  are  used  in  the  procedure. 
Both  analyses  can  include  the  effects  of  blade  elasticity  (mode 
shapes  other  than  the  rigid  body  mode  shape),  but  only  the  time- 
variant  analysis  can  include  the  interaction  of  the  aerodynamic 
loads  and  blade  elasticity,  i.e.,  aeroelasticity .  In  the  QS 
trim  procedure,  the  quasi-static  rotor  analysis  is  used  for 
both  rotor  systems.  In  the  QS-TV  trim  procedure,  the  standard 
QS  trim  is  performed  first.  The  rotor  modal  equations  of  motion 
are  then  numerically  integrated  for  a  prescribed  number  of  rotor 
revolutions  using  the  time-variant  rotor  analysis  with  the  con¬ 
trol  positions  and  fuselage  orientation  held  fixed  at  the  posi¬ 
tions  determined  by  the  QS  trim.  It  is  assumed  that  after  a 
number  of  revolutions,  the  aeroelastic  effects  included  in  the 
time-variant  analysis  will  have  caused  the  rotor  either  to 
stabilize  or  diverge,  depending  on  the  basic  stability  of  the 
rotor  system.  The  user  may  select  that  such  time-variant  trims 
be  computed  for  either  or  both  rotors.  If  both  rotors  are 
selected,  the  two  time-variant  trims  are  computed  independently 
of  each  other.  In  the  FTV  trim  procedure,  the  user  specifies 
the  rotor  or  rotors  which  use  the  time-variant  analysis.  In 
doing  so,  any  reference  to  the  QS  trim  procedure  is  deleted 
for  the  specified  rotor(s).  (A  rotor  which  does  not  use  the 
time-variant  analysis  uses  the  quasi-static  analysis.) 

The  basic  program  flow,  which  is  the  same  for  all  three  types 
of  trim,  is  shown  in  Figure  54.  The  iterative  techniques 
represented  by  this  figure  are  discussed  in  Section  10.3.1.  The 
three  basic  blocks  in  the  figure  are  the  computation  of  the 
partial  derivative  matrix  (shown  in  Figure  55  and  discussed 
in  Section  10.3.2),  the  time-variant  portion  of  the  QS-TV  trim 
(shown  in  Figure  56),  and  the  rotor  force  and  moment  computa¬ 
tion  (shown  in  Figure  57  and  discussed  in  Section  10.3.3). 
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PDM  =  Partial  Derivative  Matrix 
QS-TV  =  Quasi-Static  Trim  Followed 
by  Time-Variant  Rotor  Trim 


Figure  54,  Flow  Chart  of  Trim  Procedure, 
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PDM  =  Partial  Derivative  Matrix 


Figure  55. 


Flow  Chart  of  Partial  Derivative 
Computation. 
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START  OF 
TV  TRIM 


) 


♦Control  positions  and  fuselage  degrees  of  freedom  held 
fixed  at  the  final  values  computed  during  the  QS  trim. 


Figure  56.  Flow  Chart  of  Time-Variant  Rotor  Trim. 
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Baseline 

Values 


Compute  New  Value  of 

V.  from  Current  Thrust 
1 


Use  Current  Value  of  v. 
and  Compute  Rotor  Loads 
at  20  Radial  Stations  and 
12  Azimuth  Locations 


Compute  Average  Rotor  Forces 
and  Moments  Using  Only 
Mode  1,  Rigid  Body  Mode; 

See  Figure  59. 


Numerically  Integrate 
Rotor  Modal  Equations| 
for  NREV  Complete 
Rotor  Revolutions 


Compute  Time -Average 
Rotor  Forces  and  Moments 
From  Last  Revolution 


rKK^KK-  ll 


V.  =  Rotor-Induced  Velocity 

PDM  =  Partial  Derivative  Matrix 
KK  =  Thrust/v.  Looping  VariabL 


QS  =  Quasi-Static  Rotor  Analysis 
TV  =  Time-Variant  Rotor  Analysis 
NREV  =  Number  of  Rotor  Revolutions 
in  TV  Analysis 


Figure  57.  Flow  Chart  of  Rotor  Force  and  Moment 
Computations  During  Trim  Procedures. 
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Some  of  the  considerations  used  in  programming  the  trim  pro¬ 
cedure  are  discussed  in  Section  10.3.4. 

10.2  DEFINITION  OF  TRIMMED  FLIGHT  CONDITION 

The  inputs  to  all  three  trim  procedures  are  identical:  rotor- 
craft  configuration  and  control  positions,  flightpath  orienta¬ 
tion,  atmospheric  conditions,  g-level,  and  type  of  flight 
(pull-up,  turn,  or  unaccelerated).  Trim  is  defined  as  that 
combination  of  appropriate  independent  trim  parameters  for 
which  the  sununations  of  all  external  forces  and  moments  (aero¬ 
dynamic,  gravitational,  and  inertial)  about  the  center  of  gra¬ 
vity  of  the  rotorcraft  (due  to  both  the  rotor  and  the  airframe) 
are  less  than  a  preassigned  set  of  limits.  For  convenience  the 
body  axis  has  been  chosen  as  the  reference  system  for  the  force 
and  moment  summation,  and  the  summation  actually  consists  of 
six  independent  summations:  the  X,  Y,  and  Z  forces  and  the 
pitch,  roll,  and  yaw  moments. 

For  each  rotor  that  uses  the  quasi-static  rotor  analysis  there 
are  two  additional  requirements  for  trim:  the  summations  of 
F/A  and  lateral  rotor  moments  acting  at  the  hub  (due  to  aero¬ 
dynamic,  dynamic,  and  gravitational  forces  and  moments  which 
have  been  averaged  over  the  rotor  disk)  must  also  be  less 
than  a  preassigned  limit.  These  requirements  are  referred  to, 
somewhat  loosely,  as  the  flapping-moment  balance  criteria,  or 
equations.  For  a  teetering  or  gimbaled  rotor  this  name  implies 
that  for  trim  the  1-per-rev  components  of  the  flapping  moment 
must  be  zero  (or  must  balance  any  moment  due  to  flapping  re¬ 
straint  if  such  is  present);  i.e.,  the  tip-path  plane  is  not 
accelerating  with  respect  to  the  rotor  shaft.  These  moment 
balance  equations  are  discussed  more  fully  in  Section  10.3.3. 

Hence,  the  mathematical  definition  of  trim  consists  of  three 
force  and  three  moment  summation  equations  for  all  external 
forces  and  moments  acting  on  the  rotorcraft  plus  two  rotor- 
moment  balance  equations  for  each  rotor  that  uses  the  quasi¬ 
static  analysis,  i.e.,  6  to  10  equations.  Since  the  tip-path 
plane  is  not  a  meaningful  concept  in  the  time-variant  rotor 
analysis,  rotor-moment  balance  equations  for  a  rotor  which  uses 
that  analysis  are  not  included  in  the  trim  procedure  as  such. 
Rather,  the  moment  balances  are  performed  by  numerically  inte¬ 
grating  the  modal  equations  of  motion  of  the  rotor  for  an 
appropriate  number  of  rotor  revolutions.  All  10  possible  trim 
equations  are  summarized  in  Table  12. 

The  independent  trim  variables  that  are  used  in  all  three  trim 
procedures  are  the  three  Euler  angles  (which  orient  the  body 
axis  with  respect  to  the  fixed,  or  ground,  reference  system) 
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TABLE  12.  DEFINITION  OF  TRIM  CONDITION 

Definition 

Description 

Z  L  < 

Total  rolling  moment  about  eg 

Z  M  < 

-  2 

Total  pitching  moment  about  eg 

Z  N  < 

-  2 

Total  yawing  moment  about  eg 

Total  X-force  at  eg 

^Fy  <e. 

Total  Y-force  at  eg 

Total  Z-force  at  eg 

^“f/A^1  -  ®6 

F/A  moment  acting  on  Rotor  1  at  its 

hub 

Lateral  moment  acting  on  Rotor  1  at 

its 

hub 

^“f/A^2  - 

F/A  moment  acting  on  Rotor  2  at  its 

hub 

^“lAT^2  -  ®7 

Lateral  moment  acting  on  Rotor  2  at 

its 

hub 

L,  M,  N,  F  ,  F  ,  and  F  are  in  the  Body  Reference  System;  (H-.  ).  and 
X  y  z  r  /  A  1 

are  in  the  Shaft  Reference  System  of  the  ith  rotor  ;  j-1,2 
. . . ,  7  represent  the  seven  allowable  errors  input  to  the  program 


TABLE  13.  INDEPENDENT  TRIM  VARIABLES 


Symbol 


Description 


®COLL 

Va 

®LAT 

®PED 

(ai)i 

(bi)i 

(.,)2 

(b^)2 


Fuselage  Euler  Yaw  Angle 
Fuselage  Euler  Pitch  Angle 
Fuselage  Euler  Roll  Angle 

Pilot's  Collective  Stick  Position 
Pilot's  F/A  Cyclic  Stick  Position 
Pilot's  Lateral  Cyclic  Stick  Position 
Pilot's  Pedal  Position 
F/A  Flapping  Angle  of  TPP  for  Rotor  1 
Lateral  Flapping  Angle  of  TPP  for  Rotor  1 
F/A  Flapping  Angle  of  TPP  for  Rotor  2 
Lateral  Flapping  Angle  TPP  for  Rotor  2 


The  flapping  angles  are  with  respect  to  the  Rotor  Shaft  Reference  System. 
For  elastic  blades  they  are  based  on  Mode  1.  TPP  means  tip-path  plane. 


and  the  positions  of  the  four  primary  flight  controls  (collec¬ 
tive,  F/A  cyclic,  lateral  cyclic,  and  pedals).  When  the  quasi 
static  rotor  analysis  is  used,  the  F/A  and  lateral  flapping 
angles  of  the  rotor  that  uses  that  analysis  are  also  included 
as  independent  trim  variables.  As  explained  in  Section  2.2.2, 
tip-path  plane  flapping  angles  are  not  independent  variables 
in  the  time-variant  rotor  analysis;  i.e.,  these  angles  cannot 
be  included  as  independent  trim  variables  for  any  rotor  which 
uses  this  analysis.  Hence,  in  the  QS  trim  (or  QS  portion  of  a 
QS-TV  trim),  there  are  11  independent  trim  variables,  while  in 
the  FTV  trim  there  will  be  9  if  only  one  rotor  uses  the  time- 
variant  analysis  or  7  if  both  rotors  use  the  time-variant  ana¬ 
lysis  .  These  independent  trim  variables  are  summarized  in 
Table  13. 

10.3  METHODOLOGY  OF  THE  TRIM  PROCEDURE 


10.3.1  Iterative  Technique  and  Trim-Parameters 

A  modification  of  the  Newton-Raphson  iterative  technique  is 
used  to  compute  the  desired  trim  condition.  This  technique, 
which  is  shown  in  the  flow  chart  of  Figure  54,  consists  of 
the  following  steps: 

(1)  Compute  the  forces  and  moments  acting  on  the  rotor- 
craft  using  the  input  (or  current)  values  of  the 
independent  trim  variables. 

(2)  If  all  force  and  moment  summations  (imbalances)  are 
less  than  the  input  allowable  errors  (e^  in  Table 

12 ) ,  the  rotorcraft  is  considered  to  be  trimmed  and 
the  trim  procedure  ends;  otherwise,  compute  a  partial 
derivative  matrix. 

(3)  Use  the  matrix  and  the  imbalances  to  compute  the  incre¬ 
ments  to  the  values  of  the  independent  trim  variables. 

(4)  Add  the  increments  to  the  previous  values  of  the  trim 
parameters,  go  back  to  step  (1),  and  continue  the 
iterative  process  until  the  rotorcraft  is  trimmed  or 
the  maximum  number  of  iterations  is  exceeded. 

The  key  feature  of  this  technique  is  the  computation  of  the 
partial  derivative  matrix  (see  Figure  56).  The  computation 
of  this  matrix  requires  that  the  mathematical  model  of  trim 
consists  of  an  equal  number  of  trim  equations  and  independent 
trim  variables.  However,  in  the  definition  of  trim  given  in 
the  previous  section  and  in  Tables  12  and  13,  the  number  of 
trim  variables  is  always  one  more  than  the  number  of  trim 
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equations.  Specifically,  there  are  7  +  2n  variables  and  6  +  2n 
equations,  where  n  is  the  number  of  rotors  which  use  the  quasi¬ 
static  analysis.  Consequently,  one  of  the  independent  trim 
variables  must  be  eliminated  (held  constant)  if  the  matrix  is 
to  be  used  to  compute  increments  to  the  variables. 

Since  the  flapping  angles  are  not  always  included  in  the  list 
of  trim  variables  and  all  flight  controls  must  normally  be 
free  to  move,  the  choice  of  variables  which  can  be  held  con¬ 
stant  is  limited  to  the  Euler  angles.  Of  these  three  angles, 
a  pilot  will  normally  be  concerned  with  only  the  yaw  (heading) 
or  roll  (bank)  angles  when  trimming  the  rotorcraft  (i.e.,  pitch 
attitude  is  a  consequence  of  the  desired  flight  condition,  not  * 

a  commanded  condition  itself).  Since  the  mathematical  proce¬ 
dure  for  computing  the  corrections  to  the  trim  variables  is 
independent  of  the  nature  of  the  variables,  the  choice  of  which 
of  these  two  angles  is  held  constant  has  been  made  a  user  op¬ 
tion.  The  user  should  consider  the  flight  condition  being 
simulated  when  specifying  the  angle  to  be  held  constant.  For 
example,  pilots  normally  fly  rotorcraft  at  constant  heading, 
particularly  at  low  airspeeds.  However,  at  high  airspeeds 
the  pilot  may  be  more  apt  to  command  a  particular  roll  angle, 
such  as  zero  in  unaccelerated  flight  (or  in  a  pullup  or  push¬ 
over)  or  the  bank  angle  associated  with  a  desired  g-level  in  a 
turn.  In  practice,  a  fixed  yaw  angle  trim  works  well  and  is 
basically  representative  of  actual  flight  at  all  airspeeds, 
while  a  fixed  roll  angle  trim  is  only  really  suitable  for  flight 
above  the  speed  for  minimum  power. 

10.3.2  Computation  of  the  Partial  Derivative  Matrix  Increments 

The  procedure  for  computing  a  partial  derivative  matrix  (PDM) 
is  shown  in  Figure  55  and  can  be  described  as  follows: 

(1)  Perturb  one  of  the  independent  trim  variables  from 
its  baseline  value. 

(2)  Compute  the  imbalance  in  each  of  the  trim  equations. 

(3)  Subtract  the  imbalances  in  the  baseline  condition  from 
those  in  the  perturbed  condition. 

(4)  Divide  each  of  the  differences  by  the  perturbation. 

The  complete  PDM  is  generated  by  performing  the  above  procedure 
for  each  independent  trim  variable. 

The  complete  PDM  is  then  used  in  conjunction  with  the  force  and 
moment  imbalances  of  the  baseline  condition  to  compute  incre¬ 
ments  to  the  independent  trim  variables.  Each  increment  is 
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compared  to  a  maximum  allowable  change.  The  Initial  limit  is 
an  input;  however,  the  limit  is  reduced  as  the  imbalances  get 
closer  to  the  allowable  errors.  If  any  increment  is  larger 
than  the  limit,  all  increments  are  ratioed  by  the  same  factor 
with  the  result  being  that  the  largest  increment  is  equal  to 
the  limit.  The  increments  are  subsequently  added  to  their 
corresponding  value  at  the  baseline  condition. 

If  the  system  of  equations  in  C81  were  linear,  the  new  values 
of  the  variables  would  trim  the  rotorcraft,  i.e.,  reduce  the 
imbalance  to  zero.  However,  the  equations  in  C81  are  non¬ 
linear,  euid  the  program  generally  must  repeat  the  above  opera¬ 
tions  several  times  to  reduce  the  imbalances  to  less  than  the 
allowcible  errors. 

The  algebraic  formulation  of  this  trim  procedure  is  shown  in 
Figure  58  for  the  QS  trim,  i.e.,  10  equations  and  10  trim 
varicd)les.  However,  the  method  of  computation  is  the  same  for 
the  8  by  8,  or  the  6  by  6,  system  of  equations  used  in  the  FTV 
trim.  The  formulation  can  be  expressed  by  the  following  matrix 
equation: 

[PDM^j]  X  [AYj]  =  [-(x^)g]  (327) 

where 

[PDM^j]  is  the  square  partial  derivative  matrix  (a  10 
by  10  matrix  for  the  QS  trim), 

[Ayj]  is  the  matrix  of  increments  to  the  independent 

trim  variables,  y.  (a  10  by  1  matrix  for  the  QS 
trim),  and  ^ 

["(X-:)n]  is  the  matrix  of  the  negatives  of  the  force 
and  moment  imbalances,  x^^,  at  the  baseline  flight 
condition  (a  10  by  1  matrix  for  the  QS  trim). 

The  value  of  each  element  in  PDM^j  is  computed  as  follows: 

PDM.j  =  [(x^)  -  (x^)g]  /  [(yj)  -  (yj)g]  (328) 

where  the  subscript  B  indicates  the  baseline  condition  and  P, 
the  perturbed  condition.  Hence,  each  time  one  of  the  values 
of  yj  is  perturbed,  the  resulting  calculations  generate  one 

row  of  the  partial  derivative  matrix.  If  the  perturbations  are 
small  and  the  equations  are  nearly  linear  over  the  range  of 
the  perturbation,  then 


At  the  eg  Moments  at  Rotor  Flapping  Hinge 

Forces  Moments  Rotor  1  (Main)  Rotor  2  (Tail) 


(329) 


*ij  3x^/3 


The  10  equations  in  10  unknowns  represented  by  Equation  (327) 
are  then  solved  for  the  values  of  Ay^  by  Gauss  reduction  (Refer¬ 
ence  22,  Chapter  10.3).  Subject  to  the  limiting  technique  dis¬ 
cussed  earlier,  the  values  of  Ayj  are  then  added  to  the  previ¬ 
ous  values  of  the  trim  variables  to  obtain  a  better  approxima¬ 
tion  of  the  final  trim  condition  to  be  used  for  the  next  trim 
iteration.  The  iterative  process  is  continued  until  all  trim 
requirements  are  satisfied. 

10.3.3  Rotor  Force  and  Moment  Computations 


The  flow  charts  in  both  Figures  54  and  55  include  a  block  for 
computing  the  rotor  forces  and  moments.  Details  of  the  compu¬ 
tations  within  this  block  are  shown  in  Figure  57.  The  primary 
factor  affecting  the  path  of  the  program  through  the  rotor 
computations  is  the  type  of  rotor  analysis  which  is  to  be  used. 
For  the  QS  trim  (and  QS  portion  of  a  QS-TV  trim),  the  QS  path 
in  Figure  57  is  followed  for  both  rotors.  For  the  FTV  trim, 
the  TV  path  is  followed  only  if  the  rotor  in  question  is  to  use 
the  time-variant  rotor  analysis.  When  only  one  rotor  is  to  be 
time-variant  in  the  FTV  trim,  the  other  rotor  follows  the  QS 
path. 

Regardless  of  the  path  chosen,  the  next  decision  is  whether  the 
forces  and  moments  to  be  computed  are  for  the  baseline  values 
of  an  iteration  or  for  a  PDM.  In  the  QS  path  this  decision  de¬ 
termines  whether  or  not  the  thrust/induced-velocity  iteration 
loop  and  the  elastic  trim  routine  are  to  be  used.  (They  are 
used  for  baseline  values;  they  are  not  used  for  the  PDM.)  In 
the  TV  path  the  decision  determines  the  number  of  rotor  revolu¬ 
tions  to  be  made  in  the  nximerical  integration  of  the  modal 
equations.  (3  revolutions  are  used  to  compute  the  baseline 
values;  2  are  used  to  compute  a  PDM.) 

A  flow  chart  of  the  elastic  trim  technique  is  shown  in  Figure 
59.  This  teclmique  is  used  to  include  the  steady  and  1-per- 
rev  components  of  blade  elasticity  in  the  quasi-static  analysis. 
The  procedure  consists  of  performing  a  harmonic  analysis  of  the 
virtual  work  done  by  the  airloads  on  the  mode  shapes.  The  vir¬ 
tual  work  for  the  i^  mode  shape  is  defined  as 


VW^(4')  =  ;  F(x,.|i)MS^  (X)  dx/I^ 

o 


(330) 
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Perform  Harmonic  Analysis  of  Virtual  Work  for  Mode  i 

VW.  =  A^  +  A,  cos\|t  +  A,  sin* 

1  o.  Ic.  Is.  ’ 

1  1  1 


6,  -  -b, 

1 


I— S^n  Independen^^y^^ 

N^^or  Mode/^ 

/’’^^Mode  i\.  ~  _ 

a  Collective  ^  ~ 

Sjlotor  Mode/^  . 


6 .  =  6  +  6 ,  cos  * 

10.  Ic.  ’ 

1  i 

+6.  sin  t 


Baseline  XType\ 
Value&X°^  Compu- 
xJtation  y 


fNo  (Cyclic) 


6  =6,  cos*  +  6,  sin* 

i  Ic.  ^  Is. 

1  1 


i=i+ll 


w 


Calculate  Elastic  Displacements,  Velocities,  and 
Accelerations  Over  Rotor  Disk  for  All  Modes  Ana¬ 
lyzed  (20  Radial  Stations,  12  Azimuth  Locations) 


Gimbaled  Rotor 

NM  =  Number  of  Modes 
Q  =  Damping  Ratio 
(U^  =  Natural  Frequency 


Rigid  or  Articulated  Rotor 

PDM  =  Partial  Derivative  Matrix 
=  f/A  Flapping  Angle 
bj  =  Lateral  Flapping  Angle 


6  ,  6,  ,  6  ;  See  Equations  (334),  (335)  and  (336), 

111  respectively* 

Figure  59,  Elastic  Trim  Technique, 


J 


i 


•if*-,- 


where  F(x,(|>)  is  the  sununation  of  the  aerodynamic,  dynamic,  and 
gravitational  forces, 

X  is  the  blade  station, 

(j«  is  the  blade  azimuth  location, 

MS^(x)  is  the  mode  shape  of  the  i^  mode,  and 

is  the  generalized  inertia  of  the  i^  mode. 

From  the  harmonic  analysis  of  the  virtual  work  parameters,  only 
the  steady  and  1-per-rev  components  are  retained,  such  that 

VW^(»l()  -  *  ^23,  sin(j»  (331) 

where  ,  and  Aj^^  are  the  coefficients  generated  by 

the  analysis. 

The  modal  participation  factor  is  then  truncated  to  a  first- 
harmonic  series: 

6i(H')  =  6^  +  cos'F  +  sin*!*  (332) 

Substituting  Equations  (331)  and  (332)  into  the  modal  equations 
of  motion, 

6^  +  2  C«»n.^i  =  '^i  <333) 

yields  the  following: 

=  A^  /w  2  (334) 

°i  °i  "^i 

®lc.  “  ^^Ic.  ^*"n.  ^“^Is  .  ^  U)^  Q)]A>enom 

(335) 

^Is.  ~  ^^Is.  ^Ic.  ^  u)^  fi)]/Denom 

(336) 
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Denom  =  (u» 


2 


(337) 


-  n2)2  +  (2  ^ 


where 


u)_  is 


the  natural  frequency  of  the  ith  mode  (rad/sec). 


n  is  the  rotor  speed  (rad/sec),  and 

C  is  the  nondimensional  damping  ratio  of  the  mode. 


Finally,  the  elastic  displacements,  velocities,  and  accelera¬ 
tions  over  the  rotor  disk  due  to  these  participation  factors 
are  computed  and  used.  This  routine  provides  reasonable  start¬ 
ing  values  for  all  modal  participation  factors  when  a  time- 
variant  rotor  trim  (the  TV  portion  of  a  QS-TV  trim)  or  a  time- 
variant  maneuver  follows  a  QS  trim.  Without  the  elastic  trim 
routine  these  participation  factors  would  have  to  be  assumed  to 
be  zero,  which  would  increase  the  magnitude  of  the  transient 
rotor  motion  that  occurs  when  the  program  switches  from  the 
quasi-static  to  the  time-variant  rotor  analysis. 


The  participation  factors  output  from  the  elastic  trim  routine 
are  also  used  in  the  computation  of  the  rotor  moments  which 
must  be  balanced  as  part  of  the  QS  trim  procedure  (see  Section 
10.2).  The  rotor  moments  computed  at  each  of  the  12  azimuth 
locations  of  the  ^asi-static  rotor  analysis  are  subjected  to 
a  harmonic  analysis  like  that  performed  on  the  virtual  work  in 
the  elastic  trim  routine.  Discarding  the  higher  harmonics, 
the  moment  is  expressed  as 


M(t)  =  cosV  +  sinf  (338) 


Equating  like  harmonics  then  yields  the  following  expressions 
for  the  F/A  and  lateral  rotor  moments  about  the  hub; 


”f/a 

”lat 


M 


Is 


m 

1  (BBMC.6,  ) 
i=l  ^  -^^i 


NM 

Z  (BBMC.6,  ) 
i=l  ^  -^^i 


^”h^f/a 

^”h^lat 


(339) 


(340) 


where 
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BBMC-  is  the  blade  bending  moment  coefficient  at 
the  hxob  for  the  i^  mode, 

NM  is  the  number  of  modes,  and 

Mg  is  the  moment  (F/A  and  lateral)  at  the  hub  due 
to  flapping  restraint  and/or  stops. 

In  the  QS  trim  procedure  it  is  these  two  moments  which  must  be 
less  than  the  input  limits  (e^  or  in  Table  12)  for  the 

rotor  to  be  considered  trimmed. 

For  a  teetering  or  gimbaled  rotor  without  flapping  restraint 
(hub  spring),  there  is  no  moment  transfer  from  the  hub  to  the 


rotor  shaft. 


Hence,  BBMC  is  zero,  and  and  Mj^^  can 


properly  be  termed  flapping  moments.  For  a  rigid  or  articulated 
rotor,  BBMC  is  normally  nonzero  and  the  restraint  at  the  hub  is 
included  in  the  mode  shapes,  not  as  a  hub  spring  (i.e.,  (Mjj)p^j^ 

and  both  equal  zero). 

One  of  the  implications  of  Equations  (339)  and  (340)  is  that 
with  appropriate  inputs  to  the  QS  trim  a  rigid  or  articulated 
rotor  can  be  modeled  as  a  gimbaled  rotor  with  rigid  blades  and 
a  hub  spring  that  simulates  the  rotor  mode  shapes.  Obviously, 
this  approximation  is  not  suitable  for  dynamic  analyses  where 
blade  loads,  etc.,  are  required;  however,  it  can  be  useful  in 
performance  and  stability  analyses  when  complete  mode  shape 
data  are  not  available. 

10.3.4  Programming  and  Running  Considerations 

The  overall  trim  procedure  has  been  developed  to  iterate  to  a 
trimmed  flight  condition  in  a  minimum  amount  of  computer  time. 
Since  the  rotor  calculations  are  the  most  time-consiuning  opera¬ 
tion  of  the  procedure,  the  number  of  times  that  these  calcula¬ 
tions  must  be  performed  is  held  to  a  minimxun.  For  example,  in 
a  QS  trim,  the  computation  of  the  FDM  does  not  include  the 
thrust/induced-velocity  iteration  loop  or  the  elastic  trim 
routine  used  in  the  computation  of  the  baseline  forces  and 
moments  of  the  rotor.  Although  their  inclusion  would  create  a 
more  accurate  PDM,  the  increased  accuracy  does  not  necessarily 
reduce  the  number  of  iterations  required  to  trim  and  generally 
increases  rather  than  decreases  the  overall  run  time.  Simi¬ 
larly,  the  usual  number  of  rotor  revolutions  used  with  the  time- 
variant  rotor  analysis  is  5  in  the  TV  portion  of  the  QS-TV  trim, 
but  only  3  in  the  computation  of  the  baseline  values,  and  only 
2  in  the  computation  of  the  PDM  in  the  FTV  trim  because  the 
increased  number  of  revolutions  does  not  shorten  the  run  time 
in  the  FTV  trim. 


In  terms  of  computer  time  required  to  achieve  trim,  the  QS  trim 
is  always  the  fastest  procedure.  Since  the  TV  portion  of  a  QS- 
TV  trim  is  essentially  a  post-processor  to  a  QS  trim,  a  QS-TV 
trim  will  obviously  take  longer  than  a  QS  trim.  The  FTV  trim 
will  take  the  longest  of  all.  Because  of  the  marked  differ¬ 
ences  in  the  QS  and  FTV  trim  procedures  and  the  many  rotor- 
craft  configuration  variables,  it  is  impossible  to  estimate  the 
relative  run  times  of  the  two  procedures,  even  for  the  same 
configuration  starting  at  the  same  point.  However,  it  is 
strongly  recommended  that  all  the  inputs  for  the  trim  variables 
in  FTV  trims  be  obtained  from  previously  computed  QS  or  QS-TV 
trims  for  the  identical  flight  conditions  and  rotorcraft  con¬ 
figuration. 

Although  past  use  of  the  program  has  shown  that  the  trim 
procedure  can  generally  iterate  to  a  trimmed  flight  condition 
from  most  any  reasoncdile  combination  of  guessed  inputs,  the 
user  should  choose  inputs  that  are  as  close  to  the  trim  condi¬ 
tion  as  possible  to  insure  a  successful  trim  and  to  minimize 
the  computer  time  required  to  trim.  One  of  the  more  common 
reasons  for  failure  of  the  program  to  trim  is  starting  with 
too  high  a  collective  stick  position,  i.e.,  with  the  rotor  in 
a  stalled  condition.  If  the  rotor  is  stalled,  the  partial 
derivative  matrix  is  likely  to  indicate  that  up  collective  will 
reduce  rotor  thrust  (which  it  could  well  do  in  a  stalled  condi¬ 
tion)  while  also  increasing  rotor  torque.  The  result  of  this 
apparent  control  reversal  may  be  a  fictitious  trim  at  a  very 
high  power  level  (somewhat  equivalent  to  trimming  on  the  back¬ 
side  of  the  power  curve)  or  more  likely,  no  trim  at  all.  Hence, 
while  the  trim  procedure  is  basically  forgiving,  it  can  run 
into  problems  when  gross  nonlinearities  are  encountered. 

10.4  ROTOR-ONLY  TRIM  PROCEDURE 

It  is  not  mandatory  that  C81  simulate  an  entire  rotorcraft 
system.  Frequently,  it  is  desirable  to  simulate  an  isolated 
rotor,  e.g.,  a  wind  tunnel  simulation.  A  special  path  has  been 
included  in  the  general  trim  procedure  to  provide  for  such 
rotor-only  simulations  in  conjunction  with  the  quasi-static 
rotor  analysis.  For  a  rotor-only  trim,  all  references  to  the 
fuselage  force  and  moment  balances  are  deleted.  That  is,  the 
user  sets  through  Cg  in  Table  12  so  large  that  the  first 

six  (total  rotorcraft)  trim  equations  are  effectively  deleted 
from  the  trim  procedure.  The  allowable  errors  for  the  flapping 
moment  imbalances  (e^  for  Rotor  1,  for  Rotor  2)  are  kept  at 

realistic  values.  Also,  the  two  rotors  are  decoupled  from  each 
other,  which  in  effect  reduces  the  single  10  by  10  matrix  in 
Figure  56  to  a  pair  of  2  by  2  matrices.  It  is  not  necessary 
or  normal,  that  both  rotors  be  included  in  a  rotor-only  trim. 
Assuming  the  second  rotor  is  deleted,  the  10  by  10  matrix  then 
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reduces  to  a  single  2  by  2  matrix.  The  independent  variables 
for  reducing  the  flapping  moments  may  then  be  either  the  fore- 
and-aft  and  lateral  shaft-axis  flapping  angles  or  the  fore-and- 
aft  and  lateral  blade  feathering  angles.  When  the  flapping 
angles  are  the  independent  variables,  the  case  is  equivalent 
to  letting  the  rotor  seek  a  new  equilibrium  flapping  condition 
for  a  prescribed  set  of  blade  feathering  angles.  When  the  fea¬ 
thering  angles  are  the  independent  variables,  the  case  is 
equivalent  to  letting  the  rotor  control  seek  the  values  which 
will  cause  a  prescribed  set  of  flapping  angles.  The  latter 
case  is  particularly  useful  in  simulating  wind  tunnel  tests 
where  data  are  measured  at  specified  flapping  angles  rather 
than  control  positions.  The  former  case  can  also  be  useful 
during  a  total  rotorcraft  trim  when  difficulty  is  encountered 
in  trimming  the  entire  rotorcraft  system  with  the  10  by  10 
matrix.  Either  or  both  sets  of  rotor  equations  may  be  de¬ 
coupled  and  allowed  to  trim  within  one  conventional  trim 
iteration. 

It  should  be  emphasized  that  the  rotor-only  procedure  described 
here  cannot  be  used  for  a  time-variant  rotor  since  the  flapping 
angles  and  rotor  moments  on  which  it  is  based  do  not  exist  in 
the  time-variant  analysis.  However,  the  equivalent  of  the  trim 
at  specified  blade  feathering  angles  can  be  performed  with  the 
QS-TV  or  FTV  trim  by  using  appropriate  dummy  inputs  for  the 
fuselage  and  aerodynamic  surfaces.  As  another  alternative, 
the  allowable  errors  can  be  set  very  large  so  that  the  program 
will  immediately  "drop  through"  the  trim  procedure,  and  a  time- 
variant  maneuver  with  an  appropriate  n\unber  of  rotor  revolutions 
can  be  performed  at  fixed  feathering  angles . 

A  second  (optional)  trim  page  has  been  added  to  the  program  to 
present  significant  rotor  performance  data  that  are  useful  in 
analyzing  wind  tunnel  simulations  and  are  not  printed  as  part 
of  the  standard  trim  page.  The  data  are  in  both  dimensional 
and  nondimens ional  forms.  A  summary  of  the  rotor  and  tunnel 
parameters,  and  the  rotor  bending  moments  are  also  printed. 

This  optional  page  may  be  printed  following  either  a  total 
rotorcraft  or  rotor-only  trim. 
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11.0  ROTORCRAFT  STABILITY  ANALYSIS 


11.1  INTRODUCTION 

The  principal  objective  of  this  section  is  to  present  a  basis 
for  evaluating  each  element  in  an  18-degree-of- freedom  system 
characteristic  determinant.  The  application  of  perturbation 
theory  as  presented  herein  follows  the  development  given  in 
Reference  27. 

The  first  form  of  the  stability  analysis  programmed  as  a  sub¬ 
routine  in  C81  was  based  on  six  rigid-body  degrees  of  freedom 
of  the  fuselage  with  rotor  effects  introduced  as  additional 
terms.  The  original  analysis  was  performed  assuming  two 
decoupled  systems  of  three  equations  each  and  then  combining 
these  six  equations  into  a  representation  of  a  single  coupled 
system.  Later,  12  more  equations  which  are  representative 
of  rotor  and  pylon  degrees  of  freedom  were  introduced.  The 
system  discussed  herein  consists  of  the  six  fuselage  degrees 
of  freedom  and  the  additional  rotor  and  pylon  degrees  of 
freedom.  The  resulting  set  of  18  equations  (see  Table  14)  of 
rigid  body  motion  are  presented  herein,  associated  symbols  are 
defined,  and  the  procedure  of  analysis  is  delineated. 

11.2  STABILITY  ANALYSIS  EQUATIONS 

The  basic  stability  analysis  equations  correspond  to  the  equa¬ 
tions  of  motion  used  in  the  calculations  of  maneuver  time 
histories.  However,  it  is  convenient  in  the  stability  analysis 
to  represent  the  rotors  with  two  equations  each,  one  for  fore- 
and-aft  flapping  and  one  for  lateral  flapping. 

The  equations  in  Table  14  reduce  to  the  usual  ec^ations  of 
motion,  except  for  the  aerodynamic  terms  involving  W  in  the 
fuselage  group,  if 

=  0  i  =  1,2, . . . ,  18  (341) 

For  i  =  1,2, _ _  6,  11,  12,  17  and  18,  the  ecpations  are  the 

same  as  given  for  the  rigid  body  fuselage  anc  the  rotor  flapping 
components  developed  in  Reference  1,  except  as  noted  above. 

The  fuselage  equations  are  ordered  so  that  the  first  three 
reduce  to  the  traditional  "longitudinal"  equations  when  de¬ 
coupled  from  the  rest  of  the  system.  Similarly,  the  next 
three  equations  reduce  to  the  "lateral"  equations.  For  i  =  7-10 
and  13-16  the  equations  are  the  same  as  the  pylon  equations 
levcloped  in  Section  3.3.  The  inertia  coupling  terms  in  the 
pylon  equations  may  be  found  by  observing  Equations  (125), 

>  ( 133 ) ,  and  ( 134) . 
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TABLE  14.  STABILITY  ANALYSIS  EQUATIONS 


FUSELAGE 

Gj  =  in(U  +  Q  W  -  R  V)  - 

G,  =  m(W  +  P  V  -  Q  U)  -  F  -  W  -  Z*  W 

G,  =  I  Q  +  R  P  (I  -  I  )  +  I  (p2  -  r2)  - 

3y  xz  xz 


G,  =  m(V  +  R  U  -  P  W)  -  F  -  W  -  Y-W 
4  y  y  w 


G.  =  IP-I  R  +  QR(I-I)-I  PQ 

5  X  xz  z  y  xz 

G,  =IR-I  P+PQ(I-I)+I  QR 


XZ 


XZ 


MAIN  (FIRST)  PYLON  -  j  =  1,  2,  3,  4 


G. .,  =  Z  I..„P.„+  u).„  P.„  +  u)2„  P 

J+6  jiM  iM  ^jM  jM  jM  jM  : 

-  F  .JQ  -  I  U  -  I  V  -  I 
ojM  jM  xjM  yjM  zjM 


-  I  -M  P  -  I  M  Q  -  I  M  R 
pjM  qjM  ^  rjM 


MAIN  (FIRST)  ROTOR  FLAPPING 

"  ^RM^^"^1M  ■  ^SM^  ■  ^  Sl^®lM  *  ^’SM^^ 

*^12  "  ^RM^^"®1M  ■  ^SM^  ^  ^  Sl^^lM  *  %M^^ 


M  -  M*  W 
w 

-  L  -  L-  W 

w 

-  N  -  N*  W 

w 


W 


”rm 


TABLE  14.  CONCLUDED 


TAIL  (SECOND)  PYLON  -  j  =  1,  2,  3,  4 

^jiT  ^jT  ^  ^jT  “'jT  ^jT  “"jT  ^jT 
-  Ijl  -  'xJT  “  -  'yji'V  - 


'  ^JT  ■  ’^qJT  ‘  'rjT  ^ 


TAIL  (SECOND)  ROTOR  FLAPPING 

^17  ^  ^RT^^^^IT  ■  ^ST^  ■  ^  ^  ^ST^^  "  ^T 

‘^IB  =  ^RTf(-®lT  -  ®SM>  2  OfCA^^  +  Q^^)]  -  I^^ 
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The  perturbation  method  requires  representation  of  the  partial 
derivatives  of  the  with  respect  to  the  18  base  variables 

and  their  first  and  second  derivatives.  Some  of  these  deriv¬ 
atives  can  be  evaluated  only  by  way  of  auxiliary  equations 
relating  the  base  variables  to  secondary  variables.  The  weight 
components,  W^,  Wy,  and  W^,  are  denoted  explicitly  so  that  their 

partial  derivatives  can  be  evaluated  analytically.  The  effects 
of  rate  of  change  of  angle  of  attack  are  also  included  expli¬ 
citly  as  coefficients  of  W  in  G2,  G^,  G^,  G^,  and  Gg.  It  is 

assumed  that,  except  for  these  five  terms,  the  aerodynamic 
forces  and  moments  are  not  functions  of  the  acceleration 
variables. 

11.3  AUXILIARY  EQUATIONS 

Five  reference  systems  involved  in  the  stability  analysis  are 

Ground,  or  Fixed 

Body,  or  Fuselage 

Main  (First)  Pylon  Mast  or  Shaft 

Tail  (Second)  Pylon  Mast  or  Shaft 

Wind  (Section  11.6.3) 

An  ordered  set  of  angular  rotations  (t,  6,  <l>)  relating  the  body 
reference  system  to  the  fixed  reference  as  described  in  Refer¬ 
ence  27  is  called  the  ’'fuselage  Euler  angles.”  Note  that  in 
the  following  discussions,  body  reference  and  fuselage  refer¬ 
ence  are  used  synonymously.  Similar  sets  are  used  to  relate 
each  pylon  mast  reference  system  to  the  fuselage.  The  rotor 
tip-path  plane  flapping  components  (Aj^j^,  for  the  main 

rotor  and  Aj^^,  Bj^^  for  the  tail  rotor)  are  represented  as 

rotations  about  the  mast  axes.  The  Euler  angle  velocities  are 
functions  of  fuselage  rotation  velocity  components  (P,  Q,  R) 
and  the  transformations  of  components  from  one  reference  frame 
to  another  require  the  following  group  of  auxiliary  relation¬ 
ships  . 

11.3.1  Fuselage  Euler  Angle  Velocities  in  Body  Reference 
System 

t  =  (Q  sin  <l>  +  R  cos  <l>)  sec  0 
e  =  Q  cos  ♦  -  R  sin  <l> 

♦  =  p  +  (Q  sin  ♦  +  R  cos  ♦)  tan  0 
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(342) 

(343) 

(344) 


11.3.2  Weight  Components  in  Body  Reference  System 


The  fuselage  Euler  angle  transformation  matrix,  T,  given  in 
Reference  1,  is  used  to  evaluate  the  components  of  the  weight 
vector  in  the  fuselage  body  reference  system.  Since  *K  =  0 
in  this  case. 


[T(0,  e,  <!>)] 


cos  6  sin  6  sin  4> 
0  cos  4> 

l-sin  0  cos  0  sin  <l> 


sin  0  cos  <t> 
-  sin  «!» 
cos  0  cos  <l> 


(345) 


Then 

[Wx  Wy  W^]  =  [0  0  mg][T(0,  0,  <l»)] 


(346) 


11.3.3  Body  Angular  Velocity  and  Acceleration  Components 
in  Pylon  (Rotor)  Mast  Reference  Systems 


Let  0j-  =  the  main  rotor  shaft  tilt  fore-and-aft,  positive 
forward 


=  the  main  rotor  shaft  tilt  lateral,  positive  right 
and  similarly  0^  and  <l»^  for  the  tail  rotor.  Then 


t^SM^SM^SMl  =  (P  Q  R]lT(0,  -0„,  4„)]  (347) 

I^SmQsM^SM^  =  [P  Q  R][T(0,  -0„,  ♦„)]  (348) 

[PgT  Qst  ^st^  =  [p  Q  R][^(o»  -63.. 

[PsT  ^ST  ’^ST^  =  [P  Q  R][T(0,  -0,j,,  -<l>^)]  (350) 


Elements  of  T(0,  -0„,  <!>„)  are  denoted  T„  ,  so  that,  for  example. 


P-„  =  PT„  +  RT„ 
SM 


(351) 


11.4  INDEXED  NOTATION 

For  convenience  in  developing  the  stability  analysis,  an  indexed 
notation  is  introduced.  Body  displacement  variables  are  sup¬ 
plied  in  the  form  of  velocity  integrals. 
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11.4.2  Auxiliary  Variables 


•  • 

Yi  =  'V 

• 

^4  “  ^SM 

^4  ^SM 

Y2  =  e 

•  • 

Y2  =  ® 

• 

^5  ~  ^SM 

^5  ■  ®SM 

(353) 

ya  =  ♦ 

•  » 

ya  =  4 

• 

^6  “  ®SM 

^6  =  »SM 

11.4.3  Applied  Forces  and  Moments 
^1 
^2 
^3 
^4 
^5 

11.4.4  The  Perturbation  Variables 


Each  base  variable  is  represented  as  the  sum  of  the  initial 
value,  ,  and  an  increment,  Ax^.  Denote  x.  as  x.  and 

_  O  ^0^0 

Ax^  as  x^.  Then 


^x 

^6  = 

N 

^11 

^  ”rm 

^16 

^04T 

^7  = 

^"0111 

^12 

"  ^RM 

^17 

= 

M 

^8  = 

^02M 

®‘l3 

^OIT 

^*18 

’^RT 

^9  = 

^03M 

^14 

=  F 
^02T 

L 

o 

II 

^04M 

^15 

“  ^03T 

(354) 


Xi  =  X.  +  X.  ;  X  =  X.  +  X. 
o  o 


X  =  .  X, 


(355) 


The  x^,  x^,  and  are  the  basic  perturbation  variables 
Similarly,  for  the  auxiliary  variables. 


Yi  =  Yi  +  Yi  ;  Yi  =  Yi  +  Yi  ;  Yi  =  Y,  +  Yi 
o  o  o 


(356) 


In  the  notation_of  Table  14,  the  uppercase  symbols  correspond 
to  the  x's  and  y*s.  Lowercase  symbols  are  used  elsewhere  for 
the  initial  incremental  parts.  Thus, 


U  =  u^  +  u,  V  =  v^  +  v,  etc. 


(357) 
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11.5  THE  EIGENVALUE  SOLUTION 
11.5.1  Formulation 

The  equations  of  motion  are  nonlinear  in  the  basic  variables 
and  thus  do  not  admit  of  a  direct  eigenvalue  solution.  They 
are  linearized  by  considering  a  perturbation  about  an  initial 
condition  specified  by  ,  Xj  ,  and  .  The  equations  of 

motion  can  be  written  °  ° 


G^(Xj,  Xj,  Xj,  yj^,  yj^,  yj^)  =  0,  (358) 

where 

i  =  1,  2,  ...»  18 

]  —  If  2/  ...f  18 

k  =  1,  2,  .  ,  . ,  6 

or,  since  the  y  variables  are  functions  of  the  x  variables, 
the  equations  can  be  specified  as 


G^(Xj,  Xj,  Xj)  =  0 


(359) 


The  total  differential  of  G^,  with  controls  fixed,  can  be 
expressed  in  terms  of  the  base  variables  as 

aG.  aG.  aG. 

dG.  =  Z  — -  X.  +  Z  — i  X.  +  Z  — i  X .  =  0  (360) 

j  ax.  ^  j  ax.  J  j  ax.  ^ 

3  o  ^  o  ^  o 


in  which  the  partial  derivatives  are  evaluated  at  the  initial 
values,  X.  . 

^o 

Assume  X.  =  x.  e^^.  Then  the  equation  represented  by 
Equation  (360)  can  be  written  as 


(361) 


The  determineuit  of  the  coefficients  is  the  characteristic 
determinant  for  fixed  controls. 
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11.5.2  Solution  Procedure 

The  eigenvalue  problem  is  characterized  by  a  set  of  simultane¬ 
ous  equations  which  can  be  expressed  in  matrix  form  as 

[A]{X}  =  k{X]  (362) 


where  [A]  is  a  square  matrix,  {X}  is  a  vector  of  unknowns, 
and  \  is  a  scalar  quantity.  Equation  (362)  can  be  rewritten 
as  a  homogenous  equation: 

(lA]  -  X[I]){X}  =  0  (363) 

where  [I]  is  the  identity  matrix  having  the  same  order  as  [A]. 
However,  Equation  (363)  is  linear  in  X  whereas  Equation 
(361)  is  quadratic,  and  the  two  equations  are  of  somewhat 
different  form.  Hence,  the  following  procedure  is  used  to 
transform  Equation  (360)  to  the  standard  eigenvalue  form. 

First,  the  coefficients  of  x  in  Equation  (360)  are  defined  as 


(364) 


(365) 


(366) 


These  coefficients  then  become  the  elements  of  mass,  damping, 
«md  stiffness  matrices,  respectively,  when  Equation  (360)  is 
rewritten  in  matrix  form  as 

[M]{X}  +  (C]{i}  +  [Kl{x}  =  0  (367) 

where  [M] ,  [C],  and  [K]  are  square  matrices  (N  by  N)  and  {x}, 
{x},  and  {xj  are  coliunn  matrices  (of  length  N).  At  this  point, 
a  substitution  variable  (y)  is  defined: 

y  =  X  (368) 

emd  Equation  (367)  becomes 

(M]{y}  +  [C]{y}  +  [K]{x}  =  0  (369) 
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Comparing  Equation  (375)  to  Equation  (363)  shows  that  they 
have  the  identical  format.  Specifically,  the  A  and  X  arrays 
are  forumulated  as  follows 


[Tm] 

[of 

-1 

■(C] 

[Kf 

liO] 

[01_ 

[[M] 

(Of 

"(CJ 

(Kf 

\loi 

-(!] 

(0]_ 

(376a) 


and 


{X} 


[C] 

-[Ml”^  [K]  ■ 

[I] 

[0]  . 

e 


(376b) 


where  [A]  is  dimensioned  2N  by  2N  and  [X]  is  1  by  2N. 

The  A  matrix  is  then  input  to  the  ALLMAT  subroutine  (Reference 
29)  which  returns  the  eigenvalues  of  the  A  matrix  (\,  the  roots 
to  the  characteristic  equation).  A  second  entry  to  the  same 
routine  can  be  used  to  compute  the  eigenvectors  (the  X  array  for 
the  corresponding  values  of  A ;  the  mode  shapes ) . 


11.6  EVALUATION  OF  THE  PARTIAL  DERIVATIVES 


The  partial  derivatives  in  Equation  (361)  are  to  be  evaluated 
at  the  initial  condition  as  indicated  by  the  subscript  o. 
There  are 


3  X  18  X  18  =  972 

elements  in  the  full  set  of  partial  derivatives.  The  discussion 
of  their  evaluation,  which  follows,  is  intended  to  be  illustra¬ 
tive  rather  than  exhaustive. 


29Fiar,  Gale,  ALLMAT;  A  TSS/360  FORTRAN  IV  SUBROUTINE  FOR 
EIGENVALUES  AND  EIGENVECTORS  OF  A  GENERAL  COMPLEX  MATRIX, 
NASA  TND-7032,  January  1971. 
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11.6.1  The  Euler  Angle  Relationships 

The  relationships  between  the  set  of  Euler  angle  perturbations, 
,  e,  and  <t>,  and  the  base  perturbations,  x^,  x^,  and  Xg,  are 

developed  from  Equations  (342),  (343),  and  (344). 

In  terms  of  the  perturbation  variables,  the  total  differential 
of  e  is,  from  Equation  (343), 


-  90  X  90  4.  90  4* 


(377) 


de  =  cos  <t>  dQ  -  sin  4  dR  -  (Q  sin  4  +  R  cos  4)  d4  (378) 
In  the  perturbation  notation. 


e  =  q  cos  (4>q  +  4>)  -  r  sin  ((}>q  +  (!>) 

-  [(<30"^  ^'•’o 

+  (r^  +  r)  cos  ((t)^  +  4)1  <t> 

The  following  approximations  are  used: 


(379) 


cos  (4q  +  4 )  ~  cos  4q  -  4  sin  4^ 
sin  (4^  +  4)  ~  sin  4  +4  cos  4^ 


(380) 


Omitting  the  terms  containing  products  of  perturbation  variables. 


e  =  q  cos  4„  -  r  sin  4^  -  (q„  sin  4^^  +  r^^  cos  4^)4  (381) 


Whence 


6  =  cos  4q  /  q  dt  -  sin  4^  /  r  dt 

-  (q^  sin  4^  +  r„  sin  4^)  /  4  dt 
o  o  o 


Then 


30  ^30  .  . 

§5-3  '  STTj  = 


Similarly, 


(382) 


(383) 


H;  =  “"♦o  =*=*0 

3  o 


(384) 
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H:  =  sin<>  ^  tane  =  1;  =  cos  ♦  ^  tan  6 


8X3  - o'  8X5  *'  8Xg 

11.6.2  The  Partial  Derivatives  of 


The  partial  derivatives  of  are  developed  in  detail, 
same  procedure  is  applicable  to  the  remaining  G^. 

Consider  the  first  fuselage  rigid-body  equation. 

G^  =  m  (U  +  QW  -  RV)  -F^ 

In  the  perturbation  notation, 

°i  =  »[*i^  ^  ^  (\  *  h)  (\  *  ^2) 

-  (*6„  *5)  (*4  *4)]  -  -  «x 


or,  dropping  perturbation  variable  product  terms, 


Gj,  =  m 


(*i  .  k  k  -  k  i  ) 

'  o  00  O  Of 


+  +  X,  Xo  +  Xo  X,  -  x^  x„  -  X 


.3  XV2 

o 


2  "3 


^o 


-  ^x  -  ''x 


Then  the  are 


3q“  =  ^  3  ^ 

since  from  Equation  (346) 


8W, 


8W_ 


3X.  8X. 


3X. 


=  0 


and  from  Equation  (388),  the  G^^j  are 


8G 


1  _ 


8Fx  8G^ 


=  mx. 


8x, 


8x. 


ax. 


9F. 


8x, 


(385) 


The 


(386) 


(387) 


(388) 


(389) 


(390) 


(391) 
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3G^ 

• 

aF^  aci  _ 

• 

=  mx,  - 

'  .  ~ 

-"«6  "  ~ 

dX^ 

^0 

axj  3x^ 

0  3x4 

3Gj^ 

= .  !!x 

3G, 

1 

.  !!x 

• 

;  .  -  mx^ 

3X5 

and 

3G., 

aig 

axg  0 

aig 

n; 

—  X 

■  ■  8i. 

,  j  =  7,  8, 

•  * • /  16 

Finally, 

the 

are  derived 

from 

aCj 

FiT 


3Xj  3Xj 


,  j  =  1,  2,  .  . . ,  18 


as  follows. 

By  Equation  (346) 


Wx  =  -mg  sin  (0^+6) 


Then 

!!x_!:!x30 
3Xj  30  axj 

From  Equation  (394) 

aw 

80-  =  -"‘9  CO®  0o 

According  to  Equation  ( 382 ) 
30 


— 0,  j  —  1,  2,  4,  5,  7,  8,  ...f  18 


and  therefore 


ax. 


=0,  j  =1,  2,  4,  5,  7,  8,  18 


(391 
Contd. ) 


(392) 


(393) 


(394) 


(395) 


(396) 


(397) 


(398) 
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The  nonzero  partial  derivatives  of  6  are  found  from 
(383). 

Thus 


ax- 


=  -mg  cos  0  cos 


Since  is  not  a  function  of 

ac, 

a—  =  mg  cos  0^  cos 

dXg  O  O 

or,  comparing  with  Equation  (346) 

ac, 

— —  =  w 
ax3 


similarly, 

ac 


ax 


i  =  - 


6 


mg  cos  0^  sin 

o  o 


or. 


ac, 

a3i  =  -«y 


For  the  remainder  of  the  first  row  of  the  K-matrix, 
aF.. 


axi 


ax. 


,  i  =  7,  8,  - -  18 


The  derivatives  of  F  are  computed  numerically.  The 
tion  is  * 


aF  ^x  *-i  ^i  "  ^x  ^i 
X  _  o  o 


axi 


^i 


where  the  are  constants  controlled  by  user  input. 


equation 

(399) 

(400) 

(401) 

(402) 

(403) 

(404) 

approxima- 

(405) 
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11.6.3  Aerodynamic  Coefficients  in  the  M  Matrix 

Effects  of  rate  of  change  of  wing  angle  of  attack  on  the  lift 
coefficients, of  each  stabilizing  surface  are  included  in  the 
M  matrix  as  W,  or  acceleration,  derivative  in  accordance  with 
the  analysis  in  Section  5.5  of  Reference  27.  As  stated  in  the 
reference. 

The  a  derivatives  owe  their  existence  to  the 
fact  that  the  pressure  distribution  on  a  wing 
or  tail  does  not  adjust  itself  instantaneously 
to  its  eguilibrivun  value  when  angle  of  attack 
is  suddenly  changed. 

The  a  derivatives  discussed  in  Reference  27  are  C„  and  C„ 

Z*  M* 

a  a 

which  correspond  to  2^  and  in  C81.  In  the  referenced 

analysis,  the  spans  of  both  the  wing  and  tail  are  assumed  to  be 
parallel  to  a  body  X-Y  plane;  consequently,  the  contributions 
of  a  to  lift  affect  only  the  vertical  force  and  the  pitching 
moment.  In  C81  the  a  derivative  is  replaced  by  the  W  deriva¬ 
tive,  and  the  stabilizing  surface  does  not  necessarily  lie  in 
a  body  X-Y  plane;  i.e.,,the  surface  may  have  a  large  dihedral 
angle.  Therefore,  the  W  increment  is  resolved  from  the  body 
to  the  wind  axis  reference  system,  the  change  in  lift  is 
calculated,  and  the  force  is  resolved  back  to  the  body  axis, 
which  yields  both  a  2  and  a  Y  force.  The  result  is  that  in 

addition  to  the  conventional  2*  and  M»  derivatives,  side  force, 

w  w 

rolling  moment,  and  yawing  moment  derivatives  (Y;, ,  L%,  and  N% ) 
are  also  included.  '' 

11.6.4  Tabulation  of  the  Partial  Derivatives 

The  entire  set  of  partial  derivatives  is  given  in  Figures  60, 
61,  and  62.  Figure  60  is  the  M  matrix.  The  elements 
in  this  matrix  are  all  determined  analytically,  and  the  ele¬ 
ments  are  zero  where  not  otherwise  indicated. 

The  C  matrix.  Figure  61,  contains  analytical  terms  as  well  as 
derivatives  of  the  applied  forces  and  moments.  The  symbol  -3 
indicates  that 

-aF. 

Q  is  included  in  the  element  in  the  ith  row,  jth 
j  column. 

In  the  K  matrix.  Figure  62, 


is  indicated  in  the  same  manner. 
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INERTIAL  MATRIX 


igure  60.  Inertial  Matrix 


Figure  61.  Damping  Matrix 


STIFFNESS  HATRIX 


Stiffness  Matrix 


11.7  CONTROL  POWER  DERIVATIVES  AND  TRANSFER  FUNCTIONS 

Once  the  stick-fixed-stability  frequencies  and  mode  shapes  are 
determined,  transfer  functions  and  frequency  response  for  the 
three  attitude  controls  are  found.  The  transfer  functions  of 
primary  interest  are  pitch  response  to  longitudinal  cyclic, 
roll  response  to  lateral  cyclic,  and  yaw  response  to  pedal. 
Transfer  functions  for  other  combinations  of  fuselage  degrees 
of  freedom  and  rotor  flapping  may  be  obtained  by  selection  of 
appropriate  values  of  IPL(93).  Define  the  four  control  inputs 
for  which  control  power  derivatives  are  determined  as 


Cj^  =  disturbance  of  collective  stick  from  trim  position 

C^  =  disturbance  of  longitudinal  cyclic  stick  from  trim 
position 

C,  =  disturbance  of  lateral  cyclic  stick  from  trim  posi¬ 
tion 

-  disturbance  of  pedal  from  trim  position 

Then  the  set  of  equations  represented  by  (360)  becomes  the  set 
of  equations  for  forced  motion. 


Z 

j 


8G. 

X .  .  Z 
^  J  axj 


dG- 

X .  +  Z  — i 
^  j  aXj 


ac. 

z  —  Cj 

k  ac.  * 


(406) 


The  solution  of  these  equations  to  obtain  the  transfer  functions 
is  done  by  the  use  of  Cramer's  rule.  The  denominator  is  already 
availcd)le  from  the  stick  fixed  stability  analysis.  The  numer¬ 
ator  is  obtained  by  replacing  one  column  of  the  stiffness 
matrix  with  one  column  from  the  control  power  matrix.  For  the 
pitch  response  to  longitudinal  cyclic,  the  third  column  of  the 
stiffness  matrix  (jQdt)  is  replaced  by  the  second  column  of  the 
control  matrix  (longitudinal  cyclic).  The  solution  procedure 
is  the  same  as  described  in  Section  11.5.2.  The  same  procedure 
is  used  for  each  transfer  function. 


By  making  use  of  the  transfer  functions,  the  frequency  response 
is  found  for  the  three  variables  of  interest.  The  frequency 
response  calculations  are  described  by  the  following  equation: 


F(io) 


Gain(S+Zj^)(S+Z2). .  .(S+Zjjj) 

(S+Pj)(S+P2)  ...  (S+P^) 


S  =  ju) 


(407) 
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where 


Z-. ,  Z,,  etc.,  are  the  roots  of  the  forced  response  equa- 
^  ^  tions 

?!,  P2/  etc.,  are  the  roots  of  the  stick  fixed  equations 

and  j  =  y-1  '•* 

F(u))  is  evaluated  for  a  niimber  of  values  of  w  between  0.01 
and  100  radian/second  for  the  C81  output. 

11.8  THE  OUTPUT 

The  Stability  Analysis  section  in  C81  produces  output  in  the 
form  of  eigenvalues  and  eigenvectors  which  is  immediately 
useful  to  the  user.  Also,  the  control  power  derivatives  are 
computed  and  listed.  With  these  values,  complete  information 
for  control  transfer  function  parameters  is  listed.  A  de¬ 
tailed  explanation  of  the  STAB  output  is  given  in  Section  4.11 
of  Volume  II. 


4 
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12 . 0  MANEUVER  SIMULATION 


12.1  INTRODUCTION 

Since  the  capeibility  of  simulating  mauieuvers  was  first  added 
to  C81,  the  four-cycle  Runge-Kutta  method  has  been  used  to 
integrate  numerically  the  equations  of  motion  during  such  simu¬ 
lations.  Over  the  years,  several  new  methods  of  numerical  in¬ 
tegration  have  been  developed  and  some  previously  existing 
methods  have  come  into  more  prevalent  use.  Consequently,  a 
study  was  conducted  in  1973  imder  Contract  DAAJ02-72-C-0098, 
to  determine  which  of  the  available  techniques  of  numerical 
integration  is  most  suitable  to  the  system  of  differential 
equations  used  in  C81. 

Four  criteria  were  used  to  assess  each  method: 

(1)  Compatibility  with  the  type  of  differential  equations 
in  C81 

(2)  Accuracy  of  the  integration 

(3)  Computer  time  required  to  perform  the  integration 

(4)  Computer  storage  requirements  for  the  algorithm 

with  regard  to  the  first  criterion,  certain  techniques  of 
numerical  integration  are  unstable  or  otherwise  unsuitable  when 
applied  to  certain  types  of  differential  equations.  For  ex¬ 
ample,  the  system  of  equations  in  C81  includes  many  differen¬ 
tial  equations,  some  of  which  have  little  harmonic  content  and 
some  of  which  have  relatively  high  harmonics.  This  situation 
automatically  eliminated  from  consideration  several  techniques 
which  are  known  to  have  difficulty  when  simultaneously  inte¬ 
grating  both  types  of  equations. 

The  second  and  third  criteria  had  to  be  considered  as  trade¬ 
offs  and  in  most  cases  as  a  single  criterion.  That  is,  given 
an  unlimited  amount  of  computer  time,  almost  any  method  could 
meet  any  prescribed  accuracy  requirement.  However,  given  a 
limited  or  specified  amount  of  computer  time,  the  accuracy 
of  a  method  could  be  adversely  affected.  In  view  of  the  his¬ 
torical  use  of  the  Runge-Kutta  method,  its  accuracy  and  time 
requirements  were  taken  as  baseline  values  for  evaluating 
other  methods. 

Only  minor  emphasis  was  placed  on  the  fourth  criterion.  The 
reasoning  was  (1)  that  the  Runge-Kutta  technique  was  only 
responsible  for  about  B  percent  of  the  total  program  storage 
for  the  AGAJ72  version  of  C81  and  would  account  for  an  even 
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smaller  percentage  of  the  storage  requirements  for  later  ver¬ 
sions,  and  (2)  that  the  advent  of  larger  computers  and  virtual 
memory  systems  reduces  the  importance  of  storage  requirements. 
Hence,  numerical  techniques  which  would  require  up  to  twice 
the  storage  of  the  Runge-Kutta  method  were  still  considered 
acceptable . 

12.2  EVALUATION  OF  TECHNIQUES  OF  NUMERICAL  INTEGRATION 

Ten  methods  of  numerical  integration  were  examined  during  the 
study.  The  following  procedure  was  used  to  evaluate  the  me¬ 
thods.  The  fore-and-aft  and  lateral  flapping  rate  equations 
from  C81  were  chosen  as  a  typical  set  of  equations  which  any 
method  would  need  to  solve. 

^  =  -oq  -  Fa  (408) 

^  =  op  -  Fg  (409) 

where  Fg  and  are  forcing  functions, 

Q  is  rotor  speed,  and 

p  and  q  are  rotor  roll  and  pitch  rates,  respectively. 

These  equations  were  prograsuned  on  an  analog  computer,  and  the 
responses  to  several  forcing  functions  such  as  those  shown  in 
Figure  63  were  computed.  Response  data  to  the  same  forcing 
functions  were  also  computed  with  a  very  small  error  tolerance 
on  the  Runge-Kutta  numerical  method.  The  resulting  analog  and 
digital  data  (which  were  within  the  accuracy  limitations  of 
the  respective  computations)  were  then  defined  to  be  the  base¬ 
line  against  which  the  remaining  nine  methods  of  numerical 
integration  would  be  compared. 

Where  possible,  existing  computer  subroutines  for  the  methods 
studied  were  used  to  compute  the  response  of  Equations  (408) 
and  (409)  to  the  same  forcing  functions  used  in  the  baseline 
case.  Some  of  the  simpler  methods  for  which  programming  did 
not  exist  were  progreunmed  and  evaluated  in  a  similar  manner. 

This  initial  phase  of  the  study  indicated  that,  of  the  methods 
which  were  examined  and  are  currently  available,  Hamming's 
predictor-corrector  method  was  the  best  with  respect  to  the 
four  criteria  stated  above.  The  current  Runge-Kutta  method 
was  judged  to  be  the  next  best.  Seven  other  methods  were  deemed 
not  suitable.  The  tenth  technique  (the  Adams-Krogh  method)  was 
judged  to  show  much  promise  but  was  considered  to  be  too  ex¬ 
perimental,  not  yet  checked  out  thoroughly  enough  by  the  ori¬ 
ginator  of  the  method,  and  not  sufficiently  documented  to  be 
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included  as  one  of  the  two  best  methods.  However,  it  was  felt 
that  the  Adams-Krogh  method  should  be  reconsidered  in  the 
future . 


A  brief  description  (including  some  equations)  and  a  few  re¬ 
marks  about  each  of  the  10  methods  evaluated  follow.  The 
sources  for  most  of  the  methods  can  be  found  in  the  selected 


bibliography  given  in  Section  16. 

12.2.1  Runqe-Kutta  Method 

Consider  a  first-order  differential  equation 

^  =  f(t,y)  v410) 

with  initial  values  t^  and  y^.  The  increment  for  advancing 
the  dependent  variable  is  given  in 

Ay  =  (fl  +  2f2  +  2f3  +  f^)  (411) 

where  At  is  the  time  step  (independent  variable)  and 

yo> 

h  =  ^<^o  ^o  +  ^3)  (415) 


The  values  at  (tj^,  y^^)  are  then  given  by 

ti  =  to  +  At  (416) 

and 

Yl  =  Yo  +  Ay.  (417) 

The  value  of  Ay  for  the  second  interval  is  computed  by  the 
same  formulas  with  (t^,  y^)  replaced  by  (t^^,  y^^). 

This  is  one  of  the  most  widely  used  methods  of  numerical  in¬ 
tegration.  It  is  stable  and  self-starting,  step  size  is  easy 
to  change  at  any  step  in  the  calculations,  its  computational 
routine  has  fewer  formulas,  and  the  routine  is  easily  programmed. 
It  requires  four  function  evaluations  per  time  step.  This 
method  was  judged  to  be  the  second  best  of  the  methods  studied. 
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12.2.2  Treanor • s  Method 


This  method,  in  general,  is  similar  to  the  Runge-Kutta  method 
with  the  exception  that  evaluation  of  f.  in  Equation  (415)  is 
modified  as  shown  below.  ^ 


*■4  =  5-0  *  “  V 


(418) 


where 


'  ^^3*2  *  <9l  -  292 >*l 


(2(^2  -  V 


}  AtCf,  -  f-,) 

Max  1 

(420) 

(0 

“  pAt  ® 

(421) 

_  gi  -  1 
-pAt 

(422) 

By  using  this  method  to  solve  a  set  of  stiff  equations,  larger 
step  size  can  be  applied  and  more  accurate  results  can  be 
obtained  than  those  from  the  Runge-Kutta  method.  However,  for 
harmonic  functions  it  can  lead  to  dividing  by  zero.  In  view  of 
the  harmonic  nature  of  many  parameters  in  C81,  this  method  was 
rejected. 

12.2.3  Hamming’s  Predictor-Corrector  Method 

This  is  a  stable  fourth-order  integration  procedure  that  re¬ 
quires  the  function  evaluation  only  twice  per  time  step.  This 
is  a  great  advantage  compared  with  other  methods  of  the  same 
order  of  accuracy.  Another  advantage  is  that  at  each  step  the 
calculation  procedure  gives  an  estimate  for  the  local  trunca¬ 
tion  error.  Thus,  the  procedure  is  able  to  automatically  change 
the  step  size.  However,  this  is  not  a  self-starting  method. 

To  obtain  the  starting  values,  a  special  Runge-Kutta  procedure 
followed  by  one  iteration  step  is  added  to  the  predictor- 
corrector  method.  This  special  procedure  is  also  used  to  take 
care  of  any  discontinuities  which  may  cause  trouble  to  the 
predictor-corrector  method. 

To  evaluate  the  function  at  (n+1)^  time  point,  it  is  neces¬ 
sary  to  go  through  the  formulas  below. 
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(423) 


Predictor:  -  YA-I  + 


Modifier: 

Vl  =  '■n*!  -  -  =n) 

(424) 

“Art  =  ^<Vr  "nrt> 

(425) 

Corrector : 

Vl  =  5  -  yn-2  *  . 

yA-i)i 

(426) 

Final  values:  +  in<^n+l  '  =ntl) 

(427) 

^n+l  ~  ^^^n+1'  ^n+l^ 

(428) 

Note  that 

y.  = 

dy/dt  =  f(t,y)  with  y(t^)  =  y^ 

(429) 

Hamming's  method  was  selected  and  programmed  in  C81,  but  it 
was  later  deleted  due  to  unsatisfactory  performance.  As  a 
predictor-corrector  method  it  could  not  handle  the  discontinu¬ 
ous  forcing  functions  found  in  the  rotor  equations. 

12.2.4  Finite  Difference  Method 

This  is  one  of  the  most  stable  methods.  It  is  self-starting 
and  it  is  easy  to  change  step  size. 

For  a  system  of  this  form, 

ay^  ±  by  ±  cy  =  f(t)  (430) 

The  first  step  is  to  define  an  estimated  value  for  the  second 
time  derivative  of  y,  y  (t). 

Next,  initial  values  of  y(0),  y(0),  and  y(0)  are  used  to  solve 
for  estimated  values  of  y(t)  and  y(t): 


yg(t)  =  y(0) 

+  §2  [y(0)  +  yg(t)] 

(431) 

yg(t)  =  y(0) 

+  ^  lyg(t)  +  y(0)i 

(432) 

+ 

fyg(t)  -  y(0)] 

(433) 

where  At  is  the  step  size. 
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Equation  (430)  can  then  be  solved  for  a  computed  value  of 
i-e.,  yc(t): 

^^(t)  =  [f(t)  -  byg(t)  -  cyg(t)]  /a.  (434) 

Finally,  if 


^^(t)  -  y^(t) 

Ay(t)| 

yc(t) 

<  e 


(435) 


where  e  is  some  preassigned  accuracy  limit, 
regarded  as  solved  at  the  time  point  t.  If 
gence  criterion  is  not  met,  a  new  estimated 

provided  by  a  procedure  which  uses  previous 


the  system  can  be 
the  above  conver- 
value  of  yg(t)  is 

and  values  to 


find  a  solution  which  minimizes  Ay.  The  process  repeats  itself 
until  the  convergence  criterion  is  met.  Since  this  is  an  itera¬ 
tive  procedure,  it  may  take  considerable  computer  time  to  solve 
a  large  system  of  equations.  Considering  the  size  of  the  sys¬ 
tem  of  equations  in  C81,  this  method  was  also  rejected. 


12.2.5  Mi Ine  Method 


This  is  a  predictor-corrector  type  method.  It  uses 

as  a  predictor  and 


(436) 


(437) 


as  a  corrector.  It  requires  four  previous  values  to  start  the 
method.  For  systems  with  positive  damping,  equations  solved 
by  this  method  are  unstable  because  each  single  error  is  mag¬ 
nified  exponentially,  while  the  exact  solution  decays.  Since 
nothing  precludes  positive  damping  in  C81,  this  method  was 
rejected. 

12.2.6  Adam*s  Method 

This  is  also  a  predictor-corrector  type  method.  It  uses 

-  ”yA.i«7y;;.2-9yi.3)  (438) 
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I 


(439) 


as  a  predictor  and 

as  a  corrector.  Although  it  needs  four  previous  values  to 
start,  the  method  is  stable.  This  method  was  programmed  for 
comparison  to  the  analog-digital  baseline  response  data  dis¬ 
cussed  previously.  Based  on  time  and  accuracy  criteria,  Adam's 
method  was  inferior  to  Runge-Kutta  and  was  consequently  rejec¬ 
ted. 


12.2.7  Gear's  Method 

This  is  a  n.  iltistep  predictor-corrector  method.  The  step  size 
may  be  specified  by  the  user,  but  is  changed  by  the  subroutine 
DIFSUB  (Reference  30)  to  limit  the  estimated  error  to  a  speci¬ 
fied  tolerance.  The  orders  of  the  predictor-corrector  formulas 
are  automatically  chosen  by  the  subroutine  as  the  integration 
proceeds.  Up  to  three  corrector  iterations  can  be  taken. 

In  highly  damped  systems,  this  method  can  use  large  time  steps 
through  most  of  the  integration  region,  as  shown  in  Reference 
30,  where  this  method  is  compared  with  Adam's.  When  forcing 
functions  are  of  harmonic  forms,  which  are  typical  helicopter 
equations,  test  runs  of  subroutine  DIFSUB  indicated  that  Adam's 
method,  discussed  in  the  previous  section,  is  more  efficient. 
Since  Adam's  method  was  inferior  to  Runge-Kutta,  Gear's  method 
being  inferior  to  Adam's  method  was  considered  sufficient 
grounds  for  rejecting  Gear's  method. 

12.2.8  A  Predictor-Corrector  Method 

In  Hamming's  method,  the  predictor  is  calculated  first,  then 
modifier,  corrector,  and  final  value.  Before  proceeding  to 
the  next  time  point,  it  evaluates  derivatives.  In  the  type  of 
predictor-corrector  method  considered  here,  the  concept  is  to 
try  to  replace  derivative  evaluation  by  numerical  differentia¬ 
tion.  Thus,  at  each  time  point  only  one  function  value  is 
needed.  Unfortunately,  the  numerical  differentiation  is  un¬ 
stable  and  its  result  is  not  accurate  enough.  Hence,  this 
method  was  also  rejected. 


30Gear,  C.  William,  NUMERICAL  INITIAL  VALUE  PROBLEMS  IN 
ORDINARY  DIFFERENTIAL  EQUATIONS,  Prentice-Hall,  New  York, 
1971,  pp.  83-84. 
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12.2.9 


Method 


This  is  one  of  the  simplest  predictor-corrector  type  methods. 
The  predictor  formula  is 

and  the  corrector  formula  is 

f<yA*yA.l' 


It  requires  only  one  previous  function  value.  Therefore,  it  is 
easier  to  incorporate  into  any  system.  Unfortunately,  the  step 
size  must  be  kept  small  to  assure  sufficient  accuracy.  To  match 
the  accuracy  of  Rimge-Kutta ,  the  required  time  step  is  so  small 
that  the  computation  time  becomes  too  great  with  respect  to 
Runge-Kutta  computation  time.  Hence,  this  method  was  rejected. 

12.2.10  Adams-Krogh  Method 

This  method  is  a  self-starting,  predictor  corrector  type  method 
with  variable  order  and  variable  step  size.  The  change  in 
step  size  is  carried  out  by  using  modified  divided  differences. 

Although  this  method  appeared  to  combine  some  of  the  better 
features  of  several  of  the  techniques  examined,  it  is  a  very 
new  technique  and  not  yet  thoroughly  checked  out.  Hence,  this 
method  was  rejected  primarily  because  of  its  unknown  character¬ 
istics  rather  than  for  any  adverse  qualities.  It  is  felt  that 
the  method  shows  considercible  promise  and  should  be  reconsid¬ 
ered  as  a  new  or  alternate  technique  for  numerical  integration 
in  C81  when  the  method  is  better  known  and  more  thoroughly 
documented . 

12.3  CURRENT  PROGRAM  OPTIONS 

As  a  result  of  the  study  discussed  in  the  previous  section, 
Hamming's  predictor-corrector  method  of  numerical  integration 
was  programmed  into  C81.  The  test  cases  during  the  study  had 
indicated  that  Hamming's  method  required  fewer  function  evalua¬ 
tions  than  the  Runge-Kutta  method  and  that  it  should  reduce  the 
run  time  of  a  maneuver  by  25  to  40  percent  as  compared  to  runs 
with  Runge-Kutta. 

When  Hamming's  method  was  chosen  for  incorporation  into  C81, 
the  decision  was  also  made  to  retain  the  Runge-Kutta  method 
in  the  program  until  the  checkout  of  Hamming's  method  was 
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complete.  Hence,  Hamming's  method  was  installed  as  a  program¬ 
mer  option.  The  logic  was  structured  such  that  the  two  methods 
of  numerical  integration  were  completely  independent  of  each 
other.  Although  this  parallel  logic  was  originally  intended 
to  simplify  the  removal  of  the  second  best  method  at  the  end  of 
the  comparison  phase  of  the  study,  it  greatly  facilitated 
switching  from  one  method  to  the  other  during  checkout. 

The  comparison  phase  of  the  study  concluded  that  Hamming's 
method  did  not  live  up  to  expectation.  In  particular,  run 
times  with  Hamming's  method  were  20  to  30  percent  longer  than 
the  corresponding  Runge-Kutta  runs.  Curiously  enough,  the 
cause  of  the  longer  than  anticipated  run  time  with  Hamming's 
method  was  traced  to  the  integration  of  the  rotor  flapping 
equations  given  by  Equations  (408)  and  (409)  in  this  report. 
Specifically,  the  C81  program  found  it  necessary  to  halve  the 
time  increment  more  often  thcui  in  the  test  case  run  outside  of 
C81.  The  reason  for  the  increased  number  of  step  size  reduc¬ 
tions  was  apparently  the  presence  of  aerodynamic  deunping  in 
the  C81  equation  and  lack  of  it  in  the  external  test  cases. 
Efforts  to  reduce  the  run  time  of  Hamming's  method  to  less 
than  those  with  Runge-Kutta  failed.  Hamming's  method  was  re¬ 
tained  in  C81  until  1976,  when  its  lack  of  use  and  high  core 
storage  requirements  caused  it  to  be  removed. 
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13.0  COUPLED  ROTOR  STABILITY  ANALYSIS 


13.1  GENERAL 

Rotor  stedsility  has  been  recognized  for  many  years  as  a  prime 
requirement  for  safe  rotary  wing  aircraft  flight.  A  number  of 
euialyses  have  been  developed  to  examine  rotor  dynamic  charac¬ 
teristics.  These  analyses  have  been  characterized  by  simplifi¬ 
cation  in  some  portions  of  the  coupled  rotor/fuselage  repre¬ 
sentation.  A  restriction  in  the  number  of  degrees  of  freedom, 
simplifying  assumptions  in  the  aerodynamics,  or  restrictions  in 
the  types  of  rotor  systems  treated  were  the  primary  limitations 
of  existing  methods. 

As  a  part  of  Contract  DAAJ02-75-C-0025,  a  study  was  conducted 
to  find  a  rotor  stability  analysis  method  which  could  be  applied 
to  C81.  Several  constraints  were  placed  on  any  method  considered 
to  fulfill  this  function.  It  had  to  fit  into  the  form  of  the 
existing  C81  program  so  that  all  of  the  C81  equations  would  not 
have  to  be  rewritten.  That  is,  it  had  to  be  able  to  handle 
e^ations  in  an  implicit  rather  than  explicit  form.  The  sta¬ 
bility  method  would  have  to  be  general  enough  to  employ  the 
same  mathematical  model  used  by  the  rest  of  C81  in  order  to 
provide  a  fully  coupled,  general  analysis  which  requires  only 
the  standard  C81  input  deck.  Finally,  some  consideration  had 


^^Kinnen,  Edwin  and  Chen,  Chiou  Shiun,  LYAPUNOV  FUNCTIONS  FOR 
A  CLASS  OF  nth  ORDER  NONLINEAR  DIFFERENTIAL  EQUATIONS,  NASA 
CR-687 ,  January  1967 . 

32crimi,  Peter,  A  METHOD  FOR  ANALYZING  THE  AEROELASTIC  STA¬ 
BILITY  OF  A  HELICOPTER  ROTOR  IN  FORWARD  FLIGHT,  NASA  CR- 
1332,  1968. 

®®Piarulli,  V.  J.,  and  White,  R.  P.,  Jr.,  A  METHOD  FOR  DETER¬ 
MINING  THE  CHARACTERISTIC  FUNCTIONS  ASSOCAITED  WITH  THE  AERO¬ 
ELASTIC  INSTABILITIES  OF  HELICOPTER  ROTORS  IN  FORWARD  FLIGHT, 
NASA  CR-1577,  June  1970. 

^‘‘Peters,  D.  A.,  and  Hohenemser,  K.  H. ,  APPLICATION  OF  THE 
FLOQUET  TRANSITION  MATRIX  TO  PROBLEMS  OF  LIFTING  ROTOR 
STABILITY,  Journal  of  the  American  Helicopter  Society,  Volume 
16,  Number  2,  1971,  pp.  25-33. 

®®Friedman,  Peretz,  and  Silverthorn,  Louis  J.,  AEROELASTIC 
STABILITY  OF  COUPLED  FLAP-LAG  MOTION  OF  HINGELESS  HELICOPTER 
BLADES  AT  ARBITRARY  ADVANCE  RATIOS,  NASA  CR-132,431,  Feb¬ 
ruary  1974. 

3®Hsu,  C.  S.,  and  Cheng,  W.  H.,  APPLICATIONS  OF  THE  THEORY  OF 
IMPULSIVE  PARAMETRIC  EXCITATION  AND  NEW  TREATMENTS  OF 
GENERAL  PARAMETRIC  EXCITATION  PROBLEMS,  Transactions  of  the 
ASME,  Paper  Number  73-WA/APM-6,  March  1973. 
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to  be  given  to  computer  run  time  in  order  to  try  to  keep  the 
computer  usage  within  practical  limits.  It  was  thought  that 
C81  should  be  used  to  check  the  stability  boundaries  which  had 
already  been  defined  by  some  simpler  and  cheaper  program  so 
that  computer  usage  would  not  be  a  strictly  confining  restraint. 

During  the  investigation  of  stability  methods,  several  different 
approaches  were  found  described  in  the  literature.  A  purely 
mathematical  approach  to  the  general  problem  of  determining 
stcUaility  of  nonlinear  differential  equations  by  use  of  the 
Lyapunov  method,  as  found  in  Reference  31,  was  rapidly  discarded 
because  of  the  uncertainty  of  obtaining  any  answer  at  all.  In 
References  32  and  33,  we  found  typical  simplified  methods  where 
linearized  perturbati^in  equations  are  developed  strictly  for  the 
purpose  of  obtaining  stability  data  for  helicopters.  The  methods 
used  by  these  analysts  could  not  be  applied  to  C81.  The 
methods  which  were  deemed  to  be  worth  further  study  were  either 
based  on  Floquet  theory  or  the  numerical  analysis  of  time-history 
data.  A  straightforward  application  of  Floquet  theory  was  found 
in  Reference  34,  and  a  more  efficient  method  was  shown  in 
References  35  and  36.  The  Floquet  technique  showed  much 
promise  initially,  but  as  it  was  tried  on  more  complex  systems 
it  became  unreliable.  The  remaining  stability  analysis  methods 
were  based  on  the  numerical  analysis  of  the  time-history  data. 

One  description  of  the  moving-block  technique  is  given  in 
Reference  37.  The  randomdec  method  of  Reference  38  and  the 
combination  moving  block/randomdec  of  Reference  37  were  con¬ 
sidered  and  discarded  because  they  were  not  applicable  to 
helicopter  problems.  Prony's  method,  as  described  in  Ref¬ 
erences  39  and  40,  was  found  to  be  one  of  the  best  numerical 
techniques . 

13.2  STUDY  OF  FLOQUET  TECHNIQUE 

The  Floquet  theory  is  a  valid  method  for  determining  the  sta¬ 
bility  of  linear,  homogeneous,  differential  equations  with 


^^Hammond,  C.  E.,  and  Doggett,  R.  V.,  Jr.,  DETERMINATION  OF 
SUBCRITICAL  DAMPING  BY  MOVING  BLOCK/RANDOMDEC  APPLICATIONS, 
Proceedings  of  the  NASA  Symposium  on  Flutter  Testing  Tech¬ 
niques,  Flight  Research  Center,  Edwards  Air  Force  Base, 
California,  October  1975. 

3«Cole,  Henry  A.,  Jr.,  ON-LINE  FAILURE  DETECTION  AND  DAMPING 
MEASUREMENT  OF  AEROSPACE  STRUCTURES  BY  RANDOM  DECREMENT 
SIGNATURES,  NASA  CR-2205,  March  1973. 

38Kelly,  Louis  G.,  HANDBOOK  OF  NUMERICAL  METHODS  AND  APPLI¬ 
CATIONS,  Addis on- Wes ley,  Reading,  Massachusetts,  1967,  p.  80. 

^OMyhill,  J.,  and  Gaal,  P.  H.,  ANALYSIS  FOR  EXPONENTIALS, 
Proceedings  of  the  A I AA/AI  CHE/AMS/ IS  A/S  Cl /SHARE  Slimmer  Com¬ 
puter  Conference,  San  Diego,  California,  June  1972. 
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periodic  coefficients.  The  development  of  the  theory  is  shovm 
in  detail  in  References  34  and  35.  Here  it  is  sufficient  to 
describe  the  application  of  the  theory  as  a  two-step  process. 
First,  the  Floquet  Transition  Matrix  is  generated  by  methods 
we  will  describe  shortly.  Then,  the  eigenvalues  of  the  Floquet 
Transition  Matrix  are  found  to  give  the  stability  and  damping 
of  the  equations.  Actually,  the  largest  eigenvalue,  Aj^,  is 

the  least  stable,  and  the  real  part  of  the  response  associated 
with  this  root  is  given  by 

X  =  I  T  ln{(Re  +  (im  Aj^)^]  (442) 


There  were  two  basic  problems  in  the  application  of  Floquet 
theory  to  the  equations  in  C81.  First,  the  general  rotorcraft 
equations  are  not  homogeneous,  and  because  of  their  implicit 
form,  they  could  only  be  made  homogeneous  by  use  of  some  numeri¬ 
cal  technique.  Second,  the  C81  differential  equations  are 
nonlinear,  in  some  cases  highly  nonlinear,  so  the  validity  of 
the  Floquet  theory  is  then  open  to  question. 

In  order  to  address  these  equations  in  an  economical  fashion, 
a  small  computer  program,  SIMFLO,  was  written  as  a  time-history 
generator.  SIMFLO  uses  a  paddle  blade  element  for  a  single 
blade  on  an  isolated  rotor.  It  uses  a  single  mode  with  beam- 
wise,  chordwise,  and  torsional  degrees  of  freedom.  The  aero¬ 
dynamic  calculations  ignore  the  induced  velocity,  but  include 
the  effects  of  forward  speed,  shaft  tilt,  rotational  speed, 
collective  pitch,  and  cyclic  pitch  as  well  as  the  dynamic  re¬ 
sponse  of  the  blade  mode.  The  lift,  drag,  and  moment  coeffi¬ 
cients  were  obtained  from  a  table  for  a  NACA  0012  as  a  function 
of  angle  of  attack  only.  For  some  special  cases,  a  Mach  number 
squared  term  was  added  to  the  drag  coefficient  to  provide  a 
simple  approximation  to  the  Mach  number  effects.  As  a  means 
of  checking  the  implemetation  of  the  Floquet  methods,  the 
Mathieu  equation  was  programmed  as  an  alternate  differential 
equation  with  known  stability  boundaries.  A  discussion  of  the 
Mathieu  equation  may  be  found  in  any  text  on  nonlinear 
differential  equations  or  nonlinear  systems  even  though  it  is 
a  linear  equation. 

The  Floquet  method  of  References  35  and  36  appeared  to  be  quite 
attractive  when  first  studied  because  of  the  greatly  reduced 
computer  time  for  large  systems  of  equations  as  compared  to 
Reference  34.  The  problem  with  using  this  method  is  that  it 
requires  an  explicit  form  of  the  equations  at  each  time  point. 

In  matrix  notation,  the  form  required  is 

{y}  =  [A}{y}  (443) 
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For  a  program  such  as  C81  or  even  SIMFLO,  [A]  is  not  available, 
but  it  was  thought  that  it  might  be  possible  to  make  some 
assumption  about  the  form  of  [A]  and  still  obtain  a  solution. 

If  [A]  is  viewed  as  a  transfer  function,  then  any  [A]  which 
yields  the  same  results  should  be  valid  for  use  in  generating 
the  Floquet  Transition  Matrix.  To  begin  this  study,  the  pro¬ 
cedure  was  tried  for  the  Mathieu  equation  for  which  the  actual 
[A]  cmd  the  stability  results  are  known.  Even  on  this  simplest 
case  the  synthesis  [A] from  {y}  and  [yj  would  not  produce  a 
valid  transition  matrix  so  the  method  was  abandoned. 

The  application  of  the  Floquet  method  presented  in  Reference  34 
is  fairly  simple.  A  perturbation  method  has  to  be  used  in  order 
to  eliminate  the  nonhomogeneous  part  of  the  problem  solution. 
First,  a  base  time  history  is  run  for  one  revolution.  Then 
each  state  variable  is  perturbed,  one  at  a  time,  and  a  one- 
revolution  time  history  is  run.  The  differences  between  the 
perturbed  and  the  base  values  of  the  state  variables  then 
determine  the  Floquet  Transition  Matrix. 

This  method  worked  beautifully  on  the  Mathieu  equation.  It  also 
worked  well  for  the  first  cases  run  with  the  SIMFLO  rotor,  which 
were  aimed  at  finding  the  value  of  damping  for  flapping  motion 
under  various  conditions.  It  is  known  that  the  Floquet  method 
will  work  for  linear  systems,  and  it  is  certain  that  some 
extreme  degree  of  nonlinearity  will  make  it  fail  to  properly 
predict  the  stability.  The  questions  remaining  then  are  how 
much  nonlinearity  can  the  Floquet  stand,  and  is  a  realistic 
helicopter  equation  inside  or  outside  of  this  limit? 

As  a  first  step  in  finding  the  nonlinearity  limit,  an  artificial 
displacement  squared  spring  term  was  added  to  the  equation  so 
that  a  known  amount  of  nonlinearity  could  be  added.  The  coef¬ 
ficient  of  this  term  was  increased  to  quite  large  values  with¬ 
out  hurting  the  Floquet  results  too  badly.  Even  when  the  re¬ 
sponse  was  driven  unstable  by  the  spring  term,  the  Floquet 
method  showed  the  stability  boundary.  Although  these  results 
were  encouraging,  the  nature  of  the  time-history  curves  as 
shown  in  Figure  64  were  not  typical  of  the  modal  response 
time  histories  obtained  from  C81.  C81  responses  show  two  or 

three  harmonic  functions  superimposed  rather  than  the  pure 
1-per-rev  of  Figure  64.  In  order  to  obtain  more  realistic 
response  curves,  several  changes  in  data  and  program  were  made 
for  SIMFLO.  First,  the  study  was  shifted  to  look  at  response 
of  an  inplane  mode.  Then,  the  natural  frequency  of  the  inplane 
mode  was  changed  to  be  well  above  1-per-rev.  Finally,  the 
Mach  number  squared  term  was  added  to  the  drag  coefficient  to 
simulate  drag  divergence  on  the  advancing  blade  tip.  A  typical 
time  history  resulting  from  these  changes  is  shown  in  Figure 
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64.  This  is  a  much  more  realistic  case  than  Figure  64.  The 
trace  shown  in  Figure  65  is  obviously  stable;  however,  the 
Floquet  method  results  may  well  indicate  that  it  is  unstable. 

The  Floquet  results  for  this  case  and  several  cases  vary  over 
a  wide  range  depending  on  which  rotor  revolution  shown  is  used 
as  the  base  revolution.  When  these  results  were  found,  there 
was  no  choice  but  to  discard  the  Floquet  theory  from  considera¬ 
tion  for  a  rotor  stcdiility  analysis  in  C81.  Any  method  used  in 
C81  would  have  to  handle*  even  the  most  extreme  cases  without 
raising  questions  such  as  those  shown  here. 

13.3  THE  MOVING  BLOCK  FAST  FOURIER  TRANSFORM 

The  Moving  Block  Fast  Fourier  Transform  (or  simply  moving  block) 
is  a  well-known  method  for  analyzing  test  data.  The  moving 
block  extracts  the  frequency  and  damping  in  the  vicinity  of  an 
assumed  frequency  from  a  time-history  record.  The  moving  block 
is  quite  fast,  but  it  does  require  advance  knowledge  about  the 
frequency  of  interest.  This  method  was  selected  and  is  now 
functional  in  C81. 

The  basic  component  of  the  moving  block  is  quite  simple.  The 
response  amplitude  is  found  for  a  given  block  of  data  at  the 
selected  frequency.  Then  the  amplitude  is  found  for  the  same 
length  block  of  data  starting  at  a  slightly  later  time  point. 
Hence,  the  n^e  moving  block.  The  logarithm  of  the  amplitude 
versus  starting  time  then  determines  the  damping  indicated  in 
the  response  at  the  selected  frequency.  The  same  process  is 
carried  out  for  a  number  of  frequencies  on  either  side  of  the 
selected  frequency.  The  amplitude  function  that  gives  the 
lowest  least  square  error  function  is  then  chosen  for  the  true 
frequency  and  damping  of  the  response. 

13.4  PRONY'S  METHOD  CURVE  FIT 

Prony's  method  was  investigated  as  a  more  economical  alterna¬ 
tive  to  the  moving  block.  As  described  in  Reference  39,  Prony's 
method  fits  a  curve  of  the  form 

n  a.x 

f(x)  =  I  A.  e  ^ 

i=l  (444) 

to  a  given  set  of  data  points.  The  a^  coefficients  are  complex. 

Using  at  least  2n  data  points,  a  set  of  n  difference  equations 
are  set  up  and  solved  simultaneously.  The  characteristic 
equation  is  then  solved  for  the  characteristic  roots 
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Finally,  a  set  of  simultaneous  equations  is  used  to  determine 
the  coefficients.  Thus  it  can  be  seen  that  Prony's  method 

gives  frequency  euid  deunping  information  for  all  of  the  frequen¬ 
cies  contained  in  the  data  analyzed.  The  penalty  associated 
with  all  of  this  extra  information  is  that  Prony's  method  takes 
considereibly  more  computer  time  than  the  moving  block.  In  re¬ 
lationship  to  the  computer  time  used  by  the  rest  of  C81,  Prony's 
method  was  not  too  large.  Therefore,  Prony's  method  was  also 
selected  to  be  programmed  in  C81. 

The  numerical  properties  of  Prony's  method  are  not  well  defined, 
but  several  points  of  interest  were  determined  in  this  study. 

1.  n  should  be  at  least  three  times  as  large  as  the 
number  of  roots  of  interest. 

2.  If  two  frequencies  are  close  together,  there  is  a 
tendency  for  damping  coefficients  to  cross  over  from 
one  frequency  to  the  other.  The  extent  of  this 
crossover  is  controlled  by  the  frequency  separation 
and  the  record  length. 

3.  For  an  isolated  fre<pency,  a  one-cycle  record  provides 
an  adequate  resolution  by  the  method. 

4.  For  a  pair  of  nearby  frequencies,  two  or  more  cycles 
are  required  for  a  reasonable  resolution. 

5.  If  n  is  too  large,  the  solution  procedure  will  fail 
and  the  case  will  have  to  be  rerun  with  a  smaller  n. 

Table  15  shows  the  basis  for  most  of  these  conclusions.  The 
results  shown  were  based  on  a  generated  record  so  that  the  true 
solution  was  known.  When  200  points  were  used  (N=200),  the 
record  length  was  just  over  one  cycle  of  the  lowest  frequency 
(1.3  radian/second). 

The  time  history  shown  in  Figure  65  was  also  analyzed  using 
Prony's  method.  For  this  case  the  1-per-rev  frequency  was 
30  radian/second,  and  the  input  natural  frequency  of  the  blade 
mode  was  45  radian/second.  The  four  terms  of  significance 
obtained  by  Prony's  method  are  shown  in  Table  16.  It  has  not 
been  possible  to  verify  the  amplitudes,  but  the  frequency  con¬ 
tent  is  correct  and  the  damping  appears  to  be  correct  as  well. 
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TABLE  15.  PHONY’S  METHOD  TEST  CASES 
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200  2.5  4.85  0.0118  1.299  1.07  0.022  2.49 

300  2.5  5.10  -0.0048  1.299  1.222  0.0217  2.506 

400  2.5  4.91  0.0035  1.298  1.06  0.0403  2.497 


13.5  MANEUVER  PERTURBATIONS 

In  order  to  apply  any  of  the  rotor  stability  techniques  studied, 
a  method  had  to  be  incorporated  into  C81  to  provide  a  small 
perturbation  to  each  of  the  state  variables  followed  by  a  time 
history  of  the  whole  system.  The  specifications  for  the  maneu¬ 
ver  perturbation  option  are  as  follows: 

1.  An  unperturbed  maneuver  of  N  rotor  revolutions  will  bo 
run  and  saved  on  magnetic  disk.  N  will  be  determined 
by  the  standard  C81  maneuver  time  inputs. 

2.  One  at  a  time,  all  of  the  variables  of  interest  will 
be  perturbed  by  a  small  amount,  and  a  maneuver  of  N 
rotor  revolutions  will  be  run  and  saved. 

3.  No  other  maneuver  type  inputs  will  be  allowed  with 
the  perturbation  maneuver. 

4.  The  variables  of  interest  will  consist  of  three  sets 
with  the  sets  used  to  be  selected  by  the  user.  One 
set  will  include  all  of  the  rotor  modes,  the  second 
set  will  include  all  the  pylon  modes,  and  the  third 
set  will  include  the  fuselage  motions. 

a.  The  fuselage  variables  are  the  Euler  angles, 
the  linear  velocity  components,  and  the  angular 
velocity  components. 

b.  The  pylon  variables  are  the  displacement  and 
velocity  of  each  pylon  modal  participation 
factor. 

c.  The  rotor  variables  are  the  modal  participation 
factor  displacements  and  velocities  in  combina¬ 
tions  depending  on  hub  type  and  mode  type. 

(1)  For  a  gimbaled  or  teetering  rotor 


(a)  Increment  all  blades  equally  on  a 
collective  mode 

(b)  Cyclic  mode 

{1}  For  two  blades,  increment  blade 
one  plus  and  blade  two  minus. 

{2}  For  a  multiblade  rotor,  first  in¬ 
crement  blade  i  by  cos  i|(^  func¬ 
tion  and  then  by  sin  function. 
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(c)  For  a  scissor  mode,  alternate  incre¬ 
ments — one  plus,  one  minus,  one  plus, 
etc. 

(d)  Increment  one  blade  at  a  time  for  an 
independent  mode. 

(2)  For  the  rigid  hub  type  (articulated  or 

hingeless  rotor),  increment  one  blade  at  a 
time  for  each  mode. 

The  inputs  that  activate  the  maneuver  perturbation  option  and 
the  data  sequence  required  to  apply  the  moving  block  or  Prony's 
method  to  the  perturbed  time  histories  are  given  in  Appendix 
C. 


13.6  DEMONSTRATION  OF  ROTOR  STABILITY  ANALYSES 
13.6.1  Pylon  Stability  for  the  Huey  Cobra 

To  demonstrate  the  stability  analysis  for  a  realistic  helicop¬ 
ter  case,  a  Huey  Cobra  deck  was  trimmed  in  a  150-knot  dive. 

The  case  used  three  rotor  modes  obtained  from  DNAM05  DN9100  and 
three  pylon  modes  obtained  from  a  NASTRAN  model.  The  pylon 
modes  were  of  special  interest  for  this  case  because  the  Huey 
Cobra  was  known  to  have  a  lightly  damped  pylon  mode  at  high 
speed  before  this  was  corrected  by  adjusting  the  SCAS.  The 
pylon  perturbation  case  was  run  with  zero  structural  damping  to 
obtain  conservative  results. 


The  time-history  traces  for  both  the  base  and  perturbed  condi¬ 
tions  for  each  pylon  mode  are  shown  in  Figures  66  through  71. 
Both  moving  block  and  Prony  analyses  were  made  of  each  perturbed 
condition.  The  actual  results  of  these  analyses  are  shown  in 
Figures  72,  73,  and  74  The  input  natural  frequency  of  the 
first  pylon  mode  was  very  near  3  Hz,  so  3  Hz  was  the  estimated 
frequency  for  the  moving  block.  Since  the  actual  frequency 
reported  is  at  the  top  of  the  allowed  band,  we  might  suspect 
that  the  true  coupled  frequency  is  even  higher  than  3.5  Hz. 

The  Prony's  method  results  show  this  to  be  the  case  with  the 
response  frequency  closest  to  3  Hz  being  4.25  Hz.  The  damping 
obtained  by  the  two  methods  is  in  good  agreement  considering 
the  separation  of  the  frequencies. 

When  we  look  at  the  second  pylon  mode  we  see  very  good  agree¬ 
ment  between  the  moving  block  and  Prony  methods  for  both  fre¬ 
quency  and  damping.  The  third  pylon  mode,  a  predominantly 
vertical  mode,  appears  to  be  the  one  of  interest.  Its  input 
natural  frequency  was  7.9  Hz.  The  moving  block  results  show 
the  mode  to  be  slightly  unstable,  and  Prony's  method  shows  it 
to  be  barely  stable.  From  the  time  history,  we  might  guess 
that  mode  three  is  neutrally  stable  because  the  general 
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Figure  66.  Huey  Cobra  Time  History  for  Pylon  Mode  One, 
Unperturbed. 
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Figure  69.  Huey  Cobra  Time  History  for  Pylon  Mode  Two 
Perturbed, 
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Figure  71,  Huey  Cobra  Time  History  for  Pylon  Mode  Three, 
Perturbed, 
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Figure  72,  Huey  Cobra  Pylon  Mode  One  Stability  Results 
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Figure  73.  Huey  Cobra  Pylon  Mode  Two  Stability  Results 
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character  of  the  response  is  not  changed  by  changing  the  ini¬ 
tial  conditions.  The  presence  of  structural  damping  would,  of 
course,  increase  the  damping  present  in  the  response  of  all 
three  pylon  modes.  In  this  example,  the  advantage  of  having 
two  methods  available  to  find  the  stability  can  be  seen. 

13.6.2  Stability  of  Simplified  Rotor  Model 

A  paper  by  D.  A.  Peters  (Reference  41)  was  selected  as  being 
typical  of  the  simplified  rotor  stability  analyses  in  existence 
His  analysis  is  based  on  a  centrally  hinged,  rigid  blade  with 
uncoupled  flapping  and  lagging  motion.  The  aerodynamics  fea¬ 
ture  a  constant  lift  curve  slope  and  a  constant  drag  coeffici¬ 
ent  with  no  stall  or  Mach  number  effects.  He  assumes  uniform 
inflow  with  a  slow  time  constant  so  that  only  long-term  changes 
in  induced  velocity  are  accounted  for.  Most  of  these  assump¬ 
tions  were  matched  using  C81.  The  fast  changes  in  induced 
velocity  could  not  be  stopped.  Also,  the  rotor  dynamics  could 
not  be  simplified  quite  to  the  same  level.  The  C81  cases  were 
run  using  a  20-foot-radius  rotor  with  three  blades  of  12.5- 
inch  chord.  The  rotor  rpm  was  315,  which  gives  660  ft/sec  tip 
speed.  With  these  variables  chosen,  all  of  Peters*  given  data 
can  be  converted  from  nondimensional  form  into  real  numbers. 

The  cases  run  attempted  to  match  the  results  of  Figure  4  from 
Reference  41.  This  figure  and  the  C81  results  are  shown  in 
Figure  75.  The  C81  results  do  not  correlate  with  Peters’ 
results.  The  main  reason  for  this  is  thought  to  be  the  rapid 
following  time  for  the  induced  velocity  in  C81.  The  fact  that 
the  moving  block  and  Prony's  method  do  not  agree  indicates 
that  the  actual  time  histories  have  close  to  neutral  stability. 
Possibly  the  use  of  longer  records  would  yield  more  definite 
results . 


^ipeters,  D.  A.  FLAP-LAG  STABILITY  OF  HELICOPTER  ROTOR 
BLADES  IN  FORWARD  FLIGHT,  Journal  of  the  American  Heli- 
copter  Society,  Volume  20,  Number  4,  October  1975,  pp.  2-13. 


Figure  75.  Comparison  of  Stability  Results  for  Simple  Check 
Case. 


According  to  Dr.  Peters, 


In  principle,  the  analysis  of  flap-lag  stability  in  for¬ 
ward  flight  could  be  performed  by  analyzing  the  time 
history  traces  from  any  of  the  so-called  global  rotor 
response  programs.  In  practice,  however,  these  programs 
are  not  satisfactory  for  obtaining  blade  damping  charac¬ 
teristics  over  a  wide  range  of  configuration  parameters. 
First,  the  computation  time  required  for  these  programs 
is  considerable  and  prohibits  a  detailed  and  systematic 
variation  of  all  significant  parameters.  Second,  the 
blade  transient  response  is  obscured  by  the  blade  forced 
response,  which  often  drifts  considerably  during  one  or 
two  rotor  revolutions.  Third,  traditional  log-decrement 
methods  of  damping  determination  are  not  applicable  to 
forward  flight  because  of  the  effect  of  the  periodic 
coefficients.  Thus,  most  investigations  of  blade  sta¬ 
bility  in  forward  flight  treat  simplified  sets  of  equa¬ 
tions  that  can  be  systematically  analyzed. 

These  comments  are  in  part  correct,  but  may  also  be  misleading. 
Use  of  "so-called  global  rotor  response  programs"  such  as  C8l 
is  necessary  in  the  aircraft  design  process.  While  it  is  true 
that  these  "global"  programs  are  not  practical  for  parametric 
studies  during  conceptual  design  of  novel  rotors,  neither  are 
linear  models  adequate  for  the  detailed  analysis  of  either 
model  or  full-scale  hardware  where  the  cost  of  design,  fabri¬ 
cation,  and  testing  as  well  as  personal  safety  factors  outweigh 
the  cost  of  long-running  computer  programs.  Although  linear 
models  may  be  useful  for  parametric  studies,  they  are  unable 
to  model  many  of  the  detailed  differences  in  design  which  may 
distinguish  a  stable  configuration  from  an  unstable  one  and 
may  only  be  applicable  to  a  limited  range  of  flight  conditions . 
Rotor  blade  stiffness  distribution,  inertia  weights,  and  stall 
and  Mach  number  effects  are  all  local  phenomena  which  cannot 
be  represented  by  a  single  parameter.  When  papers  such  as 
Peters'  are  presented,  they  should  point  out  all  of  the  assump¬ 
tions  made  and  the  limits  of  applicability,  along  with  any 
conclusions . 

With  regard  to  Dr.  Peters'  second  comment,  it  is  acfaiowledged 
that  calculation  of  a  true  equilibrium  state  is  a  difficult 
problem  for  C81  and  other  global  programs,  especially  with  the 
introduction  of  the  blade  torsional  degree  of  freedom.  Ayail- 
able  numerical  techniques  are  not  adequate  to  guarantee  finding 
a  near-equilibrium  condition  even  if  the  rotor  is  stable.  It 
is  suspected  that  neutral  or  negative  rotor  stability  compounds 
this  problem.  However,  it  is  always  possible  to  run  a  time- 
variant  rotor  simulation  in  a  wind  tunnel  mode  to  ascertain 
the  rotor  stability.  If  fuselage  drift  is  a  problem,  the  same 
thing  may  be  done  following  a  trim  solution. 
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The  traditional  log-decrement  methods  of  damping  determination 
may  not  be  applied  to  forward  flight.  However,  there  are 
nmnerical  techniques  available  that  may  be  applied  to  heli¬ 
copter  forward  flight,  as  shown  in  Section  13.6.1.  Such  appli¬ 
cations  do  demand  that  the  engineer  exercise  some  judgement  in 
interpreting  the  results.  For  example,  see  Figure  72.  The 
Prony's  method  results  show  frequencies  at  1.99-  and  4.00-per- 
rev,  with  damping  of  -0.11  and  0.11  percent,  respectively. 

Since  the  system  is  an  elastic  pylon  supporting  a  two-blade 
rotor,  some  steady  forced  response  at  2-  and  4-per-rev  would 
be  experienced.  The  calculated  damping  coefficients  of  nearly 
zero  indicate  that  the  steady  forced  response  maintained  an 
almost  constant  amplitude  and  hence  was  not  affected  by  perturb¬ 
ing  the  pylon  mode.  Therefore,  these  harmonics  may  be  disre¬ 
garded  for  stability  considerations. 
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14.0  CONCLUSIONS  AND  RECOMMENDATIONS 


Prior  to  1971,  the  Rotorcraft  Flight  Simulation  Program  C81  was 
used  primarily  as  a  handling  qualities  program  to  obtain  flight- 
path  stability  and  performance  data.  Since  that  time  it  has 
been  increasingly  used  to  calculate  rotor  loads  using  the 
aeroelastic  rotor  analysis.  With  the  completion  of  Contract 
DAAJ02-75-C-0025,  C81  has  also  been  tailored  to  determine  rotor 
stability  characteristics.  The  program  modifications  made  un¬ 
der  this  contract  were  directed  at  improving  the  caped)ility  to 
predict  rotor  stability.  However,  the  improved  control  system 
model,  the  revised  input  for  rotor  modes,  and  the  modal  form  of 
the  pylon  equations  all  yield  better  bending  moment  calculations 
as  well.  Also,  the  inclusion  of  the  Rotor  Frequency  Program 
DN9100  ensures  that  the  equations  used  to  calculate  the  rotor 
modes  are  compatible  with  the  equations  used  in  C81.  The 
cdiility  to  use  less  than  20  segments,  which  was  coded  into 
the  program  as  part  of  the  variable  segment  length  option, 
permits  the  user  to  reduce  the  run  time.  For  example,  by 
using  a  five-segment  tail  rotor,  up  to  a  50-percent  reduction 
in  computer  time  may  be  obtained  with  no  penalty  in  the  ac¬ 
curacy  of  the  main  rotor  simulation.  For  many  applications, 
greater  savings  may  be  achieved  by  also  reducing  the  number  of 
main  rotor  segments. 

The  modifications  to  C81  performed  under  the  current  contract, 
DAAJ02-77-C-0003,  were  suggested  in  the  final  report  of  the 
previous  contract.  The  dyneunic  model  of  the  rotor  has  been 
improved  by  including  pitch-change  axis  and  eg  offsets  in 
both  DNAM05  and  C81.  A  first-order  lag  was  introduced  in  the 
horsepower-available  calculations  to  provide  a  more  accurate 
rpm  time  history  during  maneuver.  The  maneuver  autopilot  has 
been  modified  to  allow  the  user  to  specify  several  more  com¬ 
mands,  and  the  inclusion  of  a  digital  filter  has  eliminated 
many  of  the  difficulties  formerly  experienced  in  simulating 
a  maneuver  with  an  elastic  main  rotor. 

The  filter  is  also  used  in  the  rotor  induced  velocity  cal¬ 
culations.  The  independent  variables  of  the  RIVD  tables  were 
changed  to  facilitate  their  use,  and  program  AR9102  was 
modified  to  remain  compatible  with  C81.  Finally,  the  amount 
of  data  post-processing  previously  required  has  been  reduced 
by  adding  the  ability  to  time-history  plot  selected  rotor 
variables  after  TVT  and  by  adding  a  rotor  contour-plot  feature 
to  the  progreim. 
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Although  C8l  is  the  best  general  rotorcraft  flight  simulation 
in  existence,  there  are  several  items  of  improvement  nee-ied  for 
a  unified  and  useful  design  tool.  These  items  can  be  separated 
into  two  classes:  those  which  improve  the  accuracy  of  the  simu¬ 
lation,  and  those  which  provide  increased  user  capability  and 
convenience.  The  items  of  most  importance  are  as  follows: 

1.  The  program  should  allow  for  the  use  of  a  data  table 
for  the  fuselage  nominal  angle  aerodynamics.  A  20  x 
20  table  for  each  of  the  six  aerodynamic  forces  and 
moments  would  require  2.5K  additional  storage; 

a  significant  improvement  in  the  accuracy  of  the 
fuselage  aerodynamics  in  the  normal  flight  regime 
would  result. 

2.  The  wing  and  stabilizing  surface  aerodynamic  models 
should  be  modified  to  allow  the  user  to  input  a  two- 
dimensional  airfoil  table,  with  the  three-dimensional 
modifications  being  performed  by  C81  based  on  geome¬ 
tric  inputs . 

3.  Modify  the  RWAS  table  model  to  be  similar  to  the  RIVB 
tables;  i.e,  to  have  \i  and  as  the  independent 

variables  and  to  use  an  input  average  induced  velocity 
table.  Program  AR9102  should  be  modified  to  calculate 
these  RWAS  tables. 

4.  Modify  the  store/braJie  aerodynamics  model  to  include 
a  pitching  moment  equation. 

5.  For  a  user  to  obtain  a  trim  in  autorotation  or  a  maxi¬ 
mum  power  climb,  it  is  currently  necessary  first  to 
compute  trims  at  several  rates  of  climb  (or  descent), 
then  to  interpolate  or  extrapolate  the  data  to  determine 
the  rate  which  gives  the  desired  power  condition,  and 
finally  to  run  another  trim  to  verify  the  predicted 
results.  An  option  should  be  provided  for  trimming 

at  a  prescribed  power  level,  with  rate  of  climb  being 
added  to  the  trim  procedure  as  an  independent  variable. 

6.  Rotor  segment  aerodynamic  quantities  should  be  added 
to  the  list  of  plot  codes,  and  the  vector  analysis, 
harmonic  analysis,  and  stability  euialysis  options  of 
GDAJ07  should  be  made  available  after  TVT  as  well 

as  after  maneuver. 

In  view  of  the  number  of  revisions  made  in  developing  the 
AGAJ77  version  of  C81,  it  would  be  very  desirable  to  recheck 
some  of  the  validation  cases  which  were  rxm  on  the  AGAJ74  ver¬ 
sion  by  Boeing  Vertol  (Contract  DAAJ02-74-C-0051 )  and  by 
Sikorsky  (Contract  DAAJ02-74-C-0046) . 
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APPENDIX  A 


ROTOR  DIFFERENTIAL  EQUATIONS 


The  purpose  of  this  appendix  is  to  present  the  development  of 
the  differential  equations  for  a  rotor  blade.  This  development 
closely  parallels  that  of  Houbolt  and  Brooks  (H&B)  (Reference 
5).  An  attempt  has  been  made  to  remove  as  many  of  the  simpli¬ 
fying  assumptions  of  H&B  as  possible.  The  assumptions  made 
here  that  differ  from  those  of  H&B  include  the  following: 

(1)  Rotor  blade  cross  sections  are  not  symmetric. 

(2)  The  elastic  axis  is  not  a  straight  line. 

(3)  Structural  principal  axes  and  mass  principal  axes 
are  not  parallel. 

Derivation  of  Longitudinal  Strains 

The  derivation  of  the  longitudinal  strain  will  be  carried  out 
in  a  manner  similar  to  H&B.  The  coordinate  system  has  been 
changed  and  a  nonsymmetric  cross  section  is  assumed.  Also, 
the  pitch  change  axis  of  the  undeformed  blade  is  used  as  the 
reference  axis  rather  than  the  elastic  axis  so  that  the  elas¬ 
tic  axis  is  not  required  to  be  straight. 

Figure  A-1  shows  an  undeformed  cross  section  of  the  beam.  An 
elemental  fiber  for  which  the  strain  will  be  derived  is  indi¬ 
cated  by  f.  The  origin,  0,  is  located  on  the  pitch-change  axis 
in  the  undeformed  position.  The  distance  q  is  measured  parallel 
to  the  major  structural  axis  of  the  section,  and  C  parallel  to 
the  minor  structural  axis.  The  angle  6g  is  then  the  structural 

twist,  which  is  not  necessarily  the  same  as  the  aerodynamic 
twist  or  the  twist  of  the  principal  axes  of  inertia.  The  posi¬ 
tion  and  rate  of  change  of  position  of  f  with  respect  to  radial 
location  y  may  be  written  in  x-z  coordinates  as 

X  =  q  cos  9_  +  C  sin  9_  ) 

S  Si 

z  =  -n  sin  9„  +  t  cos  9„  ) 
s’  s 

X'  =  -q  9^  sin  ®s  ^  ®s  ®s  ^  ®s  ^  I 

z'  =-09^  cos  Qg  -  C  Qg  sin  9^  =  -e^  x  ) 

Now  allow  beam  displacements  to  occur  so  that  the  point  0,  on 
the  reference  axis,  moves  through  the  distances  u,  v,  and  w  in 
the  X,  y,  and  z  directions  respectively,  and  so  that  the  cutting 


(A-1) 

(A-2) 
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Figure  A-2.  Displaced  Blade  Coordinate  System 


F, 


plane  remains  perpendicular  to  the  reference  axis  and  rotates 
around  it  by  an  angle  At  this  point,  H&B  apply  a  small 
angle  assiunption  on  ^  and  eliminate  several  terms.  Here, 
delay  tte  small  angle  assumptions  until  the  equations  are  com¬ 
plete  in  order  to  be  sure  that  no  significant  terms  are  lost. 
The  deformed  section  is  shown  in  Figure  A-2.  Using  this  figure, 
the  new  position  of  the  fiber  f  is  defined  by  the  following: 

Xj^  =  u  +  X  cos  +  z  sin  (>  \ 

Yb  =  y  +  V  -  u'(Xjj  -  u)  -  w'(Zjj  -  w)  I 

Yjj  =  y  (x  cos  ^  +  z  sin  (|>)  +  w'(2  cos  (j)  /  (A-3) 

-  X  sin  (Ji)  1 

Zj^  =  w  +  2  cos  (^  -  X  sin  (j»  / 

The  derivatives  of  Xj^,  y^^,  and  with  respect  to  y,  denoted  by 
*b'  ^b'  ^b'  given  below. 

x^  =  u'  +  X*  cos  (^  +  z'  sin  <[»  -  x()i '  sin  ({) 


+  '  cos  ^ 

xJ  =  u'  +  (2  cos  <|i  -  X  sin  (t»)((|>'  +  6') 

®  s 

y^  =  1  +  V  -  u"(x  cos  ({>  +  z  sin  (|>) 

-  w''(z  cos  (►  -  X  sin  $) 

-  u'(x'  cos  (>  +  z'  sin  (j)  -  x(|)'  sin  (|) 
-I-  z^ '  cos  ) 

-  w'(z'  cos  <►  -  X*  sin  ^  -  z^'  sin 
-x^ '  cos  ^ ) 

y^  =  1  +  v'  -  u"(x  cos  0  +  z  sin  0) 

-  w''(z  cos  $  -  X  sin 

-  u' (z  cos  ^  -  X  sin  ♦  )(♦'  +  en 

s 

+  w'(+  X  cos  0  +  z  sin  ♦)((!>'  +  0') 

8 

2^  =  w'  +  z'  COS  0  -  x'  sin  ^  -  z4»'  sin  0 

-  x0 '  cos  0  ) 


(A-4) 


337 


=  w'  -  (x  cos  (|(  +  z  sin  <>)(<|)'  +6g) 


(A-4) 


The  longitudinal  strain  that  is  developed  in  a  fiber  may  be 
found  from  these  equations  by  considering  the  amount  an  ele¬ 
mental  fiber  of  length  ds  changes  in  length.  In  terms  of  the 
differential  components  of  length  in  the  x-,  y-,  and  z-direc- 
tions,  the  final  length  ds.  of  a  fiber  is  given  by  the  follow¬ 
ing  equation:  " 

dSj^2  =  ^2  +  +  (jZj^2 

Thus 


+  (y^)""  +  (z^)" 


(A-6) 


Substituting  Equation  {A-4)  into  (A-6)  and  neglecting  the 
many  higher  order  terms  in  the  deformations  and  their 
derivatives , 


1  +  2  v’  +  (x^  +  z^)(e'^  +  26'  ()»') 

s  s 


-  2  u"  (x  cos  (|)  +  z  sin  (>) 


(A-7) 


-  2  w"{z  cos  (ji  -  X  sin  4>) 

At  this  point  a  small  angle  assumption  on  ())  may  be  used  with¬ 
out  danger  of  losing  any  terms.  Then  several  more  higher 
order  terms  may  be  thrown  out,  leaving 


^  =  u  +  2  v  (X^  zMO'^  2  6'  D 

-  2  U"  X  -  2  W"  Z}^^^  (A-8) 

This  expression  may  be  compared  exactly  with  the  expression 
obtained  by  H&B.  Similarly,  the  equation  for  the  original 
length  ds  is  determined  by  setting  u=v=w=0=O  in  equation  (A-8). 


=  {1  +  (x2  +  z2) 

The  tensile  strain  in  the  fiber  can  now  be  written 
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J 


e  =  (dSjj  -  ds)/ds 


(A-9) 

(A-9) 


e 

e 


In  order  to 
through  the 

e 


=  (dsj^/ds)  -  1 

=  {1  +(2/[l  +  e2^(x2  +  zM] 

[V  +  0'  (t>’(x2  +  )  -  u'x  -  w'z])} 

s 

simplify  further  we  apply  the  binomial  expansion 
first-order  term  to  give 

=  (1/[1  +  0'2(x2  +  Z2)])[V*  +  0'  (J.'(X2  +  z2) 

S  S 

-  u"x  -  w"2]  (A-10) 


At  this  point  H&B  assume  that  the  denominator  term  is  close  to 
one.  That  may  not  be  a  good  assumption  for  some  of  today's 
rotor  designs  with  high  twist  or  wide  chord,  so  such  an  as¬ 
sumption  should  be  delayed  as  long  as  possible. 

Now  the  strain  equation  may  be  written  in  terms  of  the  cross- 
sectional  coordinates  n  and  t • 

e  =  (1/[1  +  0'2(n2  +  CM])[v'  +  0^  (|)'(n2  +  CM 

-  u"(n  cos  0-  +  C  sin  0^)  -  w"(C  cos  0_ 

-  n  sin  0g)]  (A-11) 

At  this  point,  H&B  eliminate  the  equivalent  of  the  v'  strain 
component  by  integrating  the  tensile  stress  over  the  structural 
area  and  by  equating  the  centrifugal  tension  in  the  beam.  In 
their  equation  we  see  the  assumption  of  a  homogeneous  cross 
section  since  they  have  written  Young's  Modulus,  E,  on  the  out¬ 
side  of  the  integral.  The  basic  equation  should  be 

^u 

J  E  e  dC  dn 
^1 

^u 

;  D  E  [v*  +  0'  +  C^)  (A-12) 

Cl 

-  u"(n  cos  0g  +  C  sin  0g) 

-  w"(C  cos  0_  -  n  sin  0_)]  dC  dr| 

s  s 


or 


T  = 


T  = 


"^te 

; 

^le 

'^te 

; 

'le 
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where 


D  =  1/[1  +  +  ^2)] 

Note  also  that  the  limits  on  C  have  been  changed  to  reflect  a 
nonsyinmetric  cross  section  integrating  from  the  lower  surface 
to  the  upper  surface.  For  evaluation  of  this  integral  the 
quantities  w" ,  u" ,  v' ,  $ ' ,  6'  ,  and  6^  are  all  constant.  If 

the  integration  is  performed  one  term  at  a  time,  there  are 


four  integrals  of  interest. 

^te  ^u 

;  /  D  E 

^le  ^1 

^te  ^u 

;  ;  D  E 

^le  ^1 

^te  ^u 

/  ;  D  E 

^le  ^1 

'Ite  ^u 

/  ;  D  E 

^le  ^1 


dC  dn  (A-13) 

(n2  +  CM  dC  dn  (A-14) 

n  dC  dn  (A-15) 

C  dC  dn  (A-16) 


None  of  these  integrals  can  be  evaluated  in  general  in  this 
form.  In  practice  these  integrals  must  be  performed  piecewise 
and  usually  numerically  because  of  the  construction  of  modern 
rotor  blades,  even  if  the  same  assiimptions  as  H&B  are  made. 
However,  some  insight  can  be  gained  by  making  the  same  assump¬ 
tions  as  H&B  except  for  the  symmetric  cross  section.  If  this 
is  done 


(A-13)  is  the  section  modulus  times  the  area  =  EA. 

(A-14)  is  the  section  modulus  times  the  polar  second 

area  moment  about  the  reference  axis  =  EA  k|. 

A 

(A-15)  is  the  section  modulus  times  the  first  area 

moment  chordwise  about  the  reference  axis  or  the 
section  modulus  times  the  area  times  the  chord- 
wise  offset  of  the  section  neutral  axis  =  EA 

(A-16)  is  the  section  modulus  times  the  first  area  moment 
beamwise  eibout  the  reference  axis  or  the  section 


f- 
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modulus  times  the  area  times  the  teamwise  offset 
of  the  section  neutral  axis  =  EA 

It  is  apparent  that  effective  values  of  A,  k^,  e^^,  and  e^ 

may  be  defined  such  that  the  true  integrals  are  satisfied. 

In  integrated  form,  Equation  (A-12)  then  becomes 

T  =  EA  {v’  +  <!>'  -  u”  (e^^  cos  +  e^  sin  6^) 

-  w"(e^  cos  0g  -  e^^  sin  6^)}  (A-17) 

Solving  for  v'  yields 

V'  =  T/EA  -  0g  <!>'  k^2  +  u''(e^j,  cos  6^  +  e^  sin  0^) 

+  w"(e^  cos  0g  -  e^^  sin  0^)  (A-18) 

If  T/EA  is  denoted  by  the  tensile  strain,  e„,  then  equation 
(A-18)  may  be  combined  with  (A-11)  to  yield‘d 

e  =  D  [e^  +  -  k^2) 

-(n  -  ®s  *  ®s^ 

~(C  -  ®s  ®s^^  (A-19) 

This  is  the  complete  expression  for  the  longitudinal  strain 
of  any  fiber  in  the  cross  section.  The  only  apparent  differ¬ 
ence  between  Equation  (A-19)  and  the  H6iB  equation  (A-12)  is 
the  additional  term  for  the  beamwise  first  area  moment  because 
of  the  nonsymmetric  cross  section.  It  should  also  be  noted 
here  that  q  and  ^  are  relative  to  a  different  reference  axis 
than  are  H&B's. 

Derivation  of  Elastic  Moments 

The  longitudinal  stress  follows  directly  from  the  strain  equa¬ 
tion. 

a  =  DE[e^  +  0^  <>'(n2  +  C*  " 

-  (n  -  ®s  "  ®s^ 

-  (C  -  ®s  ®s^^  (A-20) 

No  further  development  of  cross-sectional  stresses  or  strains 
is  necessary.  The  shearing  stresses  associated  with  the  longi¬ 
tudinal  stresses  integrate  to  zero  about  the  section  shear  cen¬ 
ter  by  definition.  The  twisting  moments  about  the  reference 
axis  are  simply  the  moments  of  the  net  shear  forces  times  the 


beamwise  and  chordwise  offsets  of  the  shear  center  from  the 
reference  axis.  The  St.  Venant  moment  for  twisting  deforma 
tion  is  the  same  as  in  H6cB. 


The  net  integral  resisting  moments  are  obtained  by  integrating 
the  moments  of  the  longitudinal  stress  components  about  the 
reference  axes  over  the  cross  section. 

The  beamwise  bending  moment  (about  the  n  axis)  is 

"^te  ^u 

=  -  /  ;  o  t  dt  dn  (A-21) 

Hie  Cl 

The  chordwise  bending  moment  (about  the  t,  axis)  is 

"^te  Cji 

M-  =  -  ;  ;  a  n  d4  dn  (A-22) 

£1 


Note  that  is  positive  for  compression  in  the  upper  surface 
as  for  H&B.  M  is  positive  for  tension  in  the  leading  edge, 
which  is  opposite  to  H&B. 

The  component  of  the  stress  in  the  plane  normal  to  the  refer¬ 
ence  axis  leads  to  an  effective  resisting  torque.  The  addi¬ 
tion  of  this  term  to  the  St.  Venant  torque  and  the  torque 
caused  by  the  net  shear  forces  acting  about  the  reference  axis 
gives  the  equation  of  the  total  resisting  torque. 

^te  Cu 

Q  =  Gj  (|.'  +  ;  /  0(9^  +  <l>)'(n2  +  CM  dc  dn 

Hie  Si 

-  ’£  =c  *  ''n 

The  problem  of  actually  locating  the  shear  center  has  been 
dealt  with  in  great  detail  in  a  number  of  places  in  the  liter¬ 
ature  so  that  exercise  is  deleted  from  the  current  discussion. 

The  elastic  moments  expressed  as  a  function  of  the  blade  dis¬ 
placements  are  obtained  by  substitution  of  Equation  (A-20) 
into  Equations  (A-21),  (A-22),  and  (A-23). 

By  use  of  the  scune  argument  that  was  used  with  regard  to 
expressions  (A-13),  (A-14),  (A-15),  and  (A-16),  effective 
values  of  I_  and  I_  may  be  defined  such  that  the  following 

equations  are  satisfied. 


3 


/  J  D  E  dC  dn  =  Edg  +  A  e^)  (A-24) 

"lie 

^te 

;  /  D  E  dt  dn  =  Ed^,  +  a  (A-25) 

'lie 

also 

'Ite 

;  X  D  E  4  n  dC  dn  =  E  A  {A-26) 

'lie  ^1 

These  expressions  are  easier  to  understand  if  it  is  recalled 
that  Ig  and  are  the  effective  second-area  moments  about 

the  principal  axes  of  the  section,  and  the  other  terms  are 
added  to  transfer  to  the  reference  axis.  If 

Ite  ^u 

=  /  X  D  E  C(n2  +  -  kp  dC  dn  (A-27) 

'lie  ^1 

Ite  ^u 

B2  =  X  X  D  E  n(n^  +  -  kp  dC  dn  (a-28) 

'lie  ^1 

Ite  ^u 

B3  =  X  X  D  E(n2  +  CM(n2  +  C'  -  k2)  dC  dn(A-29) 

'lie  ^1 

'Ite  ^u 

B4  =  X  X  D  E(n  -  +  CM  dC  dn  (A-30) 

'lie  ^1 

'Ite  ^u 

Bg  =  X  X  D  E{C  -  e^)(n2  +  CM  dC  dn  (a-31) 

'lie  ^1 
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then  the  moment  equations  may  be  written. 


”b 

=  -T 

®AB 

-  0 

s  ^ 

Bj^  +  E 

I«(u"  sin  0^  +  w” 

D  S 

cos 

«s) 

(A-32) 

”c 

=  -T 

®AC 

-  0 

s  ^ 

B2  +  E 

I^(u''  cos  0  -  w” 

c  s 

sin 

®s> 

(A-33) 

Q  = 

G  J 

4,'  - 

®c 

+  Tk2(0g  +  <!►)• 

®3 

0  i2 

s 

4>' 

-  B_ 

4 

cos  0^  -  w"  sin  0 
s 

s^ 

- 

®s 

(u" 

sin 

0  +  w" 

s 

cos  0g) 

(A-34) 

Moments  in  Reference 

In  the  consideration  of  the  equilibrium  between  moments  and 
forces,  it  is  more  convenient  to  deal  with  moments  that  are 
aligned  with  the  Xj^,  coordinate  system.  These  moments 

are  labeled  M^,  My,  and  M^^  in  Figure  A-3.  Note  that  M^  is 

opposite  the  axis.  With  a  small  angle  assumption  on  (^, 

the  transformation  of  M-,  M„,  and  Q  to  M  ,  M  ,  emd  M  may  be 
written  as  follows:  ^ 

Mx  =  Mg(cos  0g  -  0  sin  0g)  -  Mg(sin  0g  ♦  cos  6^) 

+  Q  u' 

My  =  Q  ^  WIM^(  cos  0g  -  <t»  sin  0g)  +  Mg(sin  0^ 

+  cos  0g)]  +  u'(-Mg(cos  0g  -  ♦  sin  0^)  (A-35) 

+  M«(sin  0_  +  ♦  cos  0_)] 

^  S  5 

”z  "  ®  g  +  (>  COS  0g)  +  M^(cos  0g  "  ♦  sin  0^) 

-  Q  W 

Now  Equations  (A-32),  (A-33),  and  (A-34)  may  be  substituted 
into  Equation  (A-35).  When  the  resulting  second-order  terms 
are  dropped  the  following  are  obtained: 

“x  =  ’'<®AC  ®s  ■  ®AB  ®s>  ®s  ®s 

-  COS  0g)  +  T  cos  0g  +  e^  sin  0^) 

+  u"(E  -  E  I_)  sin  0„  cos  0^ 

l5  C  S  S 

+  w'»(E  I„  cos2  0_  +  E  I-  sin2  0^)  (A-36) 

o  SC  s 
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My  =  ♦MG  J  +  T  kj  *  6^2)  -  Sj,  +  Sg 

+  e^[T  k*  -  U”(B^  cos  +  Bj  sin  6^) 

-  w"(Bi.  cos  6_  -  B.  sin  6  )] 

3  S  4  S 

+  T  u'(e^  cos  sin  0^) 

-  T  w'(e^^,  cos  Sg  +  sin  0^)  (A-37) 

“z  =  ®s  ®AC  ®s>  -  ®s  ®s 

+  B2  cos  0g)  -  T  cos  0g  -  sin  0^) 

-  u''(E  Ig  sin^  0g  -  E  cos^  0^) 

-  w"(E  Ig  +  E  I^)  sin  0g  cos  0g)  (A-38) 

Blade  Element  Forces  and  Moments 

The  next  step  in  the  development  is  consideration  of  the  dynamic 
equilibrium  of  forces  and  moments  acting  on  a  differential  ele¬ 
ment  of  the  blade  as  shown  in  Fi^re  A-4.  Two  slices  are  made 
parallel  to  the  xz  plane  and  a  distance  dy  apart.  The  forces 
acting  on  the  blade  segment  are  shown  in  Figure  A-4 (a);  the 

moments,  in  Figure  A-4(b).  The  quantities  F  ,  F  ,  F_,  Q^,  Q„, 

X  y  z  X  y 

and  Q  are  resultant  force  and  moment  loadings  which  include 
z 

both  the  acceleration  body  forces  and  the  applied  aerodynamic 
loading.  The  acceleration  body  forces  will  be  developed  next. 

Accelerations 

In  the  development  of  the  equation  for  the  acceleration  of  an 
arbitrary  point  on  the  blade  we  will  begin  at  ground  reference 
(inertial  system)  and  progress  logically  through  the  various 
systems  of  interest  to  the  blade.  Five  coordinate  systems  to 
handle  all  moving  components  will  be  defined.  The  transforma¬ 
tion  from  one  system  to  another  will  be  discussed  later. 

1.  Ground  Reference  -  The  ground  reference  system  is 

taken  to  be  the  inertial  reference  system.  Variables 
associated  with  the  ground  reference  system  will  be 
denoted  by  the  subscript  or  superscript  g.  The  x 
axis  is  pointed  north;  y  axis,  east;  and  z  axis? 
down.  ^  y 
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(a)  Forces 


M. 


Moments 


1 


Fuselage  Reference  >  The  fuselage  coordinate  system 
is  centered  at  the  fuselage  center  of  gravity.  Fuse¬ 
lage  variables  are  denoted  by  the  letter  f.  The  x- 
axis  is  forward;  y^,  to  the  right;  and  z^,  down.  ^ 

Mast  Reference  -  The  mast  reference  system  is  cen¬ 
tered  at  the  rotor  flapping  hinge  or  at  the  intersec¬ 
tion  of  the  blade  radial  axes  if  there  is  no  central 
flapping  hinge.  This  system  does  not  rotate  with  the 
rotor.  Mast  referenced  (^entities  will  be  identified 
by  the  letter  m.  The  orientation  of  the  mast  refer¬ 
ence  system  for  zero  mast  tilt  angles  and  no  pylon 

motion  has  the  x^,  y„,  and  z^  axes  parallel  to  the 
m  ■'m  m  ^ 

Xf,  y^,  and  z^  axes,  respectively,  and  in  the  same 

directions.  The  mast  reference  system  moves  with 
the  longitudinal  and  lateral  mast  tilt  angles  and 
with  euiy  angles  introduced  by  pylon  motion. 

Hvib  Reference  -  The  h;ib  coordinate  system  is  a  ro¬ 
tating  coordinate  system  which  shares  the  same  origin 
as  the  mast  reference  system.  The  letter  h  is  used 
to  indicate  variables  associated  with  the  hub  refer¬ 
ence  system.  The  yj^  axis  extends  radially  outward 

from  the  center  of  rotation.  The  z^  axis  is  parallel 
to  the  axis  but  directed  upward  rather  than  down¬ 
ward.  The  x^  axis  is  directed  as  required  to  make 

a  right-hcuided  coordinate  system,  generally  toward 
the  trailing  edge  of  the  blade. 

The  hub  coordinate  system  experiences  motion  due  to 
flapping  of  the  hub  relative  to  the  mast  caused  by 
cyclic  rotor  modes  and  due  to  "mast  wind-up"  which  is 
reflected  in  the  collective  rotor  modes  rather  than 
pylon  modes.  A  description  of  cyclic  and  collective 
modes  is  found  in  Section  3.2.10. 

Blade  Reference  -  The  origin  of  the  blade  coordinate 
system  is  at  the  inboard  end  of  the  feathering  bear¬ 
ings.  Variables  associated  with  the  blade  reference 
are  marked  with  the  letter  b.  The  y^  axis  is  aligned 

with  the  feathering  bearings.  The  Xj^  axis  is  aft, 

parallel  to  the  major  principal  axis  of  inertia.  The 
Zg  axis  is  upward,  parallel  to  the  minor  principal 

axis  of  inertia. 
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The  need  for  this  coordinate  system  is  to  account  for  the 
flap-lag  and  twisting  motion  of  the  pitch  change  axis.  There¬ 
fore  in  the  case  of  rotors  without  feathering  hearings,  the 
origin  of  the  blade  coordinate  system  is  at  the  radius  where 
the  pitch  horn  or  other  pitch  mechanism  applies  the  feathering 
control  to  the  blade. 

Notation 


To  get  from  one  system  to  another  a  general  Euler  angle  trans¬ 
formation  is  defined  from  system  1  to  system  2  through  the 
angles  a^,  02'  <^3* 

indicates  the  transformation  of  vector  A  from  system  1  to 
system  2  coordinates.  The  actual  Euler  angle  transformation 
and  the  angles  relating  to  the  five  defined  systems  are  dis¬ 
cussed  in  Appendix  B. 

In  the  development  that  follows,  the  symbols  r  and  R  are 

used  to  denote  a  displacement  vector.  The  symbols  r,  R,  and  V 

are  used  to  indicate  velocities.  The  symbols  r,  R,  and  a  are 

used  for  accelerations.  The  symbols  0  and  0  are  used  for 
angular  velocity  and  acceleration,  respectively.  A  super¬ 
script  in  parentheses  is  used  to  indicate  in  which  coordi¬ 
nate  system  a  quantity  is  expressed.  A  svibscript  such  as 
1/2  indicates  motion  of  system  1  relative. to  system  2.  A 

single  subscript  with  the  symbols  R,  R,  or  R  indicates  the 
motion_of  the  origin  of  that  coordinate  system.  The  symbols 
V  and  a  with  a  single  subscript  indicate  absolute  velocity  or 
acceleration  of  some  point  relative  to  the  ground. 


The  following  equations  may  be  used  to  find  the  velocity  and 
acceleration  of  a  point  in  system  2  relative  to  system  1: 


where 


5(2) 

^1 


;:(2) 

■2 


b(2)  .  ^(2) 
**1  ^  ^2 


q(2) 
^2/1 

“2/1  * 


;:(2) 

2 

(n<2)  X  r<2) 

'”2/1  *  ^2 


) 


.  2  5(^>  X  rf  >  .  X  r<^) 


(A-39) 


-(2)  ... 

R'  '  xs  the  location  of  the  system  2  origin  relative  to 

system  1  in  system  2  coordinates. 


349 


is  the  location  of  the  point  in  question  within 
system  2. 


fll/]  is  the 
'  system 


angular  velocity  of  system  2  relative  to 

1. 


Velocities  and  Accelerations 


The  rigid  body  fuselage  equations  that  are  developed  by  Etkin 
(Reference  27)  are  written  in  fuselage  reference.  This  makes 
the  velocities  aind  accelerations  relative  to  ground  directly 

available:  and 

These  values  are  used  to  define  the  velocity  and  acceleration 
of  the  origin  of  the  mast  coordinate  system.  For  the  general 
problem,  assmne  fully  elastic  fuselage  modes  adding  to  the 
motion  at  the  top  of  the  mast.  Fuselage  modes  from  NASTRAN  or 
some  other  structural  analysis  program  will  be  in  fuselage 
reference.  Therefore,  the  pylon  equations  will  be  formulated 
to  fit  this  convention. 


The  velocity  and  acceleration  of  the  origin  of  the  mast 
coordinate  system  are  given  by  the  following: 


v(f) 

m 

r(f) 

^m 


s(f)  +  =(f) 

^f  ^  Vf 


^^f  *  Wf 


^  2  5<f> 


m/f  ■  “f 


Wf' 


(A-40) 


m  t  m/I 

m  I  m/I 


These  quantities  are  expressed  in  fuselage  coordinates  as 
indicated.  The  variables  R^^^  and  will  be  unknowns  in  t 

^  :;/f\  ^ 

final  system  of  equations.  ^^/f  ^m/f  appear  impli¬ 

citly  in  the  acceleration  of  the  fuselage  modal  coordinates. 


The  next  step  is  to  transform  the  necessary  quantities  from 
fuselage  coordinates  to  mast  coordinates. 


'  ‘Vf’ 
=  iVf> 


(A-41) 
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I 


“i"’  =  iVf> 


=  'Vf!  ‘'i*’  ^  *  'Vfi 


(A-41) 
Cont ' d ) 


The  next  item  of  interest  is  the  velocity  and  acceleration  of 
the  origin  of  the  hub  reference  system  which  is  coincident 
with  the  origin  of  the  mast  reference  system. 


Sh*'*  =  'Vml  C  =  'Vm>  fVf> 

®h‘'’  '  'Vm>  =  'Vml  (VjJ  5<^1 


(A-42) 


For  the  angular  velocity  and  acceleration,  the  rpm  component 
must  be  added. 

O^h)  .  *(»)  *  n_(m) 


“  *  'Vml  'Vfl  "i”’ 

Slhl  =  jC')  *  5^”)  t  j;(h)  X  «<”> 


(A-43) 


»h  -  '1'  -  i-h/m-'  “ra  ^  ^  ‘"h/m^  “m  / 

=  *  'Vml  (Vj)  I 

*  =‘  'Vml  (Vfl  / 

The  next  step  is  to  find  the  velocity  and  acceleration  of  the 
origin  of  the  blade  reference.  This  origin  will  be  at  the 
interface  between  the  hub  and  the  blade.  It  will  normally  be 
at  the  feathering  bearings. 

=  '■'b/hi  'Sh"’ "  ^b%  *  "h*'*  *  ^b%i  ) 

=  '•'b/hi  i^’'*  ♦  ^b%  +  "h*'’  =■  "'h*'’  ^b%'| 

t  2  fl'l'l  X  t  sW  X  ) 
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These  quantities  are  in  local  blade  reference  and  are  relative 
to  the  blade. 


Now  the  velocity  and  acceleration  of  any  point  on  the  blade 
may  be  written. 


.  of)  X  (of)  X  ?f ) 
+  2  of)  X  ?f )  +  if)  X  £f ) 


(A-45) 


where 


=  [^b/hi  *  ^b%  ^  *  ‘Vh 


)  0 


o(h) 


(A-46) 


In  dealing  with  the  rotor  blade.  Equation  (A-45)  is  the  only 
equation  of  interest.  In  this  equation 

R^^)  represents  the  total  acceleration  of  the 
origin  of  the  blade  coordinate  system. 

of)  represents  the  total  an^lar  velocity  of  the 
blade  including  feathering  motion. 

of)  represents  the  total  an^lar  acceleration  of  the 
blade  including  feathering  motion. 

represent  the  motion  of  a  mass 
particle  within  the  blade  coordi¬ 
nate  system;  includes  static  lo¬ 
cation  plus  elastic  motion.  They 
are  expressed  in  a  form  similar 
to  H&B  equation  (B3)  or  (B4). 

The  blade  coordinates  used  to  develop  the  strain  equation  are 
related  to  the  system  used  for  the  acceleration  equation  as 
follows : 


=(b)  =(b) 

^b  '  ^b 


and  ?f ) 
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::(b)  = 


=  Xk  i  +  Yk  3  +  z.  k 


(A-47) 


By  substitution  from  Equations  (A-1)  and  (A-3)  we  obtain  the 
following  expressions.  Superscripts  have  been  deleted  because 
all  quantities  are  in  blade  reference. 


X,  =  u  +  n  cos  (6  +  (Ji)  +  4  sin  (6_  +  <|>) 


Yjj  =  y  +  V  -  u'[n  cos  <0g  +  <j>)  +  C  sin  (6^  +  4»)] 

+  w’[n  sin  (6  +  <|>)  -  C  cos  (e  +  ()>)] 
s  s 


z.  =  w  -  n  sin  (0„  +  4>)  +  c  cos  +  ^) 


Xh  =  u  +  (ti[C  cos  (0^  +  «)  -  n  sin  (0^  +  ()>)] 


Yjj  =  V  -  u'[n  cos  (0g  +  $)  +  C  sin  (0^  -^  (!»)] 

-  w'[^  cos  (0g  +  (>)  -  n  sin  (Og  +  (|>)] 

+  u'  sin  (0g  +  (1>)  -  C  cos  (0g  +  (t))] 

+  w'  sin  (0g  +  (!>)  +  n  cos  (0^  +  <!>)] 

Zjj  =  w  -  sin  (0g  +  (|>)  +  n  cos  (0g  +  ()))] 

=  ii  +  $[C  cos  (0g  +  i)>)  -  n  sin  (0^  +  $)] 


-  sin  (0g  +  $)  +  n  cos  (0g  +  <!>)] 

=  V  -  U'In  cos  (0  +  <^)  +  C  sin  (0  +  (ji)] 

s  s 

-  w'[C  cos  (0g  +  (>)  -  n  sin  (0g  +  <|))] 

+  2  u'  sin  (0g  +  4i)  -  c  cos  (0^  +  (|>)] 

+  2  w'  sin  (0  +  $)  +  n  cos  (0  +  (!»)] 

S  S 

+  u'  cos  (0g  +  <|>)  +  C  sin  (0g  +  <|>)] 

+  w'  COS  (0  +  $)  -  n  sin  (0  +  (}>)] 

S  5 


(A-48) 


(A-49) 


(A-50) 
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+  u'  $[n  sin  (Og  +  (j»)  -  c  cos  (Og  +  0)] 
+  w'  $[f;  sin  (Og  +  0)  +  n  cos  (0g  +  0)] 


(A-50) 
Cont ' d 


Zj,  =  w  -  sin  (0g  +  0)  +  n  cos  (0g  +  0)] 

-  02[4  cos  (0g  +  0)  -  n  sin  (0g  +  0)] 

By  substitution  of  Equations  (A-48),  (A-49),  and  (A-50)  into 
(A-45)  the  three  components  of  may  be  found.  The  small 

angle  assumption  on  0  may  also  be  made  at  this  time. 

Let 

1  -f  aj,y  J  +  k 


and 


bz 


=0  i+O  i+O  k 
“bx  ^  “by  J  “bz 


in  Equation  (A-45).  Then  as  one  intermediate  step 
^bx  ^  ^bx  *b  ■  *b^^by  ^bz^  ^by  “bx  ^b 
“bx  %z  ^b  ^^%y  ^b  "  %z  ^b^ 


^by  ^b  "  %z  ^b 


(A-51) 


^by  ■  *^by  ^b  ^by  ^bx  *b  ^by  ^bz  ^b 

2  +  na.)  y^  +  2  (n 


■  <“bx  "  “bz 

^  %z  %  -  %z  % 


bz  *b  ■  “bx  ^b^ 


(A-52) 


^bz  "  *Sz  ^b  ^bx  ^bz  *b  ^  %y  ^bz  ^b 

-  <«bx  ^  «by)  ^b  2(nbx  yb  -  %Y 


^  "^bx  ^b  “  %Y  *b 
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t 


The  final  expression  for  the  acceleration  components  is  as 
follows; 

®bx  "  -  "<"by  *  "lx>  *  "by  “bx‘y  * 

*  “bx  «bx  “  *  2  «by  «  -  2  »bz  ^  *  "by  " 

-  *  V) 

+  n(cos  sin  0^)  {-^2  _  (q2^  +  q2^) 


“  ^by  ^bx  “  2 


+  2  (u*  -  W 


+  *  n(sin  Sg  +  4>  cos  0g)  {-$ 

^  V  ""bx  “  «bx  -  2 
-  Ojjy  -  W'}  +  Ucos  03-0  sin  0^)  {$ 


’  ^by  ^bx 


bz 
w'  +  n 


bx  "bx  *  2  n^x'"’  ^ 


+  fl|,y  +  *s* 


-  "by  "bx  u’  -  2  fiby  ♦  -  2  Vf'"’  - 


"  "bx  -  <«§y  "  "bx>i 


(A-53) 


V  "  V  *  "‘”by  "bx  ^  "bx>  -  ”<"by  "bx  '  "bx> 

-  (y  +  v)(Q§^  +  n|^)  +  2  Qj,^  i  -  2  i 

+  r|(cos  0  -  0  sin  0  ){-u’  +  2  0  w'  +  u'  0^ 
s  s 

«by"bx  "  "bx  *  “''"bx  ^  "bx> 

+  2  0}  +  n(sin  0g  +  0  cos  0g){2  0  u' 

+  »•  +  u'  0  -  w'  02  -  2  0  -  fijjy 

+  ^bx  "  '''^^bx  *  “bz^^  +  ^(cos  0g  -  0  sin  0g) 

{-2  0  u'  -  <»•  +  w»  02  +  -  u'  0  -  (A-54) 


355 


+  2  .^  +  W(n2^  +  fi2^)}  +  C(sin  8g 

+  (jl  cos  eg){-U'  +  2  $  w'  +  u'  ^2  +  ^1  ^ 

*  “by  “bx  *  “bx  *  “'(“bx  *  “bz>  *  2  ii  (A-54) 

^  “<“bx  “bz  -  “by>  * 

+  (y  +  v)(G^y  +  Gj,^)  -  w(0§^  +  Q§y) 

+  2  G|JJJ  V  -  2  Gjjy  u  +  n<cos  -  ♦  sin  e^)f-(i 

*  “bx  “bz  -  “by  -  l“by  “bz  ^  “bx> 

-  2  Gjjj^(u'  -  w*  4)}  -  fi(sin  65  +  0  cos 

-”'<“by“bz  ^“bx>  -  l“bx  ^  “by) 

-  2  Gjjjj  (w'  t  u'  0)  -  2  Gjjy  0)  +  C(cos  6^ 

-  0  sin  -  W(Gj,y  Gj,^  +  G^^) 

-  <“bx  *  “by)  -  2  %x<w’  *  u'  0)  -  2  Qj,y  0} 

+  £(sin  t  0  cos  e^)l-0  G^^  G,,^  -  Gj,^ 

■  “'<“by  “bz  *  “bx)  ■  ^  “bx<"'  ■  ♦))  O'"®') 

The  inertia  loadings  on  the  beam  may  now  be  derived  from  these 
acceleration  equations  by  appropriate  integrations  over  the 
cross  section.  The  total  or  resultant  loadings  desired  in  the 
analysis  are  the  sum  of  the  inertia  loadings  and  the  applied 
loadings.  The  moment  loadings  are  found  by  taking  moments 
about  point  0*  of  Figure  A-2.  The  resulting  force  and  moment 
loadings  are  given  by  the  following  equations: 


^te 

^1 

- 

; 

/ 

^u 

®bx 

P 

dC 

dn 

•^le 

^te 

^1 

Fy  =  Ly  . 

; 

^le 

; 

^u 

®by 

P 

dC 

dn 

K  (A-56) 

^te 

^1 

i 

- 

/ 

j 

^u 

®bz 

P 

dC 

dn 

1 

^le 

i 

I 
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«x  =  “ax  -  J  / 
lie 

-  aj,y(z^  -  W)1  p  at  dn 
^te 

®y  “  %  *  J  / 

^le 

"  ^bx^^b  -  w)]  p  dC  dn 
Hte  ^1 

Ox  =  “ax  -  J  /  IV<*b  -  “> 

’'le  5u 

"  ^bx^^b  -  V)]  p  dC  dn 

where 

p  is  the  density  of  the  structural  material  and  may  be 
a  function  of  C  and  q* 

L  ,  L  ,  and  L_  are  three  components  of  airload  force. 

X  y  z 

and 

M.  ,  M.  ,  and  M,_  are  three  components  of  airload  moment 
^  “  ^^'ax  *^Az  zei^o)* 

Let 


m  =  mass  per  unit  length  of  beam  section 


e  _  =  beamwise  eg  offset  from  reference  axis  for  a  section. 
For  positive  e^^^,  the  eg  is  above  the  reference  axis. 


e  „  =  chordwise  eg  offset  from  reference  axis  for  a  sec¬ 
tion.  For  positive  e_pf  the  eg  is  aft  of  the  refer¬ 
ence  axis .  ^ 


Then 


'^te  ^1 
/  / 
^le 


p  n  dC  dn  =  m 


(A-57) 
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J 

^le 


'te 


/  P  C  dt  dn  =  m  e 


mB 


’u 


; 

^le 


'te 


C- 


(A-57) 
Cent ' d 


t 


p  dC  dn  =  m 


u 


Making  use  of  Equations  (A-57)  write  the  three  integrated 
force  components . 


F_  =  L„  -  m 


‘^x  *  0  -  “'«by  ^  “bx)  ^  “by  “bx<y  *  ’I 


*  “bx  “bz  “  i  -  2  V  -  6j,y  W 

"  +  V)  +  e  (cos  e  -  (>  sin  e_){-(^ 


-s  '''  °s 

■  <“by  *  “bz'  -  “by  “bx  -  2  “by  ♦ 
*  2  -  W 


+  fiw,  u'}  +  e^_(sin  d. 


bz  “  ‘  ■  '-me' 
+  0  cos  eg){.$  w«  - 

-  2  0b2<w'  +  u*  ♦)  -  fij^y  -  w'} 


‘bz 


+  ej^(cos  ^  sin  0g){$  -  w' 

%x  %z  *  2  flbzCw'  +  u'  0)  +  fij^y  +  w'} 

+  ejj|3(sin  0^  +  (t>  cos  0„){-^2  -  n^„  u' 

-  2  fl 


by 


by  bx 

♦  2  -  W  0)  +  u' 


-  (“by  *  “gz>i) 


(A-58) 


Fy  =  Ly  -  mlR^y  +  »  *  u(nj,y  0^^  * 

-  "(“by  “bz  -  “bx>  -  (y  +  y)<“bx  ♦  “bz> 

+  2  Obz  i  -  2  Qbx  i  +  «s 

-  ^  sin  0g){-a'  +  2  $  w'  +  u'  $2  +  ^ 

*  “by  “bx  *  “bz  *  “'(“bx  *  “bz>  2  “bx  ♦! 
+  ejnc(sin  0g  +  (|>  cos  eg){2  $  u»  +  +  u' 


(A-59) 
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-  -  2  “bz  ♦  -  %y  “bz  *  "bx  -  ”'<“bx 

+  njj))  +  ena<=®»  ®e  "  *  *  “' 

-  »'  +  w  ♦>  -f  n^y  -  u'  f  2  Sbz  ♦ 

+  W(fi2^  +  +  ej^(sin  Og  +  (D  cos 

+  2  ^  w'  +  u’  ^ 

+  U'(ft2^  +  +  2  0}]  (A-59) 

“  ^z  "  ®^*4>z  *  ^  Sz  “  ^by^ 

+  (y  +  v)(n^y  *  6^^)  -  w(a§^  i-  a§y) 

+  2  aj,^  V  -  2  Bby  i  +  =mc'“=  ®s 

-  ^  sin  6^)(-j  +  a^^  a^j  -  a^y  -  u’(a^y  aj,^ 

*  V>  -  2  nbx'“'  -  ♦»  -  ®s 

t  4  cos  6^)(-»2  -  W(a(,y  a^^  +  a^^)  -  (ag,, 

*  “by>  -  2  «bx<”'  +«'♦)-  2  «by  ♦> 

®s  ■  *•*  -  w'(fij,y 

^  «bx>  -  ^  '^by>  “  2  Qj,^(w*  +  u'  0) 

"  2  fiby  0}  +  ®s 

”bx  Sz  "  “by  “  ^'^“by  “bz  *  “bx^ 

-  2  flbx^^’  ■  '^'  (A-60) 

In  order  to  write  the  moment  equations,  three  other  integrals 
must  be  evaluated. 

Let 

^te  ^u 

Inn  =  /  S  p  o'"  dC  <in  {A-61) 

■lie 
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P  dC  dn 


'te 


'cc  =  ^ 

^le 


’u 


^le 


'te 


(A-61) 

Cont'd 


i 


p  n  t  dt  dn 


u 


In  order  to  refer  these  inertia  terms  to  more  readily  available 
quantities,  first  allow  for  a  translation  from  the  reference 
axis  to  the  section  eg  and  then  account  for  the  possibility 
that  the  principal  axes  for  mass  moments  of  inertia  are  not  at 
the  same  angle  as  the  structural  principal  axes.  Thus 


u 

=  m 

®mB 

- 

®s> 

+ 

-  ®s> 

+ 

^CC 

sin^ (0„ 
m 

- 

«s> 

+ 

^BB 

cosMe^  - 

®s) 

nn 

=  m 

®mC 

cos^ (0^ 
m 

- 

®s> 

+ 

®mB 

sin2(0^  - 

«s> 

+ 

^CC 

cos^ (0_ 
m 

- 

«s) 

+ 

^BB 

sin2(6^  - 
m 

«s> 

cr 

=  f"  ®mc  ^ 

cc 

sin  (0^ 
m 

- 

«s> 

cos  (0„ 
m 

- 

«s)i 

(A-62) 


where 

Ipp  =  minor  principal  mass  moment  of  inertia  of  the  sec- 
tion.  (Mass  moment  about  chordwise  axis.) 

Ip-  =  major  principal  mass  moment  of  inertia  of  the  sec¬ 
tion.  (Mass  moment  about  beamwise  axis.) 

0  =  angle  between  mass  principal  axis  and  x.  axis,  posi¬ 

tive  for  leading  edge  upward. 

Then  the  airload  and  inertial  loading  moments  may  be  written. 


®x  ~  ”ax  ■  J 
^le 


te  ^u 

f 

^1 


-  ajjy(-n[6in  Bg  +  ^  cos  0^^] 


+  4[cos  0-  -  ♦  sin  6-])  p  dC  dn 
s  s 
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r 


2y  =  "Ay  "  / 


/  {ajj2(n[cos  Bg  -  (j»  sin  6^] 


+  Usin  8^  +  0  cos  Sg])  +  aj^j^(n[sin  B^ 

V 

c, 


+  ^  cos  0g]  -  Ucos  6g  -  (J)  sin  6^])}  p  dC  dn 


(A-63) 
Cont ' d 


2>  =  «AZ  -  { 


'le 


/ 


aby<n[cos  Bg  -  4)  sin  Og] 


+  C[sin  8  +  (ji  cos  0_1 ) 

s  s 

Sxibstitution  of  aj^y,  and  a^^^  equations  (A-53),  (A-54), 

and  (A-55)  into  Equation  (A-63)  yields  the  complete  form  of  the 
loading  moments. 

«X  =  "ax  - 

+  cos  6  ]{(cos  0_  -  ()>  sin  8  )(-U'  +  2  $  w* 
s  s  s 

+  U-  *  w  4i  ^  +  6^^  *  u'(0§^  ^  o§^) 


+  2  Q 


bx 


‘bz 

+  (sin  0  +  (|)  cos  0_)]2  ^  u'  +  ^' 

s  s 


t  U-  ♦  -  W  -  2  0^^  ♦  -  fi„y 

-  *  Ijjicos  -  ♦  sin  e 

-  sin  0_)[-2  ^  u'  -  w*  +  w'  +  Q 


by  ^bz 


-  ^  “  «bx  2  $  +  w-(fl^v  +  «£,)] 


‘bz 


bx 


‘bz‘ 


+  [sin  0_  +  (t»  cos  6_][-U'  +  2  ^  w*  +  u' 
s  s 


(A-64) 


» 
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7- 


f  *  Oby  ♦  ObZ  ♦  “'<“bX  *  “iz> 

+  2  (J]}  -  i^^{(sin  Bg  +  (^  cos  8g)2[-ii» 

2  ♦  i-  +  u-  *2  t  W’  ♦  -f  V  *  “bz 
+  U'(fl2^  +  q2^)  +  2  i]  +  (sin  e^ 

+  ^  COS  0g)(cos  6g  -  ♦  sin  6g)[-2  ^  u'  -  w' 

^  ^  “by  «bz  -  «•  »  -  Obz  *  2  “bz  * 

+  ''■(“bx  ■‘^  “bz*l  ■  *s  ■  *  ““  ®s*^^***' 
t  2  i  i-  tu-  *2  +  w-  ?  t  “bx  “bz 
+  U'(B§,  t  fl2^)  +  2  «]  -  (cos 

-  ^  sin  e^Xsin  8g  +  ♦  cos  8g)[2  ♦  u'  +  «-'  +  u'  $ 

2  “bz  ♦  -  “by  “bz  +  “bx  -  «'  <“L 

*  “b2>)l  ■  ®S  *  ♦  ®S* 

-  ejj^(cos  8g  -  ♦  sin  Qg)][%y  +  V 

*  “<“by  “b*  ♦  “bz>  -  «(“by  “bz  -  “b* 

-  (y  ♦  v)(a2  *  ng^)  +  2  a  i  -  2  i) 

*  (A-64) 

Concluded 

Qy  =  M^y  +  »[e^(C08  -  4  sin  6^)  +  e^(sin 

+  ♦  cos  e,)]ii^^  +  e  +  u(n^,  Bj,^  -  a^^) 

*  (y  *  v)(B^y  a^^  4  a^,)  -  w(Bg^  *  ag^) 

+  2  Bbx  V  -  2  Bjiy  u]  *  iii(e„(,(sin  +  4  cos  e^) 

■  ®s  ■  ♦  ®s*'t^x  *  “ 

-  »<“gy  ♦  “§s)  +  “by  “bx'y  ^  “bx  “bz  “ 

2  “by  «  -  2  Bj,^  V  +  nj,y  w  -  nj,^(y  +  V)] 

+  l^^tcos  65  -  ♦  sin  e^]{(oos  -  ♦  sin  e^)l-f 

^  “bx  “bz  -  “by  -  “'<“by  “bz  *  "bx>  '  2  “b*(“’,. 

(A-65 ) 
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-  w  ♦)]  -  (sin  fig  +  ♦  cos  0g)[-i2  -  w  fijjy 

*bx>  -  <“bx  ^  ®by>  -  2  “bx<“'  * 

-  2  ftjjy  ♦]}  +  I^^tsin  Bg  +  <{•  cos  eg]{(cos  6^ 

-  (|>  sin  eg)[-«2  -  ^'(%y  %z  +  «bx^  “ 

+  fi2^)  -  2  ♦>  "  2 

+  (sin  Bg  +  <|»  cos  BgX-?  +  ftbz  "  ^by 

-  %z  *  “bX>  -  2  “bx(«'  -  «'  ♦)!> 

+  l^^{(cos  0g  -  <l>  sin  6g)[(cos  6^ 

-  ♦  sin  e^X-i^  -  w'ffiby  Bbz  *  “bxl  -  l"bx 


*  “by>  ■  ^  "bxl”'  "■  2  "by  ♦>  "■  *s 

+  «  cos  e^x-fli  +  flbj,  -  a^y  -  uMa^y 
+  a^^)  -  2  a^j,[il'  -  w  il}t  +  (sin  6^ 

+  ^  COS  eg)[(cos  0g  -  ♦  sin  0g)(-$  + 

-  "by  -  "'>"by  "bz  *  "bxl  -  2  "bxl“'  -  ”'  ♦>> 

-  (sin  0g  +  '!>  cos  OgX-^^  -  w'[%y  %z  ^bx^ 

'  f^bx  “byl  "  2  «bxt^’  +  'i'  ♦]  -  2  %y  0)]} 

+  I^^[sin  0g  +  (ti  cos  0g]{(cos  0^ 

-  ^  sin  0g)(-.j2  .  u' 

-  2  Qjjy  ♦  +  2  njjg(u’  -  W  +  fibz 

+  (sin  0g  +  <t>  cos  0g)[-  gy  gx 

-  "bx  "bz  -  2  "bz<”’  *“'♦)-  "by  -  "bz 

-  I^^(cos  0g  -  'I'  sin  0g){(cos  0^ 

-  ♦  sin  0g)[$  -  flj^y  Obx  «bx  %z 

+  2  flj,g(w'  +  u'  ♦)  +  flj^y  +  '^'1 

+  (sin  0g  +  <>  cos  0g)I-^2  -  n^y  u'  -  2  fij^y  ^ 


(A-65) 
Cont ’ d 


+ 

+ 


+ 


+ 


+ 


+ 


2  -  w  »)  +  u'  -  (ogy  t  oj^)]) 

Ijjj{(sin  65  +  ♦  cos  6^)[(cos  6^  -  ♦  sin  8^)(# 

"by  "bs  *  "bs  "bs  2  fibz(“'  *  “'  ♦) 

"by  *  "bs  ®s  *  ♦  9s)!-»® 

"by  "bx  »'  -  2  "by  ♦  ♦  2  nb2(i'  -  W  i) 

"bz  '■'  -  <"by  *  ®bz>!l  -  (“=  «s 
♦  sin  e^)[(oos  -  8  sin  e^){-8“  -  (n| 


"bs>  -  "by  "bx  “■  -  2  “by  ♦  +  2 

w'  $)  +  u'}  +  (sin  0g  +  i|>  cos  eg){-$ 

V  «bx  «b2  -  2  «b2(w'  +  U' 

^by  ‘  "bz 


(A-65) 
Cont '  d 


Oz  =  «A2  -  <”le.x;(cos  -  8  sin  e^)  +  e^(sin  6^ 

+  ♦  cos  e^jH^by  *  »  *  “("by  "bx  "bz> 

-  “("by  "bz  -  “bx>  -  *  ’'>l"bx  *  "bz> 

t  2  0^^  i  -  2  «]  -  i^^<cos 

-  (>  sin  0_){(cos  e_  -  (|i  sin  e^)[-u'  +2  i  w' 

So  5 

*  M'  *  y  f  *  +  u'(n§^  +  nj^) 

+  2  $]  +  (sin  6g  +  <l>  cos  0g)[2  ^  u' 

t  »'  +  U'  j  -  w  8^  -  2  i  -  fi^y 

+  "bx  -  “'("bx  *  "bz>”  -  6s 

+  <>  cos  9  ){(cos  0_  -  ♦  sin  0„)[-2  ^  u*  - 

S  S  5 

-  »'  8®  -^"byabz  -  “■  »  -  "bx  *  2  Oj,^  ♦ 

^“'("bx 


» 
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+  2  ♦  w'  t  u'  j 

*  “'<“bx  *  “fax'  *  2  V  ♦>!  -  in£”=°=  ®s 

-  ^  sin  0„[]{cos  e_  -  (^  sin  0_){-2  ^  u'  -  i>' 

s  s  s 

+  w  .  u.  $  -  +  2  $ 

'*’  '''^^bx  '*’  '*'  ®s  "'’  *** 

+  2  ^  W'  +  U'  $2  +  ^,1  ^  + 

+  u'(a|j,  +  ag^)  *  2  $1)  +  [sin  e^ 

+  ^  COS  0^][(cos  6„  -  <>  sin  0  ){-u' 

+  2  ^  W'  +  U'  $2  +  y1  ^ 

■f  U'(a§^  +  Q§^)  +  2  ♦)  I-  (sin  e^ 

+  <|»  COS  0_){2  ^  u'  +  \>'  +  u'  $  -  W  ^2 

s 

-  2  “bs  ♦  -  V  “bz  *  °bx  -  "''“bx  ^  "bz»ii 


(A-ee) 

Contd . 


Equilibrixim  of  Forces  and  Moments 


Now  consider  the  equilibrium  of  the  blade  element  which  was 
shown  in  Figure  A-4.  Svimmation  of  the  forces  in  the  Xj^,  yj^, 

and  Zjj  directions,  and  summation  of  the  moments  about  the 

^b'  ^b  yield  the  equilibrium  conditions  for  shear  and 

moment. 


dVx  + 
dVy  + 

dV„  + 
dMx  + 
dMy  + 

dM^  + 


Fx  dy  =  0 

Fy  dy  =  0  I 

F^  dy  =  0  j 

V^Cdy  +  dv)  -  Vy  dw  +  dy 
dw  -  du  +  Qy  dy  =  0 
Vjj  (dy  +  dv)  Vy  du 


(A-67) 


(A-68) 


It  is  these  six  equations  that  form  the  basis  for  the  analysis 
in  DNAM05  and  C81.  It  is  unnecessary  to  make  the  substitu¬ 
tions  for  forces  and  moments  because  that  does  not  add  to  the 
understcinding  of  the  equations  or  physical  phenomena. 


366 


APPENDIX  B 


EULER  ANGLE  TRANSFORMATION 


In  this  appendix  the  relationships  needed  for  the  Euler  angle 
transformations  from  one  coordinate  system  to  another  are 
described.  As  stated  in  Appendix  A,  the  general  Euler  angle 
transformation  from  system  1  to  system  2  is  an  ordered  rotation 
through  the  angles  a^,  02'  ®3*  transformation  of 

vector  A  from  system  1  to  system  2  coordinates  is  indicated  by 
A^^^  =  [T2/1]  (B-1) 

This  transformation  is  made  by  first  rotating  about  the  z  axis 
of  system  1  through  the  angle  Then  a  rotation  is  made 

about  the  new  y  axis  through  the  angle  0f2*  Finally,  a  rotation 

is  made  about  the  new  x  axis  through  the  angle  to  reach 

the  system  2  coordinates.  The  resulting  general  transformation 
is  shown  in  Figure  B-1. 

The  items  remaining  to  complete  the  angular  transformations 
are  the  angles  themselves  that  are  used  to  get  from  one  system 
to  the  next.  These  are 

(1)  Ground  Reference  to  Fuselage  Reference  - 

is  the  yaw  angle,  «j>^;  02  is  the  pitch  angle,  e^; 
and  Og  is  the  roll  angle, 

(2)  Fuselage  Reference  to  Mast  Reference  - 

The  rotation  about  z^  axis  is  always  zero,  a 2  is 

e<^al  to  the  negative  of  the  rotor  longitudinal  mast 
tilt  axigle  (-Cv/a)-  <^-3  is  the  lateral  mast  tilt 

(3)  Mast  Reference  to  Hub  Reference  (one  for  each  blade) 

-  is  180  degrees  plus  the  blade  azimuth 

angle  (180®  +  <jj).  <*2  always  zero,  is  upward 

through  the  blade  feathering  angle  for  this  blade. 
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(4)  Hub  reference  to  Blade  Reference  - 

is  the  negative  of  the  lag  angle  at  the  feather¬ 
ing  bearings.  02  is  the  geometric  pitch  angle  at 

the  feathering  bearings  (or  pitch  change  axis 
origin)  including  kinematic  inputs  plus  dynamic 
effects  of  the  rotor  modes,  is  the  flapping 

angle  at  the  pitch  change  axis  origin,  including 
coning . 


APPENDIX  C 

USE  OF  THE  MANEUVER  PERTURBATION  OPTION  IN  C81 


ACTIVATING  THE  MANEUVER  PERTURBATION  OPTION 

The  pu^ose  of  this  appendix  is  to  explain  the  input  for  and 
operation  of  the  maneuver  perturbation  option  of  C81.  In  order 
to  activate  the  maneuver  perturbation  option,  a  special  value 
of  J  on  card  311  is  required.  The  usual  card  311,  as  discussed 
in  Sections  2.27  and  3.27  of  Volume  II,  contains  data  indicating 
what  type  of  maneuver  inputs  are  to  be  used.  The  special  card 
311  has  only  three  inputs  as  follows: 

Column  1  NEXTJ  =  0  for  last  card  311 

NEXTJ  /  0  if  another  card  311  follows 

Columns  3-5  J 

J  =  101  for  the  maneuver  perturbation  of  the  fuselage 

degrees  of  freedom.  The  increment  used  is  based 
on  input  XIT(4)  as  discussed  in  Section  3.19  of 
Volume  II.  The  order  of  the  maneuver  cases  run  is 

(1)  Base  -  no  perturbations 

(2)  <l>£  “  fuselage  Euler  angle  roll 

(3)  ”  fuselage  Euler  angle  pitch 

(4)  ‘I'f  ”  fuselage  Euler  angle  yaw 

(5)  V^^  -  fuselage  reference  x  velocity 

(6)  Vy^  -  fuselage  reference  y  velocity 

(7)  V^£  -  fuselage  reference  z  velocity 

(8)  p  -  fuselage  reference  roll  rate 

(9)  q  -  fuselage  reference  pitch  rate 

(10)  r  -  fuselage  reference  yaw  rate 

J  =  102  for  perturbation  of  pylon  modes 

Columns  11  -  20  contain  the  increment  to  pylon 

modal  displacement;  the  incre¬ 
ment  to  the  pylon  velocities  is 


: 
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the  displacement  increment 
times  the  natural  frequency  of 
the  mode  in  question  (rad/sec) 

The  maneuver  cases  are  run  in  the  following  order 


t 

(1) 

Base  conditions  (if  not  already 
for  fuselage) 

run 

(2) 

Perturb  each  pylon  displacement 
rotor  1 

for 

i 

(3) 

Perturb  each  pylon  displacement 
rotor  2 

for 

(4) 

Perturb  each  pylon  velocity  for 

rotor  1 

(5) 

Perturb  each  pylon  velocity  for 

rotor  2 

J  =  103  for  perturbation  of  rotor  modes 

Columns  11  -  20  contain  the  increment  to  rotor 

modal  displacements 

For  the  rotor  perturbations  the  base  case  is 
run  first,  then  all  of  rotor  1  followed  by 
rotor  2. 

Because  of  the  differences  in  the  methods  of  in¬ 
crementing  gimbaled  hub  rotors  and  rigid  hub 
rotors,  two  separate  sequences  are  needed. 

For  a  gimbaled  rotor  the  sequence  is  strictly 
by  mode  number  with  all  of  the  displacements 
first  and  then  all  of  the  velocities. 


For  a  nongimbaled  hub  (hingeless  or  articulated 
rotor),  each  mode  on  each  blade  must  be  incre¬ 
mented  separately. 


1 

(1) 

Increment  each  mode  for  blade 

1. 

(2) 

Increment  each  mode  for  blade 

2. 

1 

(3) 

Continue  through  all  blades. 

(4) 

Then  increment  all  velocities 
order . 

in  same 
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USE  OF  PERTURBATION  MANEUVERS  IN  THE  POST-PROCESSOR 

One  additional  input  parameter  has  been  added  to  help  the  user 
process  the  maneuver  perturbation  results  for  plots,  rotor 
stability  data,  etc.,  as  described  in  Sections  3.28  through 
3.34  of  Volume  II.  The  new  input  is  a  special  value  of  the 
NOP  variable  which  goes  in  coliunns  1  and  2  of  a  card  following 
the  311  cards. 

Initially,  the  post-processor  is  set  to  process  the  base  case 
maneuver  data.  Any  number  of  processing  steps  may  be  carried 
out  on  this  data,  or  none.  In  order  to  advance  to  the  first 
perturbation  case,  a  card  with  NOP  =  14  must  be  entered.  Then 
any  amount  of  processing  may  be  carried  out  on  these  data  until 
another  NOP  =  14  is  encountered.  Each  time  an  NOP  =  14  is 
encountered,  the  program  advances  to  the  next  set  of  maneuver 
data  so  that  some  sets  of  data  may  be  skipped  entirely  if  the 
user  desires.  It  is  permissible  to  stop  the  job  at  any  point 
so  it  is  not  necessary  to  advance  the  data  to  the  last  pertur¬ 
bation  case. 


f 
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LIST  OF  SYMBOLS 


A  unsteady  pitching  moment  parameter  proportional  to 

a  used  with  Carta's  tables 

A  unit  vector  defining  intersection  of  aircraft  plane 

of  symmetry  euid  plane  perpendicular  to  the  resultant 
force  vector 

A,,.., Ac  constants  used  to  calculate  the  aerodynamic  pitching 
moment  coefficient 


A 


IM 


A 


IT 


A 


u 


main  (first)  rotor  fore-and-aft  flapping  displace¬ 
ment,  positive  down  aft  with  respect  to  vertical 
shaft,  rad 

tail  (second)  rotor  fore-and-aft  flapping  displace¬ 
ment,  positive  down  aft  with  respect  to  vertical 
shaft,  rad 

component  of  aerodynamic  force  in  the  x,  direction, 
lb  ^ 


Aw 


component  of  aerodynamic  force  in  the  z,  direction, 
lb 


a 


a 


component  of  aerodynamic  pitching  moment  about  the 
yjj  direction  axis,  right  hand  positive,  ft-lb 

distance  from  midchord  to  elastic  axis  divided  by 
semi chord 

absolute  acceleration  of  a  point  relative  to  ground 
(with  various  subscripts),  ft/sec^ 

slope  of  lift  curve 

longitudinal  flapping  angle  of  the  wake  plane,  deg 


a^j^  total  mast  tilt  angle,  rad 

B  unsteady  pitching  moment  parameter  proportional 

to  0  used  with  Carta's  tables 
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B  tip  loss  factor 

B  vector  equal  to  the  cross-product  of  the  rotor 

resultant  force  vector  and  the  velocity  vector,  - 


®1'**'®5  Integrals  in  rotor  blade  bending  equations 

Bj^jj  main  (first)  rotor  lateral  flapping  displacement, 

positive  dovm  right  with  respect  to  vertical 
shaft,  rad 

®1T  tail  (second)  rotor  lateral  flapping  displacement, 

positive  down  left  with  respect  to  vertical  shaft, 
rad 


b  as  subscript,  indicates  blade  reference  system 

b  blade  semichord,  ft 

b,  lateral  flapping  angle  of  the  wake-plane,  deg 

•^WP 


[C] 


velocity  coefficient  matrix  in  the  stability  analysis 


Cg  corrected  thrust  coefficient 

aerodynamic  drag  coefficient 


aerodynamic  coefficient  for  determing  drag  force 
in  the  y^^  direction 


aerodynamic  drag  coefficient  for  determining  drag 
force  in  the  x^^  direction 


element  of  the  velocity  coefficient  matrix  in  the 
stability  analysis 


aerodynamic  lift  coefficient 

Ct  maximiun  lift  coefficient 

^max 


steady  state  aerodynamic  lift  coefficient 
s 

C,  lift  coefficient  with  unsteady  effects  included 

T 


I 


t 
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Cjjj  aerodynamic  pitching  moment  coefficient 

Cj  thrust  coefficient 

C(k)  Theodorsen  circulation  function 

c  blade  chord,  ft 

c  lead-lag  damper  coefficient,  ft-lb-sec/rad 

D  intermediate  variable  in  blade  bending  euialysis- 

Equation  (A-12) 

d  length  dependent  on  the  blade  chord  and  pitch  axis 

location 

d  constant  used  to  calculate  the  aerodynamic  pitching 

moment  coefficient 

E  Young's  modulus  for  rotor  blade  section,  Ib/in^ 

E  expression  involving  the  Theodorsen  circulation 

function 

e„  beamwise  neutral  axis  offset  from  pitch-change  axis, 

positive  up,  in. 

®AC  chordwise  neutral  axis  offset  from  pitch-change 

axis,  positive  aft,  in. 

e  _  beamwise  center  of  gravity  offset  from  pitch-change 

axis,  positive  up,  in. 

e  p  chordwise  center  of  ^avity  offset  from  pitch-change 

axis,  positive  aft,  in. 

Fpgi  magnitude  of  the  average  or  filtered  resultant  force 

vector  computed  by  C81,  lb 

F„  function  for  determining  the  value  of  induced  velo¬ 

city,  normalized  by 

Fp  magnitude  of  resultant  force  vector  used  to  cal¬ 

culate  the  RIVD  table,  lb 

F^  i^  applied  force  or  moment  in  the  stability  analysis 
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1 


forcing  function  for  the  n^  blade  node,  ft-lb 
inplane  component  of  F^,  ft-lb 

F^  out-of-plane  component  of  F^^,  ft-lb 

F  total  applied  load  in  x.  direction  at  a  point  on 

*  the  blade,  lb  ® 

F^  fore-and-aft  (X)  component  of  applied  force  in  fuse¬ 

lage  body  reference,  lb 

F„  total  applied  load  in  y.  direction  at  a  point  on 

y  the  blade,  lb 

F  lateral  (Y)  component  of  applied  force  in  fuselage 

^  body  reference,  lb 

F  total  applied  load  in  z,  direction  at  a  point  on 

the  blade,  lb 

F  vertical  (Z)  component  of  applied  force  in  fuselage 

body  reference,  lb 

F(k)  real  component  of  C(k) 

f  elemental  fiber  in  development  of  strain  equation 

f  as  subscript,  indicates  fuselage  reference  system 

f  frequency,  Hz 

f^  induced  velocity  distribution  function 

£2  nondimensional  function  used  to  modify  the  induced 

velocity  distribution  to  account  for  tip-vortex 
effects 

f^  upper  break  frequency  of  the  digital  filter,  Hz 

G  ground  effect  factor 

G  shear  modulus  for  rotor  blade  section,  Ib/in.^ 

G^  functional  notation  used  in  representing  the  equa¬ 

tions  of  motion  in  the  stability  analysis 


f' 


r 
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!fi 

3Xj 

G(k) 

g 


H(if) 

HTC 

h 

h 

h 


“o 

K 

^2 

^BB 


'CC 


partial  derivative  of  the  i  motion  expression 

with  respect  to  the  perturbation  variable, 
evaluated  at  the  initial  condition 

imaginary  component  of  C(k) 

as  subscript,  indicates  ground  reference  system 

gear  ratio,  rotor  1  to  engine 

gear  ratio,  rotor  2  to  engine 

digital  filter  transfer  function 

hub  transfer  coefficient  matrix 

as  subscript,  indicates  hub  reference  system 

undersling  distance,  ft 

vertical  (heaving)  velocity  of  blade  segment, 
positive  down,  ft/sec 

vertical  (heaving)  acceleration,  positive  down, 
ft/sec^ 

"steady”  (frequency  less  than  fi)  part  of  the 
inflow  velocity,  positive  down,  ft/sec 

vibratory  part  of  the  inflow  velocity,  positive 
down,  ft/sec 

rotor  1  rotary  inertia,  slug-ft^ 

rotor  2  rotary  inertia,  slug-ft^ 

blade  beamwise  area  moment  of  inertia  about 
neutral  axis,  in.^ 

blade  beeimwise  mass  moment  of  inertia  about  center 
of  gravity,  in.-lb-sec^/in. 

blade  beamwise  area  moment  of  inertia  about  neutral 
axis,  in.^ 

blade  chordwise  mass  moment  of  inertia  about  center 
of  gravity,  in.-lb-sec^/in. 
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^TE 

^nn 

hi 

i,  j,k 
J 

[K] 

^2 

^21 

k 


total  inertia  driven  by  the  engine,  slug-ft^ 

generalized  inertia  of  n^  blade  mode,  ft-lb-sec^ 

inplane  inertial  force  distribution,  Ib/ft 

out-of-plane  inertial  force  distribution,  Ib/ft 

inertial  pitching  moment  distribution,  ft- Ib/ft 

chordwise  mass  moment  of  inertia  about  pitch  change 
axis,  in.-lb-sec^/in. 

mass  product  of  inertia  about  pitch  change  axis, 
in. -Ib-sec^/in. 

beamwise  mass  moment  of  inertia  about  pitch  change 
axis,  in.-lb-sec^/in. 

unit  vectors  in  the  blade  reference  system 

area  polar  moment  of  inertia  of  blade  cross  section, 
in.  ^ 

displacement  coefficient  matrix  in  the  stability 
analysis 

time  constant  for  engine  power  increase,  sec 

time  constant  for  engine  power  decrease,  sec 

element  of  the  displacement  coefficient  matrix  in 
the  stability  analysis 

multiplier  on 

reduced  frequency  in  the  Theodorsen  circulation 
function 

area  radius  of  gyration  of  blade  section,  in. 
flapping  stop  spring  rate,  ft-lb/rad 
flapping  spring  rate,  ft-lb/rad 

roll  component  of  applied  moment  in  fuselage  refer¬ 
ence,  ft-lb 


3 


L'  lift  per  iinit  span,  positive  dovm,  Ib/ft 

Lpj.  roll  component  of  applied  moment  in  main  (first) 

rotor  reference,  ft- lb 


Lp,j,  roll  component  of  applied  moment  in  tail  (second) 

rotor  reference,  ft- lb 


L*  roll  component  of  aerodynamic  moment  caused  by  verti¬ 

cal  acceleration  of  the  fuselage,  (ft-lb)/( ft/sec) 


L  ,L  ,L 
x'  y'  z 


components  of  aerodynamic  force  in  blade  reference, 
Ib/in . 


M  Mach  number 


N 


pitch  component  of  applied  moment  in  fuselage 
reference,  ft-lb 


[M] 


acceleration  coefficient  matrix  in  the  stability 
analysis 


”Ax'”Ay'”Az 


component  of  aerodynamic  moment  in  blade  reference, 
in. -Ib/in. 


“blade 


three-dimensional  Mach  number  with  yawed  flo^ 
effect 


“b 


internal  blade  beamwise  bending  moment,  in. -lb 

internal  blade  chordwise  bending  moment,  in. -lb 

element  of  the  acceleration  coefficient  matrix  in 
the  stability  analysis 


“rm  roll  component  of  applied  moment  in  main  (first) 

rotor  reference,  ft-lb 


Mp_,  roll  component  of  applied  moment  in  tail  (second) 

rotor  reference,  ft-lb 


M 


s 


flapping  moment  due  to  flapping  spring,  ft-lb 


“x'“y'“z 


pitch  component  of  aerodynamic  moment  caused  by 
vertical  acceleration  of  the  fuselage,  (ft-lb)/ 
(ft/sec) 

components  of  internal  blac^^bending  moment,  in. -lb 


t 
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MM 

m 

m 

N 

N 


N< 


w 


NB 


Mach  number  parameter 

mass  per  unit  length  on  blade,  Ib-sec^/in.^ 

as  subscript,  indicates  mast  reference 

yaw  component  of  applied  moment  in  fuselage  refer¬ 
ence  ,  ft/lb 

order  of  digital  filter 

yaw  component  of  aerodynamic  moment  caused  by 
vertical  acceleration  of  the  fuselage,  (ft- lb)/ 

( ft/sec ) 

number  of  blades 


NM 


total  number  of  modes  used  in  elastic  rotor 
representation 


O  origin  of  blade  coordinate  system 

P  roll  component  of  fuselage  angular  velocity  in  fuse 

lage  body  reference,  rad/sec 


P, ,P,,P_  input  powers  used  to  compute  maximum  power  avail- 
^  ^  ^  able,  hp 


P^  power  available,  HP 

PaCC  accessory  power,  HP 

^MA  maximum  continuous  power  available,  HP 


Pjj^  maximum  sea  level  power  available,  HP 

SL 


’’'“to 


maximum  takeoff  power  available,  HP 


^MR  main  rotor  power  required,  HP 

Pj^  power  required  from  engine,  HP  • 

Pg„  roll  component  of  fuselage  angular  velocity  in 

^  main  (first)  rotor  shaft  reference,  rad/sec 
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Pg^  roll  component  of  fuselage  angular  velocity  in 

tail  (second)  rotor  shaft  reference,  rad/sec 

tail  rotor  power  required,  HP 

PA  location  of  pitch  axis,  normalized  on  the  chord 

length,  positive  aft  of  the  leading  edge  (Reference 
18) 

PMOM  pitch  moment  at  top  of  shaft,  ft- lb 

Pj^  value  of  a  polynomial  p  at  time  point  t^ 

p  value  of  the  r^^  derivative  of  the  polynomial 

p  at  t^ 

Pq  initial  value  of  the  fuselage  roll  angular  velocity 

in  the  stability  analysis,  rad/sec 

Q  pitch  componeni".  of  the  fuselage  angular  velocity 

in  fuselage  body  reference,  rad/sec 

v!  blade  reference  internal  torsional  moment,  in. -lb 

Qo  torqi^e  required  by  aircraft,  at  engine  rpm,  ft-lb 

i'g  torque  supplied  by  engine,  at  engine  rpm,  ft-lb 

tgjjj  pitch  component  of  fuselage  angultr  velocity  in 

main  (first)  rotor  shaft  reference,  rad/sec 

Qg.j.  pitch  component  of  fuselage  angular  velocity  in 

tail  (second)  rotor  shaft  reference,  rad/sec 

components  of  applied  moment  on  blade  including 
^  airloads  and  inertia  loads,  in.-lb/in. 

q  dynamic  pressure,  Ib/ft^ 

q  dynamic  pressure  with  vibratory  velocity  included, 

lb/ft2 

Qq  initial  value  of  t.ie  fuselage  pitch  angular  velo¬ 

city  (q)  in  the  stiibility  analysis,  rad/sec 

q, ,q^  constants  used  to  calculate  Mach  number  with  yawed 
flow  effect 
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R 

R 


components  of  the  fuselage  angular  velocity  in  fuse¬ 
lage  body  reference,  rad/sec 

rotor  radius 


R 

RC 

^m/f 

RMOM 

f 

^o 

s 


radius  vector  to  origin  of  a  coordinate  system 
rate  of  climb,  ft/sec 

radius  vector  from  fuselage  eg  to  top  of  mast,  ft 

rolling  moment  at  top  of  shaft,  ft-lb 

yaw  component  of  fuselage  angular  velocity  in  main 
(first)  rotor  shaft  reference,  rad/sec 

yaw  component  of  fuselage  angular  velocity  in  tail 
(second)  rotor  shaft  reference,  rad/sec 

radius  vector  to  a  point  within  a  coordinate  system 

initial  value  of  fuselage  yaw  angular  velocity  (r) 
in  the  stability  analysis,  rad/sec 

as  subscript,  indicates  structural  principal  axes 

beamwise  shear  center  offset  from  pitch  change  axis 
positive  up,  in. 

chordwise  shear  center  offset  from  pitch  change  axis, 
positive  aft,  in. 


tension  in  blade,  local  blade  reference,  lb 


T 


thrust,  lb 


T, , T_ , T-  input  temperatures  used  to  compute  engine  power 
^  available,  “C 


T^(f)  time  delay  of  digital  filter,  sec 


element  of  the  Euler  angle  transformation  matrix  re¬ 
lating  fuselage  body  reference  to  main  (first)  rotor 
shaft  reference 


element  of  the  Euler  angle  transformation  matrix  re¬ 
lating  fuselage  body  reference  to  tail  (second)  rotor 
shaft  reference 
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T['l',e,‘t']  Euler  angle  transformation  matrix  in  rotorcraft 
stability  analysis 

t^  time  constant  to  null  rates,  sec 

time  constant  to  null  displacements,  sec 
"3  U  magnitude  of  relattive  wind,  ft/sec 

U  fore-eind-aft  (X)  component  of  fuselage  linear  velo¬ 

city  in  fuselage  body  reference,  ft/sec 

U  magnitude  of  relative  wind  with  vibratory  velocity 

included,  ft/sec 

Up  component  of  relative  wind  velocity  perpendicular 

to  U,j.  and  Uj^,  positive  up,  ft/sec 

Up  component  of  relative  wind  velocity  in  radial  direc¬ 

tion,  positive  outboard,  ft/sec 

U_,  component  of  relative  wind  velocity  perpendicular  to 

blade-span  axis  and  shaft  axis,  positive  torward 
trailing  edge,  ft/sec 

Ut/Ur,Up  components  of  relative  wind  with  blade  vibration 
velocity  included,  ft/sec 

u,v,w  components  of  blade  elastic  displacement,  inplane/ 
out-of-plane  reference 

u  initial  value  of  the  fuselage  fore-and-aft  velocity 

(u)  in  the  stability  analysis,  ft/sec 

V  lateral  (y)  component  of  fuselage  linear  velocity 
in  fuselage  body  reference,  ft/sec 

V  flight  path  velocity,  ft/sec 

V  vector  indicating  absolute  velocity  of  a  point  rela¬ 
tive  to  ground 

V,  magnitude  of  inplane  component  of  the  free  stream 

velocity  at  the  rotor  hub,  ft/sec 

average  value  of  induced  velocity,  ft/sec 

Vi(|j,awp)  average  induced  velocity  input  as  part  of  RIVD  table 
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V.  average  induced  velocity  computed  by  subroutine 

^avC81  VIND,  ft/sec 

(Vi)iGg  average  induced  velocity  in  ground  effect,  ft/sec 

V.  average  induced  velocity  divided  by  1.0  ft/sec 

(V. average  induced  velocity  out  of  ground  effect,  it/s«c 
free  stream  airspeed  divided  by  1.0  ft/sec 

V  ,V  ,V  components  of  shear  in  inplane/out-of-plane  reference, 

X  y  z  lb 

V  magnitude  of  out-of-plane  component  of  the  free 
stream  velocity  at  the  rotor  hub,  ft/sec 

local  blade  chordwise  shear,  lb 

n 

local  blade  beamwise  shear,  lb 

V  resultant  wind  velocity 

v^  induced  velocity  at  a  point  on  the  rotor  blade,  ft/sec 

v^  magnitude  of  the  induced  velocity,  ft/sec 

V  initial  value  of  the  fuselage  lateral  velocity  (v) 
in  the  stability  analysis,  ft/sec 

Vsound  velocity  of  sound,  ft/sec 

VBM(y,t)  total  out-of-plane  bending  moment  distribution, 
ft- lb 

W  virtual  work,  ft- lb 

W  vertical  component  of  fuselage  linear  velocity  in 

fuselage  body  reference,  ft/sec 

W  fore-and-aft  component  of  the  weight  vector  in 

fuselage  body  reference,  lb 
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a 

a 


^'carta 

«EQU 


lateral  component  of  the  weight  vector  in  fuselage 
body  reference,  lb 

vertical  component  of  the  weight  vector  in  fuselage 
body  reference,  lb 

initial  value  of  the  fuselage  vertical  velocity 
(w)  in  the  stability  analysis,  ft/sec 

blade  coordinates  used  to  develop  the  strain  equation 

i^  basic  perturbation  variable  in  the  stability 
analysis 

i^^  basic  variable  in  the  stability  analysis 

i^  basic  variable  initial  value  in  the  stability 
analysis 

side  force  component  of  aerodynamic  force  caused 
by  vertical  acceleration  of  the  fuselage,  lb/( ft/sec) 

i  auxiliary  perturbation  variable  in  the  stability 
analysis 

i^^  auxiliary  variable  in  the  stability  analysis 

initial  value  of  i^  auxiliary  variable  in  the 
stability  analysis 

vertical  component  of  aerodynamic  force  caused  by 
vertical  acceleration  of  the  fuselage,  lb/{ ft/sec) 

angle  of  attack,  rad 

angle  of  attack  with  vibratory  velocity  included, 
rad 

angle  of  attack  excluding  the  effect  of  vertical 
velocity,  rad 

angle  of  attack  at  which  the  aerodynamic  pitching 
moment  coefficient  curve  breaks  sharply,  rad 

angle  of  attack  modified  for  Mach  number  effect 
before  entering  Carta  tables 

the  equivalent  angle  of  attack  including  effects 
from  the  circulation  function  (Reference  18),  rad 
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“mod 

“rd 

“rl 

“wp 

<*1 ,  (*2 » 

a' 

P 

Po 

Pv 

Y 

A  a.c. 

ACj^ 

^°R 

AL 

AL 

AM 

Ar 


angle  of  attack  modified  for  yawed  flow,  rad 
reference  angle  of  attack  for  drag 
reference  angle  of  attack  for  lift 
wake-plcuie  angle  of  attack,  deg 

general  set  of  Euler  angles  in  definition  of  coordi¬ 
nate  transformations 

90  -  deg 

flapping  angle,  positive  up,  rad 
"steady”  (frequency  less  than  Q)  part  of  p,  rad 
vibratory  part  of  the  flapping  angle,  rad 
blade  tip  sweep  angle,  rad 

offset  of  blade  segment  aerodynamic  center,  ft 

increment  in  lift  coefficient  due  to  unsteady 
aerodynamic  effects 

increment  in  pitching  moment  coefficient  due  to 
unsteady  effects 

normal  drag  vector  for  a  blade  segment,  lb 

radial  drag  vector  for  a  blade  segment,  lb 

i^  constant  in  numerical  evaluation  of  partial 
derivatives 

incremental  lift,  lb 

lift  vector  for  a  blade  segment,  lb 

pitching  moment  vector  for  a  blade  segment,  ft-lb 

blade  segment  length,  ft 
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At  increment  of  time,  sec 

Aa  angle  of  attack  increment  for  stall  hysteresis, 

rad 

6  atmospheric  pressure  ratio 

e  strain  in  blade  differential  equations 

strain  due  to  steady  centrifugal  force 
C  teamwise  coordinate  in  blade  differential  equations 

Cjj  lower  surface  value  of  ^ 

upper  surface  value  of  ^ 

n  chordwise  coordinate  in  blade  differential  equations 

rotor  1  gearbox  efficiency  ratio 

r\2  rotor  2  gearbox  efficiency  ratio 

03  overall  gearbox  efficiency  ratio 

Hcos^^'^^  n^^  haannonic  cosine  component  of  the  induced  velo¬ 
city  distribution  at  radius  r 


leading  edge  value  of  n 

Hsin^^'^^  n^  harmonic  sine  component  of  the  induced  velo¬ 
city  distribution  at  radius  r 


Ite 

lie 

e 


trailing  edge  value  of  q 
leading  edge  value  of  q 

Euler  pitch  angle  relating  the  fuselage  body  axis 
system  to  an  inertial  axis  system,  rad 

main  (first)  rotor  fore-and-aft  tilt  angle,  posi¬ 
tive  forward,  rad 


d,p  tail  (second)  rotor  fore-and-aft  tilt  angle, 

positive  forward,  rad 

e  fuselage  Euler  pitch  angle  perturbation  in  the 

stability  analysis,  rad 
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F/A 


LAT 


m 


tw 


A 

A 

A 

A 

A 

M 

ij 

P 

a 


geometric  pitch  with  blade  vibration  velocity 
included,  rad 

total  blade  cyclic  pitch,  rad 

fore-and-aft  cyclic  pitch  angle,  rad 

lateral  cyclic  pitch  angle,  rad 

angle  of  mass  principal  axis  relative  to  shaft 
plane 

collective  pitch  angle,  rad 

initial  value  of  the  fuselage  Euler  pitch  angle 
in  the  stability  analysis,  rad 

steady  (frequency  =0)  part  of  the  pitch  angle, 
rad 

angle  of  structural  principal  axis  relative  to 
shaft  plane 

total  twist  angle,  rad 

vibratory  part  of  the  pitch  £uigle,  rad 

angle  of  the  relative  wind  to  blade-span  axis  (yawed 
flow  angle),  rad 

A  with  vibratory  velocity  included,  rad 
local  flow  ratio 

eigenvalue  of  the  sted}ility  determinant 
average  inflow  ratio 

average  induced  velocity  divided  by  the  blade  tip 
tangential  speed 

advance  ratio 

average  advance  ratio 

mass  density 

local  blade  stress,  Ib/in.^ 
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4>  Euler  roll  angle  relating  the  fuselage  body  axis 

system  to  an  inertial  axis  system,  rad 

♦j.  main  (first)  rotor  lateral  tilt  angle,  positive 

right,  rad 

tail  (second)  rotor  lateral  tilt  angle,  positive 
right,  rad 

fuselage  Euler  roll  angle  perturbation  in  the 
stability  analysis,  rad 

^  blade  elastic  twist  2Uigle,  positive  leading  edge  up 

inflow  euigle,  rad 

inflow  «mgle  with  blade  vibration  velocity  included, 

^  rad 

^  initial  value  of  the  fuselage  Euler  roll  angle  in 

the  stability  analysis,  rad 

wake  plane  phase  angle,  deg 

♦  '  90  -  deg 

Euler  yaw  angle  relating  the  fuselage  body  axis 
system  to  an  inertial  axis  system,  rad 

azimuth  of  blade-span  axis,  rad 

<|i  fuselage  Euler  yaw  angle  perturbation  in  the 

stability  analysis,  rad 

^  initial  value  of  the  fuselage  Euler  yaw  angle  in 

the  stability  analysis,  rad 

0  rotor  emgular  velocity,  rad/sec 

angular  velocity  vector,  used  with  several  subscripts 

response  frequency  used  in  computing  the  reduced 
frequency  argument  for  the  circulation  function, 
rad/sec 

ui  frequency  of  oscillation,  rad/sec 

V  backward  difference  operator 
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operator  indicating  the  r^  backward  difference 

'  operator  indicating  derivatives  with  respect  to  I 

radial  distance,  y 

operator  indicating  a  vector  variable 


k.. 


4 


! 
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